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ABSTRACT. Let I' C SL(2,R) be discrete, co-finite with cusps, and let b € RU{oco} be
a cusp of I'. Let f:T'b — R be a quantum modular form in the sense that the maps

¢y(x) = f(x) = f(yz)  (zelbyel)

extend to Hoélder-regular functions. Under bounded moments assumptions of the
shape > n™2 [ |pyn(2z)|*dz < oo for some o > 0 and every fixed parabolic el-
ement v € I', we prove asymptotic formulas for the characteristic functions of the
values f(z) for z € I'b, ordered by growing denominators. These yield Gaussian limits
when « > 2 and other stable limit laws under suitable further assumptions. This gen-
eralizes to Fuchsian groups the work of Baladi-Vallée on rational orbits of the Gauss
map.

In companion papers, we use this result, and in particular its flexible assumptions
on ¢., to deduce limit theorems for automorphic L-series at the central point.

One ingredient in our proof is a particular cuspidal acceleration of the Bowen-Series
map, whose inverse branches admit a convenient parametrization, and for which we
describe explicitly a natural extension.

1. INTRODUCTION

Given an irrationnal number x € (0,1) N (R \ Q), the statistical behaviour of its

continued fraction coefficients (a;(z)) in

1

i
o+

(1.1) T =

is an old theme in diophantine approximation. It is known that choosing x accord-
ing to the absolutely continuous measure (H;i%, the coefficients a;(x) are distributed
according to the Gauss-Kuzmin law on N, and that (a;(z),ar(z)) tend to be inde-
pendently distributed as |k — j| — oo, to the effect that for sufficiently regular observ-

ables ¢ : Nyg — R, the partial sums
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tend to be distributed, as N — oo, according to a Gaussian law with mean and variance
of the order of N. This follows from the dynamical properties of the Gauss map, and
more precisely the spectral properties of its transfer operator, see [Khi63, [Bro96, [ADO01].

Instead of picking « irrational, choose x € (0,1) NQ rational of denominator den(z) <
Q, independently at random among the (% + 0(1))Q? such possibilities. The decompo-
sition is then finite with length O(log Q). It is natural to ask what remains of the
statistical independence of (a;(x));, or the limiting distribution of random variables of
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the shape
(12 fle) = 3 dlay(@))

given a fixed map ¢ : N — R.

This question was initially studied due its link with the complexity, in various aspects,
of the Euclidean algorithm for GCD [Hen94]. It was fully resolved in the works of
Vallée and Baladi-Vallée [Val03, BV05b], who relate the problem to the spectra of a
two-parameter family of twists of the Gauss-Kuzmin operator.

In [BD22, LS25] IDN26], these ideas were pushed further, motivated by questions
of a different kind, namely the value distribution of trigonometric series formed with
coefficients of modular forms,

(p oni
(1.3) fla)y=) —=e™, (€ Q)

n>1 \/ﬁ
where a,, are Fourier coefficients of an automorphic form for a congruence subgroup
of SL(2,Z). The main observation which relates the two questions is the fact that the
map

(1.4) h(z) = f(z) = f(=1/2)

initially defined on Q\ {0}, extends to a continuous map on R. The relation (|1.4}), along
with the periodicity of f, shows that f(x) is essentially of the shape (1.2)) with ¢(a;(z))
replaced by h(T7z), where T'(x) := {1/x} is the Gauss map. The 1-periodic maps
for which the period function defined in (|1.4) satisfies some regularity property (in a

purposedly vague sense) are referred to as quantum modular forms in Zagier’s seminal
work [Zagl0].

Series of the shape exist for automorphic forms on Fuchsian groups I' other
than SL(2, Z), and motivated by specific examples we are led wonder about the statistical
distribution of those generalizations (Theorem |1.5{and Corollaries [1.6/and |1.7|below). It
is natural to try to extend the proof of [BD22) [LS25] to this setting. The main obstacle
comes from the dynamical systems arguments used in the proof, which originate from
Baladi-Vallée’s work [BV05b] on the Gauss map. The purpose of the present paper is
to work out a generalization of Baladi-Vallée’s work, with flexible hypotheses on the
observables, which can be used to understand series of the shape for automorphic
forms on more general Fuchsian groups.

Let ' C SL(2,R) be a discrete and co-finite subgroup. Denote C'(T') C P}(R) the set
of cusps of I' (the fixed points of parabolic matrices), and assume that oo is a cusp of T.
The set of cusps is equiped with a notion of denominator, denoted den(x), which will
be recalled below, and which coincides with the denominator of numbers in C(I') = Q
in the case I' = SL(2,Z). Given a finite set S C C(I'), a map f: C(I')\S — C is called
a quantum modular form (QMF) of weight 0 for I' if for any v = (¢%) € I, the “error
to modularity” function

hy(z) = f(a) = f(yx), o€ CODN\SUYTS)
satisfies certain regularity property (in this introduction we focus on the trivial multiplier
system).
The main result of the present paper can be described informally as follows:

Suppose that for some parameters o, ko, A > 0, the maps (h.) extend to ko-Hélder
continuous maps on Rx{y oo}, in such a way that for every fived parabolic matrizy € T
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we have .
> 5 lhll% + Ao < 00
n>1
where || - || () denotes the Holder semi-norm. Then as x varies among elements of C(I')

of denominators at most QQ, and Q — 0o, the values f(x) tend, under suitable reqularity
assumptions, to equidistribute according to a stable law, whose parameters are determined
from the asymptotic behaviour of h.n(z) in certain ranges in n and x.

We now introduce precisely our notations. The precise statement of our main theorem
will be presented in Section [1.7, with an overview of its proof given in Section [I.9]

1.1. Disk model and assumptions on the group. First we switch to the disk model
for the hyperbolic surface, which will be more convenient for our later arguments. Let D
be the open unit disc, and
z—1
241
This maps conformally the set H to D. We also denote pp the element of GL(2, C) which
corresponds to the homography pp. B

We consider a discrete subgroup G € SU(1,1) = {(gg), la)* = |B° = 1}. We assume
that G satisfies the following hypotheses:

Pp i@%@, pJD)(Z) =

a) G is finitely generated.

b) The surface G\D has finite volume.

c¢) There is a cusp at 1.

d) There is no elliptic element in G.

(e) —id ¢ G.

The main assumptions are (a)-(c). The main point of condition (c) is to ensure that we
have at least one cusp, with respect to which the denominators of other cusps will be
defined. The fact that the cusp is at 1 simplifies the presentation of some of our argu-
ments, and can be assumed without loss of generality by conjugation. In all applications
we consider, the remaining assumptions (d) and (e) will be implemented without loss of
generality by restricting to a suitable subgroup; they are used to simplify some aspects
of our arguments.

(
(
(

1.2. Orbits, denominators and a probability space. Let C(G) be the set of cusps
of G on dD. Consider a cusp b € C(G), with an associated scaling matrix s, € SU(1, 1),
meaning that the stabilizer Gy of b in G satisfies

14ki/2 —ki/2 -
b = sel, szsb{n{f( 21/2/ l—ki//Q)’kEZ}sbl’
where 1, € {£1} is the sign of the trace of a generator of Gy. Given x € Gb, we define
a map by setting
(1.5) Y(z)=T(x):=la+8l, (r=gb, g€G, gs=(29)).

From now on, we will keep G and b fixed and drop them from the notation.
A routine computation shows that |a+ | depends only the class g € G/Gy, which
justifies the notation Y(x). Moreover, the quantity

(1.6) ale) = vy

depends only on the class x modulo left-translation by Gj.
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Next, we let
’l/} . 8]1) — R+

be a smooth and not identically zero test function. We assume that 1 ¢ suppvy. We
define a set, depending on b, by

Q= {reGb0<q()<Q),  (Q>2)

Translating to the upper-half plane model, writing gs, = pp (¢4) pﬂgl for g € G we
get

(1.7) T(z) = Va®+ 3, q(z) =|¢|.

The set G1\Qq thus corresponds, in the disk model, to the set Thp(Q) defined in
Sections 2.2 and 3.3 of [PR18] up to scaling at oo: more precisely, denoting I', :=
pp Gipp = {nf (1 %),k € Z} with w > 0, we check thatﬂ

(18) Gl\QQ = WTOO,[‘I(Q\/E>'

By [PR18| Theorem 3.8], the set G\ is finite. On the other hand, since ¢ vanishes
on a neighborhood of 1, we have

sup card{7 € G, ¢ (rx) # 0} < 0.

€D

Summing over a set of representatives of G1\{g, we deduce that
card{z € Qg : Y(x) # 0} < 0.

Using a result from [PRI18|, we estimate the total mass of ¢ on Qg by

(1.9) > (a) ~ @

IEQQ

as (Q — oo, for some explicit constant ¢, > 0 depending only on ¢ and G. This will be
made precise in Lemma [2.2] below.

In view of the above, we may define, for () large enough, a probability measure on (g
proportional to ¢. We denote by Py and E( the associated probability and expectation,
so that for any map f on C(G), we have

> veng V(@) f(2)
ZzeQQ Y(x)

Remark 1.1. In [BVO5D, BD22, [LS25], the average is instead performed over g N I
where [ is a fundamental interval for the action of GG1, e.g. the unit interval in the upper-
half plane model. For Gi-invariant observables, we can recover this case by taking
such that . ¥(7x) = 1 (a smooth partition of unity), since {2 is invariant under
left translation by G.

Our method also applies to the case where cusps are ordered by Y (z), as in [PR04],
rather than by ¢(x). The only change needed in the argument is to remove the factor |(z—

1)/2|72 in (10.1).

INote that T,6 in the right-hand side depends on a choice of scaling matrix o, at co, although the

left-hand side does not; the relation (|1.8) as stated holds with the choice oo, = (‘{)5 1/?/5).

Eqlf ()] =



LIMIT THEOREMS FOR CUSPIDAL ORBITS ON FUCHSIAN GROUPS 5

1.3. Fundamental domain. Let R be a fundamental domain in D under the action
of GG, whose sides are non-intersecting infinite geodesics. The fact that such a domain R
exists is proved in [Tuk73, Proposition p. 15] under the hypotheses (a)-(d). Since R has
finite volume, by Siegel’s Theorem [Kat92, Theorem 4.1.1], the closure of R in D = DUJD
intersects D at a finite set V| and therefore R is an ideal polygon.

A side s of R is paired with a unique side of R, say s, by an element of g, € G\ {1},
in such a way that

5 = gsS.

We gather in Section below some useful facts about this pairing. In particular, the
map s — s is an involution with no fixed point. Given s, let I(s) C 0D be the closed
interval whose ends are the vertices delimiting s, and which does not intersect other
vertices of R. The intervals {/(s)} then form a partition of 9D up to vertices.

For each side s, we define the subset Ly C 0D of the circle, consisting of all the arcs
which do not touch 1(5):

L= U I(s).
s I(s")NI(8)=2
Under the action of g, the set Ly is mapped into the interior of I(s). We let
K, :=gJ(L), K:=|] K.
s: side

Each K is an interval, bounded away from the vertices of R, and the set (Kj) are
disjoint. In Figure [1] on page [14, we draw a fundamental domain for the principal
congruence subgroup I'(3).

1.4. Multiplier system. Fix an integer d > 1 and let © C GL(d,R) be a finite sub-
group. We also let

(1.10) oD := 90D\ V.

We consider a family of maps indexed by the elements of G,
(1.11) (Yg)gec Y, : 0D — O,
satisfying the cocycle property, or derivative rule:

(1'12> 199192 (ZE) = 1992 (17)1991 (ng)v (ZE, g2 ¢ V)
We assume two properties on the map v,, which are informally:

— The map ¥, being constant on each arc I(s), for each g € G;
— A form of strong mixing, in the sense that any value ¥, € © is in the range of 9,
with some constraints on the shape of g.

The precise assumptions will be described in Section below.

1.5. Functional space. The following norms will be relevant for our later arguments.

Definition 1.2 (Piecewise k-Holder space). Given k € (0, 1], let H" be the set of bounded
maps f: K x © — R? which have a finite k-Hdlder semi-norm

|f(z,00) — [(y, Vo)
| fllwy := sup = < 00
s: side |ZL‘ - y|
z,yeKs
Yo€EO
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See also [Eval0l section 5.1]. We equip H" with two norms:

[flloe := sup [f(z,do)], 11l = [ oo =+ [1F -

(z,90)EK
With slight abuse of notation, we use the same notations for H” and its norms also for
functions on K, extending them trivially to K x ©.

1.6. Quantum modular forms. Consider a family of maps from K to R,
(d)g)geG C H™

for some kg > 0. We are interested in maps
f:C(G) — R?
which are quantum modular forms in the following sense.

Hypothesis 1. For all g € G, we have
(1.13) Og(2)f(gz) = f(z) + @g(z), (£ € C(G)NK,g€G).
Moreover,

(a) the multiplier (0,) satisfies the stability and mizing hypotheses described in Sec-

tion [5.1] below;
(b) there exist ko, a, A\ > 0 such that the period functions (¢,) belong to H* and have

moments and Holder-norm moments of order o and X\ respectively, where these
moments are defined in Section (] below.

We note that this hypothesis as stated is stronger than needed: the actual hypothesis
concerns only a subsequence of (¢,) along specific matrices related to K; we defer to
Sections and [6] for the precise hypothesis and set-up.

Hypothesis (1| implies that the map (g, z) — ¢,4(z) is a cocycle in the sense that

(1.14) Dg19:(T) = g, (T) + Vg, () Dy, (g2)

for all g1,92 € G, x, g0 € K.

1.7. Main statement. Our main result is an asymptotic estimate for the characteristic
function of f(x), viewed as a random variable on Qg, as ) — 0.

For a vector t € RY, we let |t| be the Euclidean norm of ¢ and denote by (-,-) the
corresponding scalar product.

Theorem 1.3. Assume § satisfies Hypothesis (1| with parameters ko, a, \. Then there
exist tg, 0 > 0, and two maps

U, Us : [to, to]* = C,
such that for all t € RY with |t| < to, we have

Eq(e 1)) = exp (U1 (1) 1og Q + Ua(t) + 0(Q ™) ).

where the implicit constant depends only on ko, the values of the moments in Hypothesis[1],
the finite group ©, and an upper bound for |f| at finitely many cusps, as specified in

Remark[10.4).
Additionally, there is a constant 0 > 0 independent from § for which the following

holds. There exists a random variable ® € R? such that for all ¢ € (0, ), we have
E(]®|*F) < oo,
and the following holds:
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— The maps Uy, Uy satisfy
U1<t) = 20*1E(ei(t,©> _ 1) + OE(|t|2 + ’t|2a725>7
Ua(t) = Oc(It] + [¢]*).

— Moreover if a > 2, then there exists jip € R% and a real dx d positive semi-definite
matrix Yo such that

Ui(t) = i(t, o) — 3" St + O-(|t]> + [¢]*7°).
We have pg = 207 'E(P).
If in Hypothesis , condition (b) is satisfied with o > 2, then Theorem implies, via
Lévy’s continuity theorem, convergence to a non-degenerate Gaussian law of the ratio

f(@) — polog @
Vdiog Q)
as long as ¢,(z) is not essentially log |%gm| for all ¢ € GG, up to bounded telescoping
terms (cf. [BD22l, Corollary 3.2]).

We will give, in the course of our arguments, explicit formulas for ®. However, the
expression that we obtain depends on a non-canonical choice of induction process.

Remark 1.4. In [BVO5b] Section 5], Baladi and Vallée also prove a local limit theorem
for observables which are lattice-valued. Some of their arguments could be adapted to
our setting, however the need to avoid observables proportional to log, and the possible
combined behaviour in several dimensions, makes it prohibitive to give a simple repre-
sentative statement. Since we do not have in mind presently any particular arithmetic
application which could motivate such a statement, we refrain to carry this out here.

1.8. Application to trigonometric series with GL(2) automorphic coefficients.
We briefly mention the applications which motivated Theorem [I.3] The details will
appear in [BDLa] and [BDLDJ.

Our main motivating application is to the limiting distribution of the values

(1.15) L(z) ac Z&\/nﬁ)e%rinz

where a(n) are the Fourier coefficients of a non-zero automorphic form ¢ of integer
weight for a cofinite subgroup I' C SL(2, R) with a cusp at co, and = varies among cusps
of I'. For all such z, the series is defined by means of analytic continuation of the
series Y a(n)e*™* /n® initially defined for large fRe(s); we write AC above the := sign
to indicate this. An important point is that this analytic continuation is highly sensitive
to the properties of x as a cusp of I'. We normalize the Fourier coefficients a(n) so that
the Rankin-Selberg theorem implies 3 _ |a(n)]> = 2!, and we let A, denote the
Laplace eigenvalue of ¢. -

Theorem 1.5. Suppose that either ¢ is cuspidal, or Ay > 1/4. Then there exists o4 > 0
and By € {0,1,3} such that, as x varies among cusps of I' of denominators bounded
by Q and Q) — oo, the values

L(z)
0(log @)'/*(log log Q)%/?

tend to equidistribute according to a standard complexr Gaussian density.
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This statement generalizes various earlier results notably by Petridis-Risager [PR1§],
Nordentoft [Nor21], Lee-Sun [LS25], Bettin-Drappeau [BD22] and [DN26]. The value
of B4 can be determined from the growth of ¢ at cusps, and we have 8, = 0 if ¢ is
cuspidal. Moreover, when ¢ is cuspidal, we can obtain an explicit expression for o, in
terms of ¢. We refer to [BDLa] for more details.

Two new examples of sequences a(n), defined in elementary ways, for which the present
work applies, are the following.

Corollary 1.6. The statement of Theorem[1.9 holds true, with By = 1, for the series

[e.e]
40N~ T2(n) o
L(I) AC Z p2mina
n=1 \/ﬁ
where ro(n) is the number of ways that n can be written as sums of two squares.

Corollary 1.7. The statement of Theorem holds true, with By =0 and oy = 1/\/5,
for the quadratic Weyl sum

;2
AC eQﬂ'm T

The corresponding automorphic forms are an Eisenstein series of weight 1 for I'y(4),
and a Theta series of half-integer weight for the same group, respectively. In corol-
laries and , the parameter x varies among rational numbers in [0, 1] of usual
denominator at most (). We refer to [BDLa] for more details and references.

In forthcoming work [BDLD|, we will study applications of the present methods to
partial Fourier series with automorphic coefficients.

1.9. Overview. Theorem |1.3|is a wide extension of Theorem 3.1 of [BD22] and Theo-
rem A [LS25], which in turn generalized work of Baladi and Vallée [BV05b]. We briefly
explain the new features in the proof.

The first question is to find a proper analogue of the Gauss map: a Markov, hyperbolic
map on 0D, acting locally as homographies associated with elements of G. This problem,
stated precisely in these terms, was resolved by Bowen—Series [BS79] using a geometric
construction based on a fundamental domain for G. An induction of the Bowen-Series
map, which we denote Fg, then possesses spectral properties analogous to those of the
Gauss map.

Generalizing the arguments of Baladi-Vallée [BV0O5b| to this setting requires solving
several issues. We properly parametrize the coding and domains of inverse branches
of the induced map F; along the way, we take the opportunity to give an explicit
expression for the natural extension of Fx and its invariant measure, by exploiting the
flexibility we have of choosing a convenient fundamental domain, namely an ideal hyper-
bolic polygon. Then we are to provide precise estimates for the size of inverse branches.
Once this is at hand, the rest of the arguments of Baladi-Vallée, and in particularly the
Dolgopyat method (with the strong UNI property), could be generalized without major
issue, if one is ready to accept strong assumptions on the “observables” (¢,).

One of our main challenges, however, lies in the fact that for our applications in [BDLal,
the maps (¢,) are difficult to analyze, for lack of a simple explicit expression. In partic-
ular, we are to avoid a hypothesis relying on estimates uniform in g varying among the
inverse branches of F. This issue is addressed by considering a new induction JF, of
the Bowen-Series map, whose inverse branches, along with their domains, are very easy
to characterize: inverse branches of F, are parametrized by homographies essentially of
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the shape ¢"z, for n > 1 arbitrary but g varying over a finite set of parabolic elements
of G. We define this map in Section below, and make a precise study of its natural
extension and its invariant measure. The original Bowen-Series accelerated map Fj is
an induction of the map F..

The map F. is closely related to the cuspidal acceleration introduced by Artigiani,
Marchese and Ulcigrai in [AMU16] (see also [Marl1§]), which we denote Fanu here. The
differences between the two settings are discussed precisely in Section below. We
have taken the opportunity here to work out, additionally, the natural extension and
the invariant measure for Fayu.

The map F. is used in our arguments on two occasions: firstly, as a fundamental tool to
establish analytic continuation of a certain generating series (Section |5.3)); and secondly,
as a way to effectively describe the random variable ¢ in Theorem Section .

Organisation of the paper. We outline the contents as follows.

— In Section [2] and [} we define the instance of the Bowen—Series map we will
use. We then introduce and discuss several accelerations of the Bowen-Series
map away from vertices of the fundamental domains, in particular the maps Fy
and F. alluded to in the above overview. We explicitely describe their inverse
branches, and construct associated natural extensions and invariant densities.

— In Section [4 we recall the main metric properties on inverse branches of the
accelerated maps. This includes contraction estimates, and also estimates relative
to the verification of the uniform non-integrability conditions (UNI).

— In Section [5| we introduce the various twists of the Ruelle-Perron-Frobenius op-
erators . and % associated with Fx and F., and relate € with .Z.

— In Section [6 we define rigorously the sup-norm and Hélder-norm moments
bounds on (¢,), which constitute Hypothesis I} (b).

— In Section [7], we show a contraction estimate for large twists of the transfer
operator .Z, following the arguments in [Dol98, BV05b, BD22l [LS25], and in
Section [8 we analyse the asymptotic behaviour of the leading eigenvalue.

— Finally, in Sections [ and [I0] we define the generating series relevant for our
problem and prove its meromorphic continuation to the left of fRe(s) = 1, and in
Section [10.1, we deduce the main theorem [1.3|

Notations. We use the notation 14 for the indicator of a set or a logical condition.
We denote f = O(g), or equivalently f < g, to say that there is a constant C' > 0 for
which | f| < Cg. The domain of validity will be clear from the context, and the implicit
constant C' may depend on the group G, the choice of fundamental domain R, and the
fixed finite group ©. In cases where C' depends on other paremeters in the analysis, this
dependence will be explicited in subscript, such as f <, g or f = O.(g), or else will
be described explicitely. For all z € C, we define e(z) = e?™*. Given a map F', images
under its n-th iterate F™ are taken only over points for which F™ is defined.

We let spr(.7) denote the spectral radius of an operator .7. We let || f||o. we indicate
the usual sup-norm on the domain of f. Given a norm or seminorm ||- ||, on a functional
space, we will write || - ||, p the same norm on the subspace of functions restricted to D.
We use |-| to indicate the usual Euclidean norm on R%.
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2. BOWEN—SERIES MAP

2.1. Denominators and orbits. Recall that the quantity T (z) was defined in ([1.5)),
for z € Gb. Given g = (} ), we define

Jj(g,x) = ux +v.
For all g1, g2 € G and 2 € D, we have

J(9192, %) = (91, 92%)j (g2, x),
see [Iwa97, eq. (2.3)]. It is then easily seen that

(2.1) T(gz) = 1i(g,2)|T(x), (v €CGb,geq).

Lemma 2.1. For all 0 > 1, we have

Z T ()% < oo.

zeGb

Proof. We translate the problem to the SL(2,R) setting, where the analogous estimate
is essentially [ITwa02, Proposition 2.8]. We first assume that b = 1 with width 1, and
take s; = id. We keep the notation g = (¢ #) throughout the computation, and given
such g, define v = py'gpp € SL(2,R), which we write v = (2%). Let I' = p;'Gpp, so
that 'y, = p]I_DlGlpD.

By our sum becomes

Z ot B = Z la—ie ™" =1+ Z Z((a+0n)2+02)_”

9eG/Gy Y€l /T Y€l \I'/To NEZ
c#0
<1+ > d™
~EL oo \['/Too
c#0

where ', = {n¥ ({ %),k € Z}. At this point we invoke [Iwa02, eq. (2.33)], to the effect
that the sum over v is bounded as long as o > 1.

Assume now that b is arbitrary and let G’ := sb_le[,. By definition, 1 is a cusp of G’
of width 1, and by what we have just proved, we have

(2.2) (@) <00, (o>1).

zeG'1
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Our original sum can be related this one by

D TE@) = ) Mser)™ = 3 TF (1) Lj(sw )™,

zeGb rzeG'1 zeG'1
where the last step follows by a computation identical to (2.1)). Here, it is easily checked
that the map j(se, ) is bounded and non-zero on the circle, so that |j(sp,x)| =< 1. This

along with the bound (2.2)) concludes the argument. O
Finally, we make precise the estimate (|1.9)) referred in the introduction.

Lemma 2.2. For some > 0 the following holds. Let 1 be smooth on 0D with 1 ¢
supp(v). Then

3 i) = ity [ AT £ 0@ @0

Proof. We split the sum over ) into cosets modulo the action of G; = ppl'wopm, getting

Z Y(r) = Z Z Y(Ta) = Z Z Y(ppTwr) = Z ng* r+n),

z€Qq z€G1\Qg TEGL €T 50p (Qvw) TE €T op (Qv/w) NEZ

where 1, (t) := ¥ (ppwt).
The map h : R/Z — R, defined by h(r) := > ., ¥.(r +n) is smooth. It satisfies

S|+ [n))'7? < oo

nez
where 7,/0: is the Fourier transform of 1),. We therefore have, by [PR18, Theorem 3.8],
w@? 2§
= h(r) = ———— h(r)ydr+ O .
Sou)= N an =ty [ 04@)

erQ reToob(Q\/‘;)

Inserting the definition of h and changing variables in the integral yields the claimed
main term. 0

2.2. Useful properties of the fundamental domain. Let R be a fundamental do-
main in D under the action of G, whose sides are non-intersecting geodesics. The
fact that such a domain R exists is proved in [Tuk73] under the hypotheses (a)-(d).
Since R has finite volume, by Siegel’s Theorem [Kat92, Theorem 4.1.1], the closure of R
in D = DU JD intersects JD at a finite set of points V, and therefore R is an ideal
polygon.

Each side s of R is paired with a unique side of R, say s, by an element of g; € G~ {1},
in such a way that

5= g,8.

Under this pairing, we have s # s. Indeed, if g, leaves s invariant then it either swaps or
fixes its ends. In the first case, gs would have a fixed point inside D, which contradicts
our hypotheses on G. In the second, g, would fix both encig, of s, which are cusps, thus
implying that g, = 1, hence a contradiction. Since clearly 5 = s, the map s + 5 is thus
an involution with no fixed point. In particular, the number of sides of R is even, say 2n
with n > 2.

We label the sides of R by the alphabet ¥ ~ Z/2nZ proceeding counter-clockwise, so
that two consecutive elements i,i+1 € Z/2nZ label consecutive sides s;, $;41. Fora € X,
let s, be the side associated to a, and define [a] C 9D be the closed arc whose ends are the



12 SANDRO BETTIN, SARY DRAPPEAU, AND JUNGWON LEE

vertices delimiting s,, and which does not intersect other vertices of R. The arcs {[a]}aex
then form a partition of 9D up to vertices.

Given a € X, define @ to be the label associated to s,, and g, := gs,. We note
that [a] = g,(0D \ [a]). More generally, given a finite word w € ¥™, we let |w| := m,
and we say that w is admissible if a;1; # a; for all i € {1,--- ;m — 1}. The empty word
is denoted by e. We define the set of finite admissible words

¥ = {w € Up>X™, w is admissible}.

Given w = ay...a, € X*, we let g, = Ga, -+ ga,. Since G is a free group and the
set {gs}s consists of a basis and its inverses, every g € G can be written in a unique
way as g = g, for some w € ¥*. Also, for w € ¥*, we define the fundamental interval
associated to w as

[w] = 4 [a], (lw| =1, w = a),
Ya1Y9as - - -gan—1[an]7 (w=ay--- an)'

Note that if w = aw’ with @ € ¥ and w’ € ¥* \{€e} not starting with @, then [w] = g,[w'].
Moreover, an easy induction shows that the admissibility condition ensures [w] C [a].
We define next the set of infinite admissible words

Y= {alag--- ’ a; € E,(li+1 7& C/L\Z V’l}

At this stage, our setting is identical to that described in Sections 2—4 of [Ser81]. Since
in our case, the group is free with respect to the generators {g,}q.cs, the graph of G in
the terminology of [Ser81] is a tree, and admissible sequences coincide with words in %*.
By [Ser81l, Proposition 4.5], for any w = ajas - -+ € ¥¥; the intersection

[w] == ﬂ[al,...,an]

n>1

consists of a single point in D, which we still denote by [w].
Define the map
73 — 0D, m(w) = [w].

Lemma 2.3. The map 7 is surjective. For all x € dD, we have |7~ (z)| = 1 except
when x belongs to the set of cusps C(G), in which case |7~ (z)| = 2.

Proof. This is essentially [Ser81l, Proposition 4.6]; with the terminology used there, we
are only left to show that the words w = ajas--- € ¥“ which are eventually extreme
left or right paths are precisely those for which 7(w) € C(G).

Suppose that m(w) € C(G). Then m(w) is equivalent to one of the vertices of R,
say xo. Write m(w) = gxo with g € G, and write g = gy, - . . gp,,- We pick x¢ and g such
that m is minimal. When m > 1, this ensures that xy ¢ [/b\m], otherwise xf, = gy, To is
also a vertex of R, and the expression m(w) = ¢'zy with ¢' = gy, . .. gs,,_, contradicts the
minimality of m. Since x; is a vertex of R, which is an ideal polygon, it can be reached
through two extreme paths wy, wg, which start with consecutive letters, neither of which
is equal to b,,, when m > 1. Then with u = by - - - by, (and u = € if m = 0), the words uwy,
and uwpg are admissible, distinct, and by construction 7(w) = 7(uwr) = 7(uwg). By
[Ser81l, Proposition 4.6], we get w € {uwy, uwg}.

Suppose conversely that w is an eventually extreme path in X*. This implies there
exist wy, wy € X*, wy # €, such that w = wyw’ with w’ = wyws --- and w’ an extreme
(left or right) path. Writing w’ = aaj ..., the arcs [a}, . .., ] all share an endpoint (left
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or right), which by taking the limit is seen to be [w’]. Thus [w'] is one of the endpoints
of [a}], thus in V' and so m(w) = gy, [@'] € C(G). O

We also note a cycle relation, which describes the relations among the 2n vertices V'
of R in terms of side-pairings. Choose a starting vertex vy and let sy be the side of R
which ends in vy and comes before vy in clockwise order. Then let v; = g;olvo e V. We
repeat this process until the sequence of vertices eventually repeats

— — — —1
gSOI —1 gsll 9521\ gs,,._l
U0—>U1:gSOU0 (%) Ur = Ug.

In particular, g = (gs, -+ gs,_,) " fixes vy and in fact, if » > 1 is minimal, it gener-
ates Gy,. Clearly the vertices vy, ..., v,_1 are equivalent and the cycles for each of them
is obtained rotating the one for vg. We also remark that choosing the sides after the
vertices would generate the same sequence in the opposite direction with corresponding
matrix g~ 1.

Ezxample 2.4. Consider the principal congruence subgroup
'=T3)={y€eSL(2,Z),y=id (mod 3)}.

Its conjugate inside SU(1,1) is
« . (e :l:ﬁ €1+ 3% s
G(g):{g:<6§>,a,B€%Z[ZL{ |OZ|2_|B|2:1[] }

A computation by SageMath [Sag23| provides a fundamental domain for G(3) con-
sisting of the ideal polygon whose vertices are given by

pD({07 %7 ]-) 27 37 OO}) - {_]-7 _35_47:7 _i7 3_54ia 4_5;%) 1}

The set ¥ has six letters, {a, b, ¢, a, /l;, ¢}, and we may use the pairing matrices
3, 3, 7 - 9 .
ga=("2"7), o=("2%2), g=0""7).

Observe that pp(1), pp(c0) are inequivalent to other vertices, whereas the other vertices
are related by the following two cycle relations:

pp(0) = pp(3) = pp(0) — -+, rp(1/2) = pp(2) = pp(1/2) — - .

In Figure |1, we have the drawing of the fundamental domain, hilighting also the set K
described in Section B.1] below.

2.3. Bowen-Series map. For all x € 0D = 0D \ V, there is a unique a € X such
that = € [a]. Define the Bowen-Series map

B: oD — oD

by letting B(x) := g, 'x, where a is determined by z € [a.

In the terminology of [Ser81], this map can be seen as the shift map on the sub-
set Y C X¥ of words which are not extreme paths starting from 0. Further, the proof
of Theorem 4.12 therein, show that B is a Markov map with respect to the parti-
tion 0D = Ugexlal.
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FiGUure 1. Disk model for I'(3) with shaded fundamental domain and
highlighting K (in blue). The level 2 subarcs of [a] are also indicated.

3. INDUCED MAP AND CUSPIDAL ACCELERATIONS

3.1. An induced map. We say that two letters a,b € ¥ are separated (or that a is
separated from b, or that |a —b| > 1) if a — b ¢ {—1,0,1}, where we recall that ¥ is
identified with Z/2nZ. We say that two letters a,b € X are non-cuspidal if the pair (a, b)
is separated, and conversely we say that (a, b) is cuspidal if |a — b| = 1. Following [BS79,
p. 164], we define the set K by letting

K= | [ab), K:=[]K.
be¥ acx
[b—al>1
In concrete terms, K can be described as follows: for each a € ¥, the map g, maps 0D \
[a] into [a], and the image of V' under g, partitions [a] into 2n — 1 intervals. From these
intervals, retain the 2n — 3 intervals in the middle, which do not meet V. The union
of these middle intervals is K,. We also denote by W the set of endpoints of all these
middle intervals, as a varies. Equivalently,

(3.1) W= [J 0lab={zcoD|Bx)eV}

a,bex
[b—a|>1

Given an admissible word w = ay - --a, € ¥X* with n > 1, we call the K-length of w
the quantity

(3.2) lr(w) =1+ {1 <i<n,laip —a;| > 1}

and set (g (¢) := 0.
Let D C 0D be the set consisting of C(G) \ V along with those points z ¢ C(G) for
which B"(z) € K for some r > 1. We define the induced map of Bon K UV as

Fx:D—= KUYV,
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by
Fr(x) =B (z), j=min{t>1,B(z)e KUV}

By [Sta04, Proposition 4.2], the set D is of full Lebesgue measure in 9D.
We will index the inverse branches of Fx by elements of the following set

Ax(l) ={w=a1--a, € X" n>1lk(az--a,) <1}
By definition, this means that given w € Ag(l) and =z € K,, with b € ¥ ~\ {a,}
and [a, —b| =1 if n = |w| > 2, then
Fi(Yar-a,®) = .

Notice that the condition on b is equivalent to g (as - - - a,b) = 1 and wb € ¥*, i.e. wb is
admissible. For all w € Ak (1), w =a; - - - a,, we let

b£an
DK(U), 1) = U Kb =
bex, U Ky, (n>2).
KK(GQH-anb):l |b—ﬁ;‘:1

Note that for w # €, we have Dy (w, 1) # @ if and only if w € Ag(1). For all w € Ag(1),
we define

(3.3) hyi: Dg(w,1) — 0D, hiw1(T) = gay - - - Gan @,
and
(3.4) H = {hy1,w € Ag(1)}.

The set H is the set of inverse branches of F.
More generally, for any » > 1, the set of inverse branches of order r > 1 of Fj is
parametrized by

Ag(r) ={w=ay---a, € n>r:lglaz---a,) € {r—1,r}}.
Let
Dk (w,r) == U Ky,

bex,
Li (az--anb)=r

so that Dk (w,r) # @ if and only if w € Ag(r), and
hyr @ Dg(w,r) — 0D, hwr () = Gay - - - Ga,, T,
where w = ay - - - a,. See Figure 2c| for an example of Dy (w,r). Finally let
H' = {hy,:w € Ag(r)}

with the notation (3.3); in particular, H = H'. We remark that if (x(as---a,) =r —1,

then the word w = a - - - a,, belongs both to Ag(r) and Ag(r — 1). The domains of the

corresponding inverse branches h,,, and h,, ,_; however are different and in fact disjoint.
In any case, given w € Ag(r), we will denote from now on

Dom(h) = Dg(w,r)  (h = hy,),
Im(h) = h(Dom(h)).
Finally, we denote H° = {id} and

H* = U H"

r>0
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[a] [a] [d]

)

=
=)
=

[¢] [ [¢] [ [d (€
(A) n=1 (whence r =1). (B)n>1landlg(w')=r—1. (c¢)n>1and lg(w)=r.

FIGURE 2. Domain D (w,r) of hy,, € H" (underlined in blue), when the

last letter of w = ay---a, is a, = b, depending on the value of n and
lg(w'), where w' = ag---a,. If r =1 only cases (A) and (C) appear,
since (g (w') = 0 implies n = 1.

Lemma 3.1.
(1) For allx € K and r € Z>q, we have

Fi" () ={h(x): h e H",x € Dom(h)},

and the values {h(x)} in the right-hand side are distinct.
(2) Forallh € H", we have a unique decomposition in the form h = hyo---0hy|pom(n),
where hy € H and

(3.5) hity1 0 ---oh,.(Dom(h)) C Dom(h;), i=1,...,r

Remark 3.2. The consistency condition (3.5) makes it clear that the domain of h,

Dom(h), may be smaller that the full domain of h,.. More generally, for inverse branches hy, . ..

we denote by Dom(hy o -+ o h,,) the largest subset of Dom(h,,) on which all successive
compositions are defined.

Proof. Let x € K, for some b € ¥, and r > 1. Then by definition, we have Fj (y) = x if
and only if y can be expressed as

Y = GwiGws " Gw, T,
with w; - - - w,b admissible and, denoting w; = a;1a;2 - - - a;,, withn; > 1 and a,+1, := 0,
we have:
@y — gl =1
— |a/i,n\i_ai+l,l|:1 (]_SZST—
- |a7‘/;r —b=1(n,
— |a/f,1 —ai,2| >1 (2
- \@—ai+171\ >1 (QSZST, 7’L1:1)
Let w = wy -+ -w,, and let W' = ay5--- a1, wa---w, be obtained from w by removing
the first letter. Moreover, in the word w’b, there are exactly » — 1 non-cuspidal pairs of
consecutive letters, which are the following pairs:
— (ai1,a;2) for 2 <i <r where n; > 2,
— (ai1,a,411) for 2 <i <r where n; =1,
— (ap1,b) if r > 2 and n, = 1.
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We deduce ( (w'b) = r, and therefore also {x(w') € {r—1,r} (depending on whether n, =
1 or n, > 2). Since clearly we also have |w| > r, we conclude that © € Dg(w,r)
and w € Ag(r). This shows that y = h(x) for h = h,,, € H'.

Conversely, let h € H", and write h = h,,, for some w € Ag(r). Assume z € D (w, ).
This means ¢k (w’'b) = r, where w’ is obtained from w by removing the first letter. We
break

(3.6) W= WiWs - - Wy,

where ws, ..., w, start at the first letter of a non-cuspidal pair in w’b. Then we easily
see by induction that for all 1 <17 < r,

‘F;((gwl e 'ng‘x) = Guiyi -+ - Gu, T

where the product on the right-hand side is empty if ¢ = r. For ¢ = r this shows
that h(x) € F¢"(z).

Finally, suppose that wy,wy € Ak (r) are such that z € Dy (wy,7)NDg(we,r) and y :=
By (%) = hyy (). Letting b € ¥ be such that © € K}, we have that y belong to the
arcs [w1b] and [wyb], which implies (up to swapping w; and wy) that w;b is a prefix of wsb.
Let w] be obtained from w; by removing the first letter. Since z € K}, we have = € [b, (|
with (b, ¢) non-cuspidal, and this implies that {x (wibc) = r+1. If wy # wy, then w)bc is
a prefix of wib, and we deduce therefore £k (w)b) > r+ 1, a contradiction. We conclude
that wy = wy. This shows that the values {h(x),h € H",x € Dom(h)} are distinct.

We now move to proving (2). Let h € H" and x € Dom(h), say = € K, for some b € 3.
Write h = hy,, where w € Ag(r) and © € Dg(w,r), let wy,...,w, be constructed as
in , and let b; be the first letter of w;. Finally let b, ., := b. By construction, we have
that within each word w;b;y1, the only possible non-cuspidal pair of letters are the first
two, and therefore w; € Ag(1) for all 4, and also Kj,,, C Dg(w;,1). By a descending
induction, we deduce gy, - - - gu, Kp C [b] for 1 <i <. Let h; := hy, 1 € H. We deduce
that K, C Dom(h,), and for all 1 <¢ <r—1, that hjq0---0h,.(K}) C Ky, C Dom(h;).
This shows the existence of the decomposition A = hyo---oh,. The uniqueness is easily
established. U

3.2. Cuspidal acceleration. Most of our analysis will be carried out using the map Fj
in the previous section. For our later arguments and for some applications, however, it
will be crucial for us to consider another acceleration of B, which is slower, but whose
inverse branches are easier to describe. What follows is inspired by the notion of cuspidal
decomposition introduced in the work [AMUI6] (see also [AMU20, Mar1§]).

Given a word w = a; - - - a, € ¥* \ {€}, we say that w is cuspidal if there is § € {£1}
such that @; = a;;.1 +d foralli=1,...,r— 1. If § = 1, we say that w is right-cuspidal,

and if 6 = —1 we say that w is left-cuspidal. Note that if |w| = 1 then w is both
left and right-cuspidal (and conversely). Note also that w is cuspidal if and only if the
arcs [a1], [a1,as], ..., a1, ..., a,] share an endpoint (the right one if w is right-cuspidal

and the left one otherwise). These notions coincide with the corresponding notions
in [AMUI16]. We say that w is a cuspidal cycle if wa, is cuspidal and that a cuspidal
cycle is minimal if it has no prefix which is a cuspidal cycle. Notice there are exactly
2|%| minimal cuspidal cycles.

Given w € ¥* we define the number of cuspidal flips {.(w) of w as follows. If w = ¢
let {.(w) = 0, whereas for w = ay - -+ a, € ¥* with n > 1, we let
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with ¢; = 0 if |a;41 — @;| # 1 and otherwise ¢; := a;11 — a; € {£1}. Notice that, if we
denote w := @, ...a;, we have

(38) €c<w) - Ec(ﬂ)\)

In [AMUI6, Definition 4.4], the authors introduce the notion of decomposition into
maximal cuspidal words. Note that the quantity £.(w) defined here does not correspond,
in general, to the number of cuspidal blocks in such a decomposition of w. For instance
if w = ajasb by with ajas and by by right-cuspidal, and asb; left-cuspidal, then (6;)1<i<3 =
(1,—1,1), and therefore ¢.(w) = 3; however the decomposition into cuspidal blocks as
defined in [AMUI16] has two blocks, namely w = (ajaz)(b1bs).

Before we actually define the accelerated map that will be of interest for us, we first

discuss the cuspidal acceleration defined in [AMUI16]. For non-cuspidal z = [a;, as, -] €
D, this map is given by Famu(x) = [@r41,aryo, -+ -], where r > 1 is the maximal index
such that a; - - - a, is cuspidal. More generally, we let

I —

I* = U[a,&\i 1%

acl
F=[a+1,6+1+1],
I .=TIF (x € a]\V,a € X),

where * indicates that the border of the arc belonging also to K is removed. Then on
all of D, the map Famu : D — 0D can be defined as

Fau(z) = 4 2@, HfweX
AMUNT) = Br+(z), if x € I*, where r = min{t > 1, B!(z) ¢ IBit*l(”":)}'

For non-cuspidal = = [a1, as,...] € D we can also express Fayu in terms of £, as
B(z), if v € K,
Famu(z) := . . . .
laji1,aj40,...], if z & K, where j > 1 is maximal such that ¢.([a; - - a;]) = 1.

For our purposes, it is however more natural to consider a variation of Fayy which
we denote by F,, defined for € 0D in the following way :

_JB(z), ifzekK
(3:9) Fela) = {B”(JJ), if z € I*, where r = min{t > 1, B!(z) ¢ Igft_l(x)}.

The difference, with respect to Fanmu, is that when x ¢ K the exponent in the iteration
is one less. We remark that the function Fx defined in the previous section is also the
induced map of F. on K UV this is not true for the map Famu-
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Similarly as Fanu, the map F. can also be expressed by means of /., in the following
way : if x = [a1,ag,...] € 0D/, then

B(x), ifxeW,
(3.10) Fe(x) = if x ¢ W, where j > 1 is maximal such that
41, 842, -] le(ay - aj1) =1 and [aj41, 0540, ] ¢ V.

We now classify the inverse branches of F.. Similarly as for Fx we parametrize the
inverse branches of order r > 1 of F. by the following set of words,

A(r) ={we X l(w) e {r—1r}, |w| >rw ¢ K if l.(w) =1}.

Notice that [@] ¢ K is always satisfied if |w| = 1 and if |w| > 2 it is equivalent to the
last two letters of w being a cuspidal pair. If r = 1 we write

Ac:=A(1)={we ¥ : l(w)=1,[0] £ K}.
We also let

De(w,r):= |  [b1,ba],
b1,b2€X
Le(wby)=r
Zc(wb1 b2)=1”+1

where if |w| > 2 and (.(w) = r, we remove the vertices V' from this union. Note
that w € A.(r) if and only if D.(w,r) # @. We define the corresponding inverse
branches through

(3.11) By r o De(w,r) — 0D, Py o (T) = Gay " Ga, @

if w=ay---a,. Finally, let H? = {id},

(3.12) Moo= {h,, weA(r)},  Hi=|JH.
r>0

Given h € H[, we let Dom(h) and Im(h) be the domain and range of h, so that Dom(h) =
D (w,r)ifh = hs, .- Finally, we drop the dependency on r from the notation when r = 1,
as was the case for H.

We record the properties of the above discussion in the following lemma.

Lemma 3.3. For all x € 0D and r € Z>(, we have
(3.13) F."(x) ={h(z): h € H,x € Dom(h)},
and the values {h(z)} in the right-hand side are distinct.

Proof. The proof is very similar to Lemma [3.1] with only the equality in for
r=wv eV, r>1, requiring a more detailed explanation.

Let w = ay ---a, € A(r) with v € D.(w,r)NV. We now prove that F7 (hs, .(v)) = v,
which gives the inclusion D in (3.13|).

First we notice that v can’t be an endpoint of [a,]. Indeed, the depth 2 cylinders [b;, bs]
containing such points and for which wb, is admissible satisfy b, = a,, +9, by = /l;l + 6 for
some 0 € {1}, but for these ¢.(wb) = £.(wbyby) contradicting the condition required
in D.(w,r). Since v ¢ [a,], it then follows that g,, v € W C K. If n = 1 (and thus
r=1), then yields Fe(hg, . (v)) = v. Thus, assume n > 2 so that, by definition of
D.(w,r) and since v € V', we must have ¢.(w) = r — 1. Then, since for all i < n we have
Gaya,0 & WUV, by we get F, ' (hS,,.(v) = ga,v € W, whence F;(hS, . (v)) = v,
as desired.

Conversely, let z € F."(v), and let n > 1 be minimal such that B"(z) = v, and
let w = ay---a, be the corresponding word, so that z = g,v. The same argument as
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above gives r = 1 if n = 1, and r = {.(w) + 1 if n > 2. Since g,,v € W N K,,, we
can choose by, by € ¥ such that wbiby is admissible, v € [by, by] and |b; — @,| > 1. This
implies that £.(wby) = 7, .(wbiby) =+ 1 and so w € A.(r), v € D.(w,r). Therefore
z = hg, . (v). O

We will also need to consider the inverse branches of H,. with a restricted domain.
Given w € A, define

D¥(w) := D.(w) \ K,
and
R = | b -

Finally, let
(3.14) M= {hf,we At

We remark that the same word w € ¥* can index elements of H, H, and H!. While
the corresponding inverse branch h,, is defined by the same Mo&bius transformation in
all cases, its domain does depend on whether we consider h,, to be an element of H, H.
or H?.

The relevance of Hf can be seen from the following simple lemma, which characterizes
inverse branches H for Fg in terms of inverse branches H.., ’Hﬁ for F,.

Lemma 3.4. Let x € K. Then the set
{h € H,z € Dom(h)}
is in bijection with the set
hi,....,h._1 € H? and h, € H.,,

U (h17"-7h7“): . )

et hiy10---0h.(z) € Dom(h;), i=1,...,r
in such a way that corresponding elements satisfy
(3.15) h(z) = hyo---0h.(z).

Remark 3.5. Given h € H, the decomposition (3.15)), as well as r, is constant on each
component K, C Dom(h), but may depend on a.

Proof. Write © € [c1,cs] C K, for some c¢1,co € 3. We rephrase the desired corre-
spondence in terms of the associated words writing h = hy,1 and h; = hf}i (i <r—1)
and h, = hy, . We need to prove that sets

M, = {U} c AK(l), [61702] C DK(w, 1)}

and
w; € A,
My = U (w1 .. ywyp), { [Wigy -+ wperes) C Di(wy) (1 <1< r—1),
r>1 [c1, 2] C De(w,).

are in one-to-one correspondance through w = w; - - - w,.

Suppose (wy,...,w,) € My and let w = wy - - - w,. Additionnally, let w’ be obtained
from w by removing the first letter. Let (b1, by) be two consecutive letters in w’. If (b, be)
both belong to a single subword w;, then the condition w; € A. ensures that £.(w;) = 1
and thus (b1, by) is a cuspidal pair. If by € w; and by € w41 for some i < r — 1, the
condition [w;;1 -+ -] C D¥(w;) ensures that £.(w;by) = 1, and thus if |w;| > 2 then (by, by)
are also cuspidal. Finally, if |w;| = 1, then since by = w; is in w’ we must have ¢ > 2 and
thus [w; - - -] C D¥(w;_1) which implies that b;b, are also cuspidal in this case. Since this
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[a] [a] [d]

@ @
(A) n=1 (whencer =1)  (B) n>1, le(w) =7 —1, (c)n>1,Llo(w)=r—1,
[an—1,an] = [c,b] = [c,c+ 1] [an—1,an] = [a,b] = [a,a — 1]
[a] [a] [a]

8] [t] g
[b] bl o]
[c] @ [d] @ [c] @

(D) n>1, b (w)=7r—1, (E) n> 1, be(w) =, (F) n>1, be(w) =,

lan — @p—1] > 1. [an—1,an] = [c,b] = [e,c+1].  |an—1,an]) = [a,b] = [a,a — 1].
FIGURE 3. Domain D.(w,r) of kg, . € H{ (underlined in blue), where
the last letter of w =ay---a, is a,, = /b\, depending on the value of n and
l.(w) and a,,_1. If r = 1 only case (A), (E) and (F) appear. The restricted
domain Df(w) (for r = 1) is highlighted in red.

is true for any consecutive pair of letters in w’, we conclude that that /x(w’) < 1, and
therefore w € Ak (1). Finally, since [¢1, o] C D.(w,), we have in particular ¢.(w,c;) = 1,
and therefore also i (w'cy) = 1. This proves that z € Dk (w, 1), and thus w € M;.

Conversely, let w € M;, which we write w = ay---a,, € ¥* with a; € ¥ and m > 1.
Let also a1 := ¢1,ami2 := ¢o, and let w’ be obtained from w by removing the first
letter. By hypothesis, we have (k(ay---a,c;) = 1, which means that all consecutive
pairs of letters in w’c; are cuspidal. Let r := {.(wcy) > 1. For 1 < i <m+ 1, let §; be
defined as in , applied to the word wcyco. By definition of r, there are exactly r — 1
values of j € {2,...,m} for which d;_16; # 1. We let 2 < my < --- < m, < m denote
these values, and my := 1, m,41 := m + 1. Finally, for all i € {1,...,r} we define the
words

W; ‘= Qm; Ay +1 - - - ami_H—l-

We clearly have by construction |w;| > 1, and w = w; - - - w,.. Moreover, forall 1 <i <r,
we have §;0;41 = 1 whenever m; < j < m;; — 2, therefore (.(w;) = 1 and thus w; € A..

Next we consider ¢ € {1,...,r} and we compute (.(w;am,,,). If |w;] = 1, then
automatically {c(w;am,,,) = 1. Otherwise, we have m; < m;;; — 1, and therefore by
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definition 0y, , —20m,,,—1 = 1. This, along with ¢.(w;) = 1, ensures that {.(w;am,,,) = 1.
In both cases, we have shown that (.(w;a,,,) = 1. On the other hand, by definition
of m;iq, we have 0y, | —10m,,, # 1, and therefore {.(w;am,, am,,,+1) = 2. We have thus
shown that [w;y1 - w,cie] C De(w;). Finally, if i < r — 1, the condition x(w'c;) =
1 ensures that [am,,,,@m,.,+1] ¢ K, and therefore [wiy1---wycice] C Di(w;). This
concludes the proof that (wy,...,w,) € Ms. O

Given y € D, we let
(3.16) ry =min{r > 1| F.(y) e KUV}

be the the first (positive) time at which the orbit of y under F. enters K U V. Clearly,
for h € H and x € Dom(h) we have that

(3.17) Th(x) =T

with r as in the decomposition (3.15)) of h. By the definitions of Fx and F., we have
Fr(z) = Fl=(x) for x € D.

It will also be useful to go in the opposite direction, relating the inverse branches H
with those in H and H}.

Lemma 3.6. Let x € 0. Then the set
{h € H;,x € Dom(h)}

is in bijection with the set

hi,....h. € H and hyi1, ..., heps € HE,
om0 e )

o hiy10---0h.s(x) € Dom(h;), i=1,...,7+s.

in such a way that corresponding elements satisfy
(3.18) h(x) =hyo---0h.4(x).

Remark 3.7. Notice that if x € K, then necessary s = 0. Moreover, if r,s > 1, then
hpy10---0hs(z) € K.

Proof. The identity corresponds to the empty tuple. We therefore take h € H!" with
m > 1 and z € Dom(h), and put y; := Fi(h(x)) for j = 0,...,m. In particular,
Ym = = and a vertex can occur only at the last step. Let 0 < j; < --- < 4, < m be
the indices j € {1,...,m} such that y; € K. Since Fk is induced by F. on K UV, we
have Fi(y;, ,) = y;, for 1 < i < r and with jo = 0. Thus, by Lemma there are
unique h; € H such that y;, € Dom(h;) and y;, , = hi(y;,). We then let s := m — j,.
For 1 <i <'s, we have y; +; ¢ K. In particular, the unique cuspidal inverse branch
sending v;, 4; to yj,4+;—1 provided by Lemma restricts to a branch h,.,; € Hf. By
construction h(x) = hy o --- o h.,4(x) which yields a map between the two sets in the
statements. Conversely, expanding each H branch by Lemma recovers the cuspidal

decomposition, so this map is a bijection. O

3.3. Comparing the three maps. We conclude the section with an example to help
visualize the difference between the three maps. Consider the example x = [w] with

w=aa atTbbTOT T T T e d e XY

where for all m € ¥, we wrote m* := m=+1 and where |c?:r —bl, |bf—rf—c|, |E:—d| > 1.
Then the first few elements in the orbit of w under the three maps introduced above are
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as follows
rl1 2 3 4 5 6 .
Fro) | a™ b b7 e cd---
Fr(w) | a™b--- bbt- - bt . bbbttt .. bttt comer od---
au(w) [ BT bR e d---

where for each point of the orbit we indicated the first letters of the corresponding word
in >¢.

3.4. Natural extensions and invariant measures.

3.4.1. The invariant measure for B and Fi. Let

_de

ds(x) =do (xz = e € OD)

1
be the arc length measure on the circle. It is a routine computation to check that the
measure ¢ on 9D? given by

2dedy _ —2xyds(z)ds(y) _ ds(z)ds(y)
(z —y)? (z —y)? 1 — Re(yT)

is invariant under the transformation (z,y) — (gz,gy) if g € SU(1,1); see e.g. [AS19,
p. 528] for the computation on the half-plane model.

Following the argument of [Ser85, Section 3.1] (see also [AF91] and [AS19, Section 6]),
we can compute invariant measures for Fr, F. and Fayu by integrating ((dz, dy) along
a well-chosen set.

((dz,dy) =

Proposition 3.8. For all x € 9D 'V, define

_ ¢(dz,dy) _ ds(y)
L R i e~ L

— The measure &(x) ds(x) on 0D is B-invariant.
— The measure &(x) ds(x) restricted to K is Fr-invariant.

Proof. See [Sta04l, Section 4]. The value of the measure is obtained from a stable region
for an associated natural extension, which is denoted Y in [Sta04]. Note that this
construction uses the fact that R is an ideal polygon. We refer to [KU17, [AKU26]
for the construction of a natural extension in cases when the fundamental domain has
vertices interior to . U

Note that £(x) takes positive values, and is smooth and bounded outside any neigh-
borhood of V. In particular, we have

fr)=1, (reK).

We also notice that by the invariance of {(dx,dy) and a change of variable we have

(3.20) 19 ()8 (9w (@) = /em a;i:—i):y)

for all w =ay -+ a, € ¥* and z € [a] with wa admissible.
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3.4.2. The invariant measures for F. and Fayu. We proceed in a similar fashion for F..
For all @ € ¥ and z € [a], we define

la], (x € K,),
B, =< [a]U[a—1], (z€la,a+ 1]\ K,),
[aUla+1], (z€la,a—1]\K,).

Then, we define

(3.21) o(r) = /8]1)) . C(((j:—{;ﬁ)

By construction, we have inf,cgp dist(x, 0D \ B,) > 0, and thus
o(x) <1, (z € OD).

Notice also that ¢ is positive, smooth outside of the border of 0K, and that ¢(z) = &(x)
forall z € K.

Proposition 3.9. The measure p(x)ds(z) is invariant under F..

Proof. Although this can be checked directly, we introduce the underlying natural ex-
tension, from which the definition of ¢(z) was derived.

Let A C 0D consist of those elements = = [ay, as, .. .| not in C'(G), for which [a;, a;41] C
K for infinitely many values of j. This is the recurrence set for Fx, and it is a full
measure set [Sta04, Theorem 2]. For all z € A, we let g, € G be the element for
which F.(z) = g; 'z, and we define

Te(z,y) == (9,29, 'y),  ((z,y) € Ax A).

We define a non-trivial subset of A x A on which 7. acts and is invertible. In concrete
examples, this set can be guessed numerically using the method in [AS19]. In our case,
we define

No= |J lar,aa) x [B] = | {=} x (9D \ B,),
ai,a2,bex zedD
Lc(@2a1b)=2
and
NZ:Nom(AXA).

c NC(diz—(’;)y). In order to prove the proposition, following

Notice that () = [ op L)
the argument in e.g. [Ser85l section 3.1], it suffices to show that 7. is one-to-one from N
to itself.

We construct the inverse S of 7. as follows. Let (z,y) € N with z = [ajas---]
and y = [byby---]. Then, let j > 1 be the maximal integer such that (.(ayw) = 1
with w = by - - b;. Since y € A such a j exists. Moreover, since £.(axab;) = 2 it follows

that also ¢.(aya,w) = 2. By (3.8)) we have that © € D.(w) and we let

S(z,y) = (ha(x),9, (y)) = ([gj o byag -, [bipabjs - - ).

This belongs to N since, by definition of j, we have £.(b;_1b;b;11) = 2 (or £.(a1b1b2) = 2
if 5 = 1). By construction 7. 0§ = id. We need to show that also S o 7. = id.
Let (z,y) € N as above and let 7 > 1 be such that 1 = (.(wa;+1) < l(wajt1042) = 2

with w = ay - - - a;. By (3.10) we have
Te(x,y) = (90 290" y) = ([aj410502- -], [@5 - Grbiba - - -]).
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This also belongs to N since (.(aj12a;+1a;) = 2 by (3.8), and it immediately follows
that (S o 7.)(z,y) = (z,9). O

For completeness, and since it could be of independent interest, we also compute an
invariant measure for Fayu, although it will play no role in the paper.

Given a € X, let wi = [aj,ag,---] with ay = a+ 1 and a;11 = a; £ (=1)7 for
j > 1. Notice that wF are periodic points of the Bowen series map but are not cusps,
because the period is not a cuspidal cycle [AMUI6, Lemma 4.9]. In particular, they are
hyperbolic points.

For a € X, let Y, be the interval in dD from w, to w] in the counter-clockwise
direction. We note that Y, containes a neighborhood of [a]. We can write the complement
to Y, in 0D as

IDNY, = U b1, by

by by €X*, m > 1 odd
bi=a®1=bj11=b;£(—1)7, 1<j<m—1
b #Abm—_1£(—=1)""1,

where b,,_; in the last line of the subscript should be interpreted as by :=a if m =1, so
that when m = 1 the condition becomes |b; — a| > 1.

We let
pm(x) = /am) y C(jj—(’;)y) z € [a).

Since dist([a], 0D \Y,) > 0 for all a € X, we have ¢p(x) < 1 for all x € ID.
Proposition 3.10. The measure @y (x)ds(z) on 0D is invariant under Fanu.

Proof. Analogously to the earlier cases, we let Ty/(x,y) = (g; 'z, g;'y) with g, such
that Fayu(z) = g, 'z, and we define

Ny = U[a] x (0D \Y,),

N = (AXA)DNO

Again it suffices to show that the map T, is one-to-one on N. Let (z,y) € N with = =
la1ay - -] and y = [b1by - - - ]. We define

S(w,y) = (92" (@), 90" @) = ([bj - brar -], [bjsabjez - -]),
for w=0;...b; and j > 1 defined as follows.

— If [by — by| > 1, then j := 1.
—If by = by + § for some § € {1}, then we let n > 1 be the minimal integer
such that b, 2 # b,41 + 9. Let » > 1 be the minimal integer such that b,,,.1 #

~

bpir +0(—1)". Then we take j :=n if r is even and j :=n + 1 if r is odd.

By construction it can be checked that S(z,y) € N and Ty o S(x,y) = (z,y). We leave
to the interested reader to verify that 7p/(N) C N and S o Ty = id. O

Remark 3.11. In [Marl8], a technical assumption is made on the fundamental domain
of the group (Assumption 2.1 ibid.). We believe that the metric estimates on inverse
branches which we work out for F, in Section 4.2 could be useful to relax this assumption.
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4. METRIC PROPERTIES OF INVERSE BRANCHES

4.1. Distortion and expansion estimates. We quote the following uniform bounded
distortion property from [Sta04, Lemma 4.3], see also [BS79, p. 164-165].

Lemma 4.1. There exists C' > 0 such that for all h € H* we have
(4.1) B (z)| < C|W (x)], (x € Dom(h)).

Proof. The set B = K satisfies Lemma 4.3 from [Sta04]. Let C' > 0 be the value given
by this lemma. Let h € H*, h = hy,, for some r > 0. Thus, for any x € Dom(h),
if n := |w|, then B"(h(z)) = 2 € Dom(h) C K. We deduceﬂ

" 2(Rn
@] = | Dt <
where D stands for the derivative, and the last bound is [Sta04, Lemma 4.3]. U
Corollary 4.2. For h,k € H* \ {id} and x € Dom(h) N Dom(k), we have
h" k:"

(42) T = )| = [ 0) — k)],
(4.3) |1 (x)] =< |1 (0)],
(4.4) () = h(O)] < [W' ()]
Proof. Write

) = L

fr + @

and similarly we denote o, 5’ the components of k. Since h # id, we have § # 0, and
since G does not contain elliptic elements, we have o # 0. The same holds for o/, 5. By

discreteness of G, we have > 1, and therefore |o/3| = /1 4 1/|3|° < 1. The bounded
distortion property (4.1 implies in our case
lz+a/B| < |z + B/a| <1

and similarly for o/, ’. Indeed the lower-bound is exactly (4.1)), while the upper-bound
holds since both x and «/f are bounded. Then,

B k" 2|5/Oé—ﬁ,/0/|

o _ - TN '
v WO TG gy e =0
This proves the first item. The second item follows by the simple computation
(@) = [K(0)] - |5]* |z +a/B| " =< [K(0)].
Similarly, the third item follows since
[h(2) — h(O)] = [1(2)| - |2] - o+ /3] = W (a =

We proceed to show the uniform expansion property, expressed in terms of inverse
branches. This is essentially extracted from [Sta04, Proposition 4.4].

Lemma 4.3. For some p € [0,1), allr > 1 and h € H", we have
(4.5) |h'(z)] < p"  Va € Dom(h)
with an absolute implied constant.

2In the proof of [Sta04, Lemma 4.3] it is assumed that Im(h) C K, however this is not actually used
in the proof, nor is present in the statement of the Lemma. See also Proposition below.
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Proof. Let h € H", h = hy,, with w € Ag(r). Then proceeding as in [Aar97, p. 145] we
have

meas(Dom (1)) [(z)| = / L W@last) < / )1 d5) = meas(im()

where we used (4.3)) and meas denotes the measure on 0D. We have meas(Dom(h)) > 1,
and therefore

|h'(z)| < meas([w]).
This implies at once
(4.6) |h]]oe < 1 (h e H").
We then argue as in [Sta04, Prop. 4.4]: By [Ser81l Prop. 4.5], supy,,_, meas([w]) = o(1)
as n — 0o. Therefore, since |w| > r, we may find 7o > 1 such that

(4.7) p:= sup [N« < 1.
heH™0

Then choosing r > 1 arbitrary, we write r = qrg + s with ¢ > 0, 0 < s < rg. We write
accordingly
h=hyo---ohgohy,

where h; € H'™ for j < g and hgyq € H® (or hgyq = id if s = 0). We deduce
17 lloe < TT I1R5lloc << p < (070)"

J

where we have used (4.6) for j = ¢+ 1 and (4.7)) for j < ¢g. Reinterpreting p gives our
claim. .

4.2. Estimates for cuspidal inverse branches. When studying the convergence of
the relevant transfer operator, we shall need an estimate for the derivatives of the el-

ements of H.. First, given a cuspidal cycle w, we describe [w*™] := [w,w,...| and its
stabilizer.
Lemma 4.4. Let w = aq ---a, be a cuspidal cycle. Then:

(1) The point [w*>®] = [w,w,...] belongs to V; it is the right-end boundary of [a;]

if w is right-cuspidal, and otherwise it is the left-end boundary of [aq].
(2) The element g, € G is parabolic, and fizes [w™].
(8) If w is minimal, then the stabilizer of [w™] is generated by g, .

Proof. Assume that w is right cuspidal, the other case being analogous. Since w is a
right-cuspidal cycle, the two sides [a;] and [a,] share a common vertex v, say, and v is the
left endpoint of [a7]. Let b € ¥ be such that v € [a,, b]. Since the arcs [a,] and [a,., b] share
their left-endpoint, so do the arcs g,, [a,] = 0D\ [a,] and g,.[a,, b] = [b], and therefore the
left endpoint [b] coincides with the right endpoint of [a,]. This implies b = a,+1 =a,_;.
We conclude that v € [a;] N [@,, a,—1] and therefore in particular g, v € [a,] N [a,_1].
[terating this argument r times, we deduce that g,v € [a;]N[a,] = {v}, and so v = g,v.
Since v € C(G), we deduce that g, is parabolic. On the other hand, we also deduce,

UEm[w,...,w]:[woo].

€21 £ times

This shows the first two points.
Finally, let v # id be in the stabilizer of v = [w™]. Since {g,}.ex generates G,
there exists m > 1 and by,...,b, € G such that v = g5, - - - g5,,- We assume that m is
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minimal, so that for ¢ = 1,...,m — 1 we have g, # gb_iil, ie. b # Bi—i—l' In particular,
w' := by -+ by, is admissible. We have v = g,v € [w'] and v = g v € [@], so that
v € [w'] N [w'] and this intersection is non-empty if and only if w' is a cuspidal cycle.
Since w is minimal, this implies that either w’ = w™ or w’ = W" for some n > 1, thus
proving the claim. U

We now prove an asymptotic estimate for h = h,, € H. when w is a cuspidal cycle.

Lemma 4.5. Let w = [ay,...,a,] be a cuspidal cycle. Then,
(1) For all x € 0D with dist(x — [w™]) > 1 we have
|z — g;}oo\ > 1.

uniformly in £ > 1.
(2) There exists a constant C(w) > 0 satisfying C(w) = C(W) such that for all x €
OD ~ [w™], we have

Clw)

/ R A

N B, T

as { — oo. More precisely, |g .(z)] = %(l + Ou(1/0)) uniformly in x

satisfying dist(z, [w™>]) > 1.

(6%
Gut = (_Z Bf) ) |05€|2 - |/6€|2 =L

Proof. Write

By
Since g,, is parabolic, we have oy + @, = +2 for some choice of sign +, and then
(4.8) v==41/8, — /B,

However, again since g, is parabolic, we have |5,| = ¢|5;| — oo. By discreteness of G
and since w # € we have 5, > 1 and thus

2 =g 00 =—0y/B,=v+O(1/0).
|2

In particular, z;, — v. But since |Oég|2 > |B¢|°, the point z, lies outside D. Let B be a

neighborhood of v in 9. We deduce that

(4.9) nin d(z,ze) > 1,

which proves (1). Moreover, for x € 0D \ B by (4.8]) and (4.9) we have

1 1 1
|9t ()] = — = = (1+0(1/0))
B +a|”  1Befd,2)? 2|3 d(x, v)?
uniformly in z € 9D \ B. This yields (2) with C'(w) = |3;|7>. O

Corollary 4.6. Let h = h{, € H. with w cuspidal. Let wy be a minimal cuspidal cyclfﬂ
such that w = wiw; for some £ > 0 and some prefiz wy # € of wy. Then

1R oo = (1+£)7%

3Notice that wo and £ are unique unless |w| = 1
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Proof. Let [wi®] = [a1as---] and |wi| = m < 1. For € Dom(h¢)), we have
(h2)' (%) = iyt (Guor () Guv, ().

On the one hand, the pole of a matrix in SU(1, 1)\ {id} lies outside D, so that ||g., ||cc.op <
oo for each w;. Since there are finitely many possibilities for wy and thus for ws,
we deduce |g,, (z)] < 1. Also, gy, (Dom(hS)) = [a1,...,Gme1] N [a1, ..., Gpmyo] and
thus dist(g,, (Dom(hS,)), [ws®]) > 1. By Lemma |4.5{ we then have ’9;}5 (Gu, (7)) < 1/02

for ¢ sufficiently large. This concludes the proof since the statement is obvious for
(< 1. O

We also record some results which will be useful in future applications.

Proposition 4.7. For all h € H,. we have

(4.10) dist(Tm(h), V) = ||1/||/%.
Moreover, if hy € H: ~ {id}, ho € H. and Im(he) N Dom(hy) # &, then
(4.11) dist(Im(hy) N Dom(hy), 0D ~ Dom(hy)) > ||hh||*>.

Proof. Let w be a primitive cuspidal cycle and ¢ > 0. Then, with the same notation as
in the proof of Lemma [4.5] for z € 9D with dist(z — [w™]) > 1 we have

1 1
(@) = == +1 -
urle) =] ff@( mxw)
and thus, since |8, < ¢, | 8,2 + @] = |, ()| < ¢, we deduce
(4.12) (Gt (@) = [ = [|1[12?

for ¢ large enough, and thus for all £ > 0 since (4.12)) holds trivially if ¢ < 1.
Now, let w be any cuspidal word. Writing w = wiw; as in Corollaryand proceeding
as in its proof using (4.12]) we deduce that

(@) = [wiF]] = [I7]I42

Equation then follows since dist(Im(h), V ~ {[wg°]}) < 1.

We now prove . We can assume hs is not indexed by one letter word, the result
being trivial in that case. Every boundary point of Dom(h;) is either a vertex v; € V or
a point g,ve in the interior of [a], for some a € ¥ and vy € V. In the first case, by
we have dist(vy, Im(hg)) > Hh’QHééQ In the second case, since g,vs € [a] is not a vertex,
dist(Im(hs), gav2) > 1 unless Im(hy) C [a]. Thus, we can assume hy = hS,, for some

cuspidal w € ¥*. Then for z € Dom(hs)

[ha(2) = gava| = |9agu® — gaval > |guz — va| > [|(H)'I32 = || ha ]| 22,
where we used (4.10|) once again. This concludes the proof. O

It will also be convenient to have a version of Lemma[4.1] Corollary [£.2]and Lemma [4.3]
for h € H,.

Proposition 4.8. For all h € H} ~\ {id} we have
(4.13) 1R/ || < 1,
|R' ()] < |W'(0)], Va € Dom(h).
Moreover, there exists p € [0,1) such that for all v > 1 and h € H. we have
(4.14) IW]loe < "
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Proof. Tt suffices to prove since the remaining claims then follow as for H*.

Let h = hg,, € H" with w = a;---a,. We can assume |w| is sufficiently large, since
the claim is trivial if |w| < 1.

Let v, be the indifferent or repelling fixed point of g,,. Then, as in [Sta04, Lemma 4.3]E|,
we have that ¢, — gy 00| = 0 as |w| — co. Since &7 (z) = —2(z — g, 00) 7!, it is thus
sufficient to show that dist(,,, Dom(h)) > 1.

Next, repeating the argument in [Sta04], we notice g,,[w] = ID \ [a1] and we claim
that 1, € [@,]. Indeed, if @,, # a1, then g,[w] D [©] and so g¢,, has a fixed point (which
has to be repellent or indifferent) in [@] C [a,], i.e. ¢, € [a,]. If instead @, = a,
then any possible fixed point of g, in dD \ [a;] = ID \ [a,] would have to be in
(@] N (0D \ [a,]) = @. Thus, ¥, ¢ D\ [a,] and so 1, € [a,).

Finally, recalling the notation b* := b+ 1, we notice that

Dom(h) N ([@, + 1] U [@,] U [@, — 1]) C ([a)f] \ [at, a ) U ([ay] ~ [ay, a,7)).

n n»-n

The set on the right is bounded away from [a,]. Since the same also holds for the
complementary part of Dom(h), we get

dist(t),,, Dom(h)) > dist([a,], Dom(h)) > 1,
as desired. n

5. TRANSFER OPERATORS
Recall that © C GL(d,R) is a finite subgroup. We denote
8]1)@::8]D)><@, K@2:K><®

and define 0Dy, ... in the same way.
We will be interested in maps

fZaD@%C,

and their orbits under the transfer operator . associated with Fg. In order to study
this transfer operator, we will also need to consider the transfer operator € associated
with F..

5.1. Skew-products. Recall the definition ([L.11]) of the family of maps (¢,), and the
cocycle property (1.12). In the remainder of the paper, we make the following two
hypotheses on (¥,).

(1) For each g € G, with g = ¢4, - - - gu,, With a;---a, € ¥*, the map 9, is constant
on [a] NV for all a € ¥\ {[a,]}.

Regarding the assumption (1), recall from Section that the expression g = g4, - * * Ga,,
is unique. Thanks to the assumption (1) we can write, for any w € ¥* and a with wa
admissible,

(5.1) ﬁw(a) = ﬁgwha]\V € 0.

(2) There exists rg € N with the following property. Given any by, by € 3 and 9, € O,
we may find w € ¥* with bjwby admissible, such that £ (bjwby) = rg and

(5.2) Upyw(b2) = Jo.

4We warn the reader that in [Sta04] the roles of g,, and g, ' are swapped.
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Note that with the notation (5.1)), the cocycle property implies
(53) ﬁal"‘anbl“'b'm (C) = ﬁblbm (C)ﬁal---an (bl)

We also note, for potential use in future applications, that assumption (1) is invoked in
our work only for [a] N Dom(h) # @ where h = hy is an inverse branch in H or ..
We define a map Fg : (D~ W)g — Kg by setting
Fol(x,90) = (Fr(x),0g0,(z)), (Fr(x) =gx,g € G).
Using the cocycle rule ([1.12]), the inverse branches of Fg are given by

{(y, ) = (h(y), NIn(y)), h € H},
where for h = h,, in H, H,. or H?,

On(y) =Dy, (y) = V1 (h(y))"",  y € Dom(h) \ V.

5.2. The s-twisted transfer operator. Define, for all s € C, the s-twisted transfer
operator acting on a map f : 0Dg — C by

Dg/ps[f] K@ — (C,
(5.4) (y,th) = Y K@ F(hy), 9104(y))

heH
yeDom(h)

whenever the sum converges absolutely.

We will also need to define analogous operators for the map F.. We will give two
versions, one with the inverse branches in H, and one with its restricted version H?
defined in . Given f : dDg — C as above, we let

Gl = Y IR, 99 y),  (y,0) € ODg

heH.
y€Dom(h)

and let €*[f](y, V1) be defined in the same way but where the sum ranges over h € HF.
By definition this means that for (y,v;) € 0Dg

Gy, 0), (v € K),

G f)(y.01) = {O (v K).

Note that by the triangle inequality, for o,7 € R we have
|Cga+i7[f]| < CKUHfH

whenever the right-hand side is finite.
We also define the untwisted versions of ., €, and €7 by

L =%, < C=%, € =%

Notice that for a non-negative f we have €*[f] < €[f].
Recall the definition of ¢ from (3.21]). By Proposition , we have

Clel = ¢
and thus, since ¢ < 1, for bounded f we have €¢*[f],¢[f] < 1. Finally, for all f
integrable on 0D, we have

(5.5) ¢ f(y)ds(y) = . f(y) ds(y).

oD
This can also be stated as the fact that the dual € of € preserves the Lebesgue measure.
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The relevance of €, and €7 is evident from Lemma . Indeed, one immediately
deduces that for y € K and ¥, € O, we have

Ly, 01) = Y C(EH ]y, 01)

(5.6) = C(1d =) 7" [f1(y, V),
whenever the series defining Z;[f] is absolutely convergent.

Remark 5.1. We mention that the family of s-twists (5.4) was defined and studied
in [Mor97, Section 5] in relation with the Selberg zeta function of Fuchsian groups
(see [May91] for the SL(2,Z) case).

5.3. Convergence for Re(s) below 1. Our next goal is to show that there exists o9 < 1
such that the sum in the definition of Z,[f] converges normally for all bounded f
and all s € C with Re(s) > 0o. We start with the following lemma which is relative to
the case when PRe(s) = 1.

Lemma 5.2. We have (6%)?[p] < py for some p € (0,1).

Proof. We have 0 = €*[¢](y) < €[¢](y) = o(y) for all y € K. If y ¢ K the two sums
coincides and one has €*[¢](y) = €[¢](y) = ¢(y). In particular, letting f := €*[p], we
have 0 < f < pand f < pon K. If y € K then €*[f](y) = 0 < €[¢](y), as desired. On
the other hand if y ¢ K, y = [b,...], then we can always find h € H, with y € Dom(h)
and h(y) € K; it suffices to pick h = h¢ for some a € ¥ satisfying [a, b] C K, where we
used the notation (3.11]). For this & we have f(h(y)) = 0, and therefore

Cf(y) — oly) =CLf — ely) < =W (W)]e(h(y) < —ce(y),

for some ¢ € (0,1), since p < 1 and |h¢’| < 1 uniformly for a € . Together with €*[f]
0 on K, this gives the claimed bound with p =1 —c.

ol

Lemma 5.3. Let € > 0. Then, for all 1/2+¢ < 0 < 1 we have €,[1] <. 1.

Proof. This follows from Corollary since there are only finitely possibilities for wy
and w;. O

We deduce the following contraction result for (4#)% on the left of Re(s) = 1 line.
Lemma 5.4. There exists o9 < 1 and p < 1 such that for op <o <1
(%5)°e] < po.
Proof. The result follows by continuity combining Lemma [5.2] and [5.3] O

Proposition 5.5. Let f : 0Dg — C be bounded. There exists oy € (0,1) such that the
sum in (5.4) converges absolutely and uniformly for all s € C with Re(s) > oy.

Proof. Take oy as in Lemma . Then for all m > 1 we have (€% )™[f] < (€%)™[¢] <
p™/%p, with an implicit constant independent of m. The result then follows by (5.6). O

5.4. Spectral properties at s = 1. Finally we record the properties of .Z. By Propo-
sition [5.5] we know that .# is a bounded operator from L>*(dDg) to L*(Kg). Recall
the definition of £ in . We extend £ to a map on dDg supported inside Kg by
letting it be constant on the second coordinate:

£(x,90) = {ﬂl‘)a (, %) € Ko,

0, otherwise.
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By (3.19) we have that £ is an eigenfunction of eigenvalue 1 for .2,

(5.7) ZE] =¢.

By Proposition 3.8] the absolutely continuous measure £(x) ds(x) is Fx-invariant, and
analogously to (5.5)), we also have

(5.8) ZL[f(y,01) ds(y) v, = f(y, V1) ds(y) dv,

Ko oDe

for all f integrable on 0Dg, where dv/; denotes the uniform counting probability measure
on O.

5.5. Cost functions. We let ¢ = (¢p,)nen be a family of maps ¢, : Dom(h) — R?
which belong to H" for some rq € (0, 1], where we recall H* is introduced in Section [L.5]
Since we have the disjoint union D\ W = F ' (K) = ;,cp Im(h), the family (ép)nen
can be equivalently reinterpreted as a function ®x on (D \ W)g defined as

(5.9) Oy (z,90) := 9o9n(y) b (y) x = h(y) for some h € H,
(I)K(LC) = CI)K(ZL’, 1)

By construction we then also have
(5.10) D1dn(y) = P (h(y), 019n(y)) Vh € H, y € Dom(h).

It will be useful to define ¢, also for inverse branches of any depth, by letting ¢, = 0
if h = id and otherwise

(511> ¢h<y) - Z ﬁhi+10"'0hn (y)¢hi<hi+1 ©---0 hn<y>)

for h=rhyo---oh, € H" h €H.

Remark 5.6. In the introduction, we discussed for simplicity a situation where the family
of maps (¢,) is defined for all ¢ € G. In such a situation, the relation holds

automatically by the cocycle property ((1.14)).

5.6. The transfer operator .Z, ;. We can now define the main generating function we
will work with. For all s € C with Re(s) > oy the quantity defined in Proposition ,
all t € R? and all bounded map f : 0Dg — C, we let

Zalfl: Ke — C,

(5.12) (y,th) = Y (W@ f(h(y), 919(y)).

heH
y€Dom(h)

Remark 5.7. Any bounded function f : Kg — C extends trivially to a function on 0Dg
by setting it to zero on 0Dg \ Kg. With a slight abuse of notation, we also denote
Z,+ the operator acting on bounded functions on Kg, obtained by applying the original

operator ([5.12)) to this extension. Clearly, in this case (5.8)) holds also with dDg in the
right-hand side replaced by Kg.
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6. MOMENTS CONDITIONS

In this section we shall introduce some hypothesis on the period functions (¢;) which
we will need in order to carry out the functional analysis of the operators .Z ;.

Given £ € (0,1], we recall the definition of xk-Holder norm and semi-norm given in
Section We also quote from [BD22, Section 4.1] the following properties of ||||(.)

6.1)  Nfalle < 1 lwlglles + glloollfllso fe -,
(6.2)  [1£ oAl < BNl ooy tmny feH" heH,
(6:3) el < ALY feH" i elr],
6.4) NSl < IFIS N feH K>k

We note that here and below, norms are always implicitly restricted to the domains of
the function under consideration, so that in particular in (6.2)) we mean || f|(s),m(n) =

1 £l i), Dom( )t (n)-

Hypothesis (My) (Moments conditions). For given positive numbers «, ko, A, we have

(6.5) DR Nl bnll < oo,
heH

(6.6) D IR loollbnllfyy < o0
heH

Note that the sums are over H, the inverse branches of Fg, see (3.4]). For our appli-
cations in [BDLal, BDLD], it will be crucial to reduce the sum over h to a smaller set.
This is the point of the following definition.

Hypothesis (M.) (Cuspidal moments conditions). For given positive numbers «, kg, A
there exist a family (dn)nen, of maps from Dom(h) NV to R? such that the following
conditions are satisfied.

(1) We have
(6.7) Y I llcllmblloolidn, 5 tmcns) < 00
hi,ho€H,
(6.8) Y I lcllRallooli B o) timnay < o0
hi,ho€H,
(2) For all (xz,79) € (D~ W)e, we have

re—1

(6.9) (z,90) = Z Bo(F? o (x, 1)),

with r, as in (3.16) and @, : (G]D)/ N W)e = R? and F.o : (0D~ W)g — ODg
defined by

(6.10) ®.(z,9) = 99 (y) ' Pn(y), x = h(y) for some h € H., y € Dom(h) \V
(6.11) Feol(z,v) := (Fe(x), 90-1(x))

which are well-posed since D' \ W = ;o5 h(Dom(h) \'V), where the union
is disjoint. We also denotd]

(6.12) O (x) := Do(x,1).

SEquivalently, 9 (x) " ¢p(z) = ®.(h(x)), Yh € H,, x € Dom(h) \ V.
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We remark that condition is natural when, as in our applications, one has func-
tions (¢, ), for each g € G which satisfy the cocycle condition

¢9192 ('1') = ¢92 (33) + 1992 (x)(ﬁgl (92-73) Vg1, go € G.

Indeed, in this case, amounts to say that the cocycle relation holds for the decom-
positions . We extend the notation ¢, to h € H] for any n > 0 in the same way
as (5.11)).

Assuming Hypothesis , for all s € C with SRe(s) > 1/2 and all t € R?, we define
the (s, t)-twisted operators % ¢, ‘Kft acting on maps f : 0Dg — C by

Calllly.00) = Y NP f(h(y), 0100(y),  (y,9) € 0D
heH,
y€Dom(h)
and %ﬁt defined in the same way with H% instead of H,.. Notice that implies that
the following analogue of (5.6 holds:

(6.13) Ll flly.91) = Ca1d=C5) 7 [fl(w, 01),  (y,91) € Ko

for MRe(s) > oy.

The advantage of Hypothesis (M. ) over Hypothesis |(M )| lies in the fact that the
sums over h; in . . are restrlcted to the set H., Wthh is easier to parametrize
since it consists essentially of powers of finitely many parabolic elements. On the other
hand, the domains of ¢y, in conditions and are now larger and in particular
can approach the vertices of the fundamental domain, which poses additional challenges
in applications.

Lemma 6.1 ((M,)| implies [[Mx)). Let kg > 0. Suppose that [(M,)| holds for a > 0
and XA > 0. Then |[(Mxg)| holds with the same parameters.

Proof. We recall the definition (3.16) of the return time r, of F. to K and its re-
lation (3.17)) with the decomposition of h. Then, given h € H and a € X with
K, € Dom(h), from Lemma we have that h decomposes on K, as h =hj;o---0h,,
as in (3.15)). By the cocycle property , we then have for all y € K|,

| (y <<(le@ hjpr10---oh, (y))l) srsz!cbhj(hjﬂo---ohrh(y))!“-

and so letting A, 1 := hj |, for which Dom(h) N Im(h,, 41) = K,, we have

(6.14) [&nlloe k. <7 Z &0, 1|5 1m(n 1)

Now, let

CUW) = Y IWODnllSmmw S PW), (v € Im(k), k € H,)

heH,
y€Dom(h)

and similarly let %" be defined by the same expression restricted to h € Hf. We claim
that

(6.15) Tl](y) <1, (y € K),

(6.16) CE[1(y) < 1, (y € D).
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Indeed, whenever y € K, we have that k belongs to the finite set {hf,,b € X}.
particular, |k’| < 1, and so

) = > R dnm 1% mey < 1

hl 6H67
y€Dom(h1)

by (6.7) and positivity. This shows the first item. To prove the second item, we write

)= > W))W Bnl|% temnyy < 1

hi,ha€H,
y€Dom(h2),
ha(y)eDom(h1)

by (6.7)) again.
By (6.14) and (4.3)) and unfolding the decomposition (3.15)), for any y, € K, we have
Yo IWlsllonller, < D> |1 (v |7‘hZH¢h % 1mny 1)

heEM, heH
KqCDom(h) yaeDom(h)

<D+ 1)) (1] (va)

r>0

+ > (141 + 2% (EH) ) 1] (va)

71,7220

(617) < (26 + 3 (n+ 206" ) [1](x)

ri>1

where we bounded the sums over r gnd ro using the spectral radius inequality spﬁ(‘gﬂ) <1
implied by Lemma [5.2, We have €[1](y) < 1 for all y € K by (6.15), and €*€*[1](y) <

¢ 1)(y) < €¢[1)(y) < 1 for all y € D by (6.16), and so the above is uniformly
bounded, and follows by summing over a € X..

We now turn to . With the same notation and the same argument as above,
using that the maps v, are constant on K,, we have

Ity i, < T Z [, 0 Bjyr 00 By, [|foy ko

By (6.2) and (4.14]) we have

Hd)hj © hj+1 ©---0 hThH (k0),Ka
<Ry o0 he) 152 5, - 1Dm; o)ty 1) < N D (o) Tm(hy 1)

Thus,
PO AT Hh’llrhz 10, 11 Fo),timhy 1)
heH, heH,
KqCDom(h) KqCDom(h)
and we conclude by the same arguments as in ((6.17)). O

For convenience we record the following variant of (6.5), which comes at almost no
cost.
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Lemma 6.2. Let a; > 0, and assume that the bound (6.5)) holds for all o < ;. Then

for any m > 1 and any o < oy, we have

DI - (log [W')™ - pn|* e < o0

heH
Proof. The sum 37, 3 o [P/ (y)[log(|R/(y)])* is finite for all M > 1 by Proposi-
tion . The claimed bound follows from Hélder’s inequality along with (6.5)). ([l

7. SPECTRAL ANALYSIS OF TRANSFER OPERATORS

In this section we set up the functional spaces on which .Z; ; will act and show uniform
spectral gap and Dolgopyat-type estimate, generalizing the arguments in [BV05bl [BD22]
LS25]. These will be the main ingredients to establish Theorem [1.3]

From this section onwards, we shall assume Hypothesis [(Mf )| holds. For certain
results, we shall also require the stronger Hypothesis , which will be assumed ex-
plicitly.

7.1. Functional space. Given 0 < x < kg and (s,t) € C x R? with SRe(s) > oy, we
will at first consider .Z;; as an operator acting on H" (cf. Remark . Notice that
Z.+|f] is indeed in H" whenever f € H* since the indicator function for the condition
y € Dom(h) in is locally constant on K.

Throughout the rest of the paper, we fix an arbitrary ¢ € (0,«/2), on which all
subsequent implicit bounds might depend, even if not explicitly indicated. We also fix
a value k > 0 satisfying

romin(A, /2, 1)(a — min(l,a — ¢€))

7.1
(7.1) "= 2(a — min(\, /2, 1))
Notice that this in particular implies
in(1, A
(7.2) k< %mo,

which will be used in later estimates (see e.g. the proof of Lemma 7 and that (7.1
simplifies to k < ko/2 if @ > 2 and A > 1.

Remark 7.1. We take the opportunity to mention that the choice of x in [BD22, eq. (5.3)]
should be corrected similarly to ([7.1)). This is needed to prove the analogue of ([7.9) which

is implicitly used in Section 7 therein.

Lemma 7.2. The space (H", ||||,.) is a Banach space, and the norm ||-||,. is pre-compact
with respect to ||-|| -

Proof. The first claim follows from the bijection H* — €y, H"([a]) by finiteness of ¥,
and the second claim is implied by Arzela—Ascoli’s theorem. ([l

7.2. Dominant spectral properties. The goal of this subsection is to prove the fol-
lowing Ruelle-Perron-Frobenius Theorem (see [Bal00, Theorem 1.5]) for the family .%o
with o real. Recall that o is defined in Lemma [5.4] and that spr denotes the spectral
radius.

Proposition 7.3. For all o € R with o > og, the following hold.

(i) The operator £, : H* — H" is quasi-compact. It has a mazimal eigenvalue Ay o >
0 with a corresponding positive eigenfunction &, .

(ii) The dominant eigenvalue \, o is simple and there is a centered disk of radius strictly
less than A\, which contains all other eigenvalues.
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(1ii) In particular, £ has leading eigenvalue 1 with eigenfunction & and its spectral
decomposition is given by
L=P+N
where & is a projection, spr(A) < 1, and PN = NP = 0.

This shows alternatively the existence of an invariant measure. Note that Z¢ = &,
together with Proposition [7.3] yields the existence of a unique finite measure v on Kg
such that Z*v = v and [ £dv = 1 by means of the dual operator. By (5.8) we have
(7.3) dv(z,v) = m~ds(z) dv,

where
(7.4) m:= /Kgds(x)

is the total mass of £ on K. The projector in the spectral decomposition has the explicit
formula:

(7.5) Pf = (/K fdu)g.

Proposition[7.3|is proven by following the arguments in [Bal00, Theorem 1.5], and [LS25]
Theorem 5.9] for skew-product extensions. We highlight the two most important ingre-
dients in the proof.

Lemma 7.4. Let p be as in Lemmal4.5 There exists a function (o9, 00) 2 0 — A, € Ry
which is continuous, piecewise smooth, decreasing, and with Ay = 1 such that for allr > 1
and og < 0 K 1,

(7.6) 150 lloe < AL floo;
(7.7) 1Z50f ey << A flloe + 2™ [1.fllx))

where the implicit constant depends at most the choice of the fundamental domain R
and the boundedness of o. Moreover, for any o, > oo and € > 0, there is a choice of
map o — A, such that Ay, < spr(Z,, o) + €.

Proof. By Lemma [1.3] there exists m > 1 such that [|h/(z)|| < 1 for all h € H™.

For o > oy, let A, ‘Z:&[é’]/f“iim In particular, A; = 1 by (5.7)), and for any
given o1 > 0g and € > 0, by choosing m large we can ensure A,, < spr(%,, o) +¢. It
is also clearly continuous, piecewise smooth and decreasing. Moreover, for f € H", we
have

125l el = 1250 [E€) /8l < IF /8|20l €l = AT /€] e

by positivity. By induction, [Z75'[f]/¢lle < AL f/€llo for » > 1 and (7.6) follows
since £ < 1 and ||-Z, 0l < 1 for oy < ¢ < 1. Regarding the second estimate, for
all r > 1 we have

1%ro e < D MBI - f ol

heH"”

<37 (I oollFlloe + 112 £ 1)
heH”
by (6.1)-(6.2). By bounded distortion (4.I)) we have [||F'|7||u) < |o]®||W || 2" ||h" |5 <
lo|*||W']|%,. Moreover, by (4.5) we have ||h||5, < p". Thus (7.7) follows by (4.3
U

and .
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Lemma 7.5. The map Fg is topologically mizing.

Proof. Let ry be given by Hypothesis . Let V C K be a non-empty open arc
and 97, € ©. We wish to show that for some m > 1 depending on V, and all n > m,
we have FG(V x {th}) = Ke. Since the diameter of a fundamental arc [wy]|, wy =
ai---a, € ¥*, tends uniformly to 0 as n — oo, we deduce that V contains such an
interval with n > 1.

Let x € K and ¥, € ©. We apply the hypothesis with by = a,, by € X the letter
such that = € [bs], and

Yo = 95 0104, a,, (an) ™"

We deduce the existence of w with a,wby € ¥* such that
Va,w(be) = 959100,.a, ,(an)™" and  Lx(a,wby) = ry.
Let h = guow. By the definition (3.2) of /x we have
m = lg(ag - a,why) = lx(wo) + 1o — 2,
which depends neither on x nor on v95. Then, we have
F&' (h(x), 1) = (2, V10uew(b2))-

However by the cocycle property we have

ﬁlﬁwow(bQ) = 7Slﬁanw(1)2)19@1---%4(Cln) = Uy

by construction, and so
Fo'(h(x), 1) = (x,72).

Since we have h(x) C [wo] C V, (x,1,) is arbitrary and m is independent of (z,vs), we
deduce

F&V x{t}) = Ko

as required. O

The proof of Proposition follows now by standard arguments, see [BalO(, Theo-
rem 1.5]. Lemmas and (Lasota-Yorke inequalities) show that Hennion’s crite-
rion [Hen93] is statisfied. This implies quasi-compactness of %, acting on H*. The
positivity of some eigenvalue )\, of largest modulus and its eigenfunction &, follows
from the fact that %, is weighted by the positive real-valued function g := |h/|7.

For the second item, we use Lemma (topological mixing) to conclude that A, is a
unique and simple eigenvalue of largest modulus by density and convergence arguments.
In particular, by change of variable, the operator .Z admits 1 as dominant eigenvalue
with the associated eigenfunction £. This spectral gap yields a spectral decomposition

Lo = 260P50+ Nop

where the eigenprojection &, has an image spanned by &, ¢ and spr(.450) < Ay o by the
quasi-compactness. The spectral projection &, has an integral form similar to ((7.5)).

7.3. Perturbation estimates.
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7.3.1. Estimates relative to Fr. We recall the definition (5.9) and its equivalent coun-
terpart (5.10). For all m > 0, the operator on L>°(Kg)

f = Lo | Fi)" fly. ) = D (= log [ (y))™ 11 ()] f (A(y), 919n(y))

heH
y€Dom(h)

is well-defined by Lemma , as well as bounded on H” by (4.1)) and Proposition .
In the same way, the operators

f e L0k (log |F)" lly,th) = > t1a(y)(—log [W'(y))" W ()| f (h(y), 9194(y)),

heH
y€Dom(h)

fr Lk - Opfly00) = > (1en®)(W16n )T 1B W)]f (), 9194(y))

heH
y€Dom(h)

are well-defined provided that Hypothesis holds with & > 1 and o > 2 respectively.
Here ||-||, is the Euclidean norm.
Finally, we state some perturbation estimates and expansions.

Lemma 7.6. Assume Hypothesis|(Mg)| For all s and t with |s — 1| and [t| sufficiently
small, we have

(7.8) [ Lot = Llloe < [s =1+ [E] + [¢]*,
(7.9) [Lop — Ll < [s =1+ [2] + [¢]*".
Proof. Let t and s — 1 be sufficiently small. We first prove (7.8). We have eV =
1+ O(ly|*= + |y|) for y € iR, so that from the definition (5.12)), Proposition and
Lemma we obtain ([7.8)) by Holder’s inequality.

We now move to (7.9). Let f € H*. By (7.8) it suffices to bound ||.Z+[f] — L[ f]l| ()
By (6.1)-(6.2) and splitting the differences, we have

(IR ()20 — [0 () ) f (h (), 910m ()]s

< (IR @) PPe 0 — (B () ool Fllwy + MBI Nl 7712 = 1) 1o flloc
R @1 = 1B @)oo oo + 112 @)17 ool (€722 = 1) )| Flloo-

The first three summands on the right can be dealt as for , where for the third one
we use that ||[2/]° — |W|[|x) < |s = 1|([|F || + |P'[|Z)]1og [A'|| which follows, as in the
proof of Lemma , from |n/|* — |W'| = [{ |W[*log |h'| dw. Tt remains to deal with the
last summand. We let

k1 = k/min(l,a — ¢€).

Notice that clearly k; > & and, by (7.1]), we also have rk; < ko/2 < 1/2. By (6.3)
and (6.4) we then have

||e i(t,910n) 1”(5) _ H6i<t’m¢h>”(n) < |t’n/n1|l¢th(€’£f)1
R e N s

Next, we let

(k/Kk1 — K/Ko)p = a, K/Koq = min(\, a/2,1),
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so that by (7.1), we have

1 1 _ a—min(l,a—e¢)
- >
- 2ae

and let r € (1,00) be such that l +1 4+ 1 —1 Then, by Holder inequality we have
q T

D MR @) Nl (€7 — 1) oy 1 f oo

heH

> 0,

i)
L)

< [0 N ()| gl I

heH
1
< ’t|mm1a € (Z”h/ |1+ra 1)) (Znh/ H ||¢ Ha) w
0o h
heH heH
(/\ /2,1) /e
I min «
< (S Il

heH
< |t|min(1,oz—a)’

by Proposition and (6.5)-(6.6)), provided that ¢ — 1 is small enough in terms of ¢
and «. UJ

If & > 2 we can refine (7.8 further.
Lemma 7.7. Assume « > 2. There exists to > 0 such that for |s — 1| < |t| < to, we

have
ZLoalf] = ZLf] +i(t, L[Px f]) — (s — 1) ZL[log | Fi| f] +
— 5tT L0 - O flt —i(s — 1)(t, L[Pk log | Fi| f])
+5(s = 1)2.2[log [ F[*f] + O(|t + [¢]*7)
in L (Kg).

Proof. Write 2, ,[f] = L[e/&®<)|1/|*~" f]. First we expand |I’|*”" to third order, which,
by Lemma gives an error term O(|s — 1])* = O(|¢t]?) for ¢y small enough. Then we
expand the exponential by e = 1 +it —t2/2+ O(|t|?) for real t, with 8 = min(3, a0 — ¢)
if « —e > 2 and g = 2 otherwise. The ensuing error terms are bounded by

D 1L+ og [1]1°)([#]l| bl ) -

heH
where o = PRe(s). By the Holder inequality, and applying Lemmas and , we have
that this is O(|t|?) provided that ¢, is small enough. O

Lemma 7.8. Assume a > 2. There exists tg > 0 such that for |s — 1| < |[t| < to and
f € H* we have

1Zaa[f] = Z1f] = i(t, L (@ f]) + (s = 1)Llog | Fic| flllic < [t f]| .

Proof. First, we note that it suffices to prove the bound for ||||(.) since the required
bound for the infinity norm follows immediately from Lemma [7.7]

Let q(t) = e —1—it and 8 = min(2,a — 1 —¢) if « — ¢ > 2 and 3 = 1 otherwise.
Since q(t) < [t|® and ¢'(t) < |t|°~1, by we have

la((t, 91y < llal(, D1 DI llg (8, 91 ()17
< [t (1 pnllE " pu 0.
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By (7.1)) we have
ﬂ—lﬁ//€0+l€//£0<ﬁ /im1n(1,/\)—a<5+a—1

£
<l-—<1
« A T a Ky amin(l,)) T « 200 20

since 2 < a+1—¢ for e < a/2. Thus, we can apply Holder’s inequality as in Lemma
and obtain

1L sl f] = Zaolf] = it Zoo[@r D) < 8711 F ]

for |s — 1| small enough. Expanding |h'|*, with the additional powers of log |h/| treated
as in Lemma [6.2] we then obtain the claimed bound. ([l

7.3.2. Estimates relative to F.. In this subsection, we assume the hypotheses . Our
goal is to provide technical estimates needed in order to rephrase the parameters of the
limit law in Theorem in terms of . and its inverse branches, whenever possible. We
recall the definition of @, and its relation with ®g.

The following lemma relates %} + to 61+, using the decomposition given in Lemma .

Lemma 7.9. Assume Hypothesis|(M.). Then, for f € L*(Kg) we have

/K (Le— 2 f)dv = / (%re — %) + CAd -G (GF, — 69)) (164 [f]dv

Ko

+ / (G140 =€) + C(1d =% (6], — €%)) (6], — ¢H)(1d =) ""[f]dv

+ O(|t!2 + \t|2°‘*2€)
Proof. First, we observe that proceeding as in (|7.8)) one has that (6.7)) implies
(710)  ||G14(GFy = GH)loo + 1G(EF s — GF)lloo + 16767, — €)oo < [¢] + [6]°7°,

(7.11) /m (G —O)fl| dv < |t + [t Vf € L(0De).

Recalling (6.13]), a quick computation shows that on bounded functions supported on
Ko we have

Ly — L =C(1d-6},) " —€1d-€%)"
= (614 =€)+ C1d—€*) (], — €%)(1d-%%)"
+ (61— %) + €A =%") (6], — 67)) (¢}, — ¢°)(1d—%") !
+ (G — )+ €A -6 (Ef, — €9)) 61 ,(1d—Ef,) 7 (6), — €9 (1d —¢%) .
We apply this to f, and integrate over Kg and the result follows by estimating the

contribution of the last line by ((7.10)-(7.11)). O

7.4. Dolgopyat-type estimate for the twists. The goal of this section is to show
the existence of a strip {s € C,Me(s) > o} for some o < 1, in which .Z;; is contracting
in a quantitative sense. To this end we use a method originating from work of Dol-
gopyat [Dol98]. This method relies on a property of the map Fx known as uniform
non-integrability (UNI). Dolgopyat’s paper contains two arguments. One method (Sec-
tion 5 bid) relies on a stronger hypothesis, and is simpler to implement. The other
method (Sections (6-8) ibid.) relies on a weaker condition, but is much more involved.
The conditions were called respectively strong UNI and weak UNI in [BVO05b, BV05a].

The generalization of Dolgopyat’s argument to a case with countably many branches
was obtained by Baladi-Vallée [BV05a], under the weak UNI condition. The specific
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case of the Gauss map was included in the earlier work of Baladi-Vallée [BV05b], and
there the strong UNI condition was used.

In the following, we show that the strong UNI condition also holds in our case (this
implies automatically the weak UNI condition), using the explicit construction of the
natural extension from Section [3.4f We then justify that the strong UNI argument due
to Dolgopyat [Dol98] and Baladi-Vallée [BV05b] hold in our situation.

7.4.1. The strong UNI condition. Our aim in this section is to show the “strong UNI”
property of Fy acting on the circle; see [BVO5b, p. 357] for the case of the Gauss map.
Given n > 1 and h, k € ‘H", we denote

h// k,//
7.12 A(h, k) = inf —(x) — —(2)|.
( ) ( ’ ) a:EDom(lhr)lﬂDom(k) h' ($) k' (x)‘
Since for a disk automorphism g we have
(10
09 (€”) if - d i0
€ g/(ew) - (|g/(6 >| - 1) - Z@ 10g|g/(e )|7 NS R,
by (4.5) we have that A can be expressed in terms of the derivative of log 12;8" as
— ; d |h' (e")] n
(7.13) AR = o ponl o |8 198 ey |+ O(").

Proposition 7.10. There exists a constant p < 1 such that for allp > 0, n > 2 and
k€ H", we have
Z Hh/Hoo <n+p"
heH™
Im(h)CK
A(h.k)<n
The arguments we propose is an extension of those in [BV05D, Section 3.4]. The
question is translated entirely in terms of a dual dynamical system, which is also Markov
and hyperbolic, whose inverse branches are {h~!, h € H*}: then, by means of , this
allows to translate the condition A(h, k) < 7 into a condition of type h(z) € I for some
interval I of length O(n). This is then implemented as an input test function for the dual
transfer operator. That such a system exists is related to the existence of the natural
extension going backwards in the coding, see the comment in [BV05D, p. 363]. This is
the main reason we needed to explicit the natural extensions for Fx in Section [3.4]

Proof. We let p € (spr(.#'),1), which is allowed by Proposition [7.3| and suppose p is
close enough to 1 that it satisfies also Lemma [4.3|
For all a € ¥, we let 2, be an arbitrary point of KN (0D \[a]). By (4.3), for all h € H*

we have

HhIHOO = Z Hh/HOO,[bl,bﬂ = Z |hl(gb1gb2xb2)"

(b1,b2) non-cusp. (b1,b2) non-cusp.
[b1,b2]CDom(h) [b1,b2]CDom(h)
Next we note that
h oo gyb,) (s
W (gumny)| = ISy gy,

lgfnbg(xbz)’
For all (aq,b1) € X, we define

W = {(a1, as, w,by,by) € ¥* x ¥* x ¥? | (a1, az) and (b1, by) non-cuspidal, £ (aswb,) = n}
W' = {(h,by,by) € H" x ¥? | Im(h) C K, (b1, by) non-cuspidal, [b1, b] C Dom(h)}.
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Then the map
(714) W > (al, a9, W, bl, bg) — (halazw,na bl, bg) e W’
is a bijection and so, from the above discussion, we have

Z ||h/||00 = Z Z {gfllagwblbg(l‘bZ)"

R oo
K)SN b1,b
n(gnl—chs)p. A(gayagw:k)<n

w
L (a2wby)=n

We first transform the condition involving A(h, k). By (4.2)), we have
A(h, k) > [9a00(0) = K (0)]-

It follows that there exists a set I C C of diameter O(n), depending only on &, such that
A(h,k) <n = g,%..,(0) €L

Jl = U gb1b2

(b1,b2)
non-cusp.

Define

so that J; a finite union of sets of diameter O(n). For all non-cuspidal pairs (by, be) we
then have

A(h, k) <0 = o ayunun, (0) € .
Finally, using (4.3) and the fact that |¢'(0)| = |(¢g~!)'(0)| for g € SU(1, 1), we have

‘g:zlagwlnbg (xbz) ‘ = ‘gglawale (0) | | (gallagwblbg )/<0) | .

From the above, we conclude that

Z 1700 < Z Z | (Garaswbien) (0]

n w
R 05 oo
non-cusp. g;11a2wblb2 (0)e 1

We may now use the fact that the set W is invariant under the involution
(alaa27w7b17b2) (b27b1aﬁ} a a1)7

to the effect that

Z Z ‘<ga11112wb1b2 O)‘: Z Z ‘gélazwblbz(o)}'

w w
((7)1’;22)) Lx (azwbi)=n ((7)1’;22)) Lx (azwby)=n
non-cusp. 9;11a2wb1b2 (0)eJ1 non-cusp. Jaq agwby by (0)€J1

We now use again (4.3)) and (4.4)), obtaining

Z Z ‘91/11021”171172(0)} < Z Z {g‘lllaQiUbllQ(l‘bQ)‘

w w
((‘51253 Ui (azwby)=n ((abil(jj)) tx (agwby)=n
non- ’Cubp Gaqagwby by (O)GJl non-cusp. Gaqaswby by (£Bb2)€J2

for some set Jo which, by (4.5)), is a finite union of sets of diameter O(n + p™). In the
last expression, we have

|g;1a2wb1b2(xb2)‘ = ‘g;1a2w(gb162xb2)g;)1b2(be)‘ < ‘gélagw(gblbszz)‘a
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and therefore, letting yp,p, := gp,5,%p, and using the bijection (7.14)),

Z Hh‘/”OO < Z Z ‘gélazw(ybllD)‘

heH" a1,az ot
A(hk)<n ((bl,bg)) Lx (agwby)=n
non-cusp. Jayagw (Yb by )EJ2

= Z Z ‘h/(fyblbz)l : 1J2<h<yb1b2))

(bl,bg) heH™
non-cusp. Y, b, EDom(h)

(7.15) = Y L5, (ee),

(b1,b2)

non-cusp.

where 1% (z,79g) := 1,,(z) for all (x,7y) € Keo. To estimate .Z"[17 |, we first upper-
bound the map 1, by a smooth, bounded map 1 on 0D such that

/K¢ =0(n+p"?),  W]lsx=0(p"").

Letting ¢*(x, o) := ¥(x), we deduce [[*[lx = ¢l + ¥l < 1+ W[5 < p~ /2.
By Proposition [7.3|(iii), it follows that

n * 1 ' * T
27010) = o ([ 0)ew) + 0w ) < o+ o
K
uniformly in y € K. Since 1, < 1 and the sum in (|7.15)) over (by, b) is finite, we deduce
the claimed bound, up to the value of p. 0

7.4.2. Estimates on the quasi-inverse for large twists. We start with an uniform version

of for inverse branches of H".
Lemma 7.11. Assume holds. Then uniformly in n > 1 we have

(7.16) DR lloo - lInllfgy < 1.

heH™
Proof. Writing each h € H" as h =hyo---0h, € H" with h; € H, we have
[ Bnlliro) < D 1, (hig1 0 -+ 0 Bl (o) Dom(y < D Pne o)™
i=1 i=1
by (5.11)), (6.2) and (4.5)). If A > 1 this implies by Holder’s inequality

n ' n . A1 n
[6nl by < (D Ionlite™ ) (30 ) " <D lien,
=1 =1 i=1

and the same bounds hold trivially for A < 1, save for the fact that p is replaced by p*.
Thus, enlarging the value of p € (0,1) if needed, we have

A n—i
o) p( )

Do Wl Nnlltgy < Do o™ > 1R 0 oo ) lloc | 1)
heHn ni+ng=n—1, hieH"1 ,heH,hacH"2,
ni,n2>0 Dom(hiohohs)#2

< ) ekl

nit+ng=n—1,
ni,n9>0

by and . 0

Next, we prove a Lasota—Yorke estimate for .Z ;.
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Lemma 7.12. Let p be as in Lemma [{.3 Then, there exists do > 0 such that for
allr>1,s=c+itwithl —6 <o <1, teR? and f € H*, we have

r r/2 min K KT
1Ly < Ay (PN 4 [ 1 f lloo + 07 F L))
Proof. Let 6y := (1 — 09)/2. As in the proof of (7.7), we have |||W/|*[|x) < |s]"||P']|%.
Also, since £/ko < min(1,\)/2, by (6.3) we have
7 min A/2
e Enon | ) < [P/ (1 1 [y /2

Thus, by (6.1)-(6.2)), and (4.5)) we have
12 oo < 32 RN (sl + 1171l Flloe + 01l )

heH"

The claimed bound then follows since by the Cauchy-Schwarz inequality and ([7.6) we
have

T r K K/K 2K/ K KT
120y <€ Aoy 3 I o (2 P b ) L1+ 2771511

heH"
< Ay ((IsP* + [ D FI% + 1 £117)

where in the last step we used Lemma and ([7.2]). O

Using Lemma and Proposition [7.10, we can establish the following L?-type esti-

mate.

Proposition 7.13. Let p be as in Lemma [{.5  There exists & > 0 such that for
allt € RY and s = o + it satisfying 1 — 5y < o < 1 and |7| > p™, n > 2, we have

(7.17) /K L5 AP dv < A5 o2 flloo (L4 ) flloe + 171750 f Nl i)
(S)

for all f € H".

Proof. Expanding the square, we have

(7.18) / LAy = 3 1(h k)
Ke hkCH
where

; |h ()] _—
I(h,k) :/ '™\ W py (17, 01)pi(y 01 dv,
Dom(h)NDom(k)x©

Puly, 1) = e W () |7+ F(h(y), 9194 (y))-

Here we note that since f is supported on Kg, the sum over h, k is void unless there ex-
ists y € Dom(h)NDom(k) with h(y), k(y) € K; since n > 2, this implies that Im(h), Im(k) C
K. We decompose into two parts according to the distance . Let I~ de-
note the sum over the branches satisfying A(h, k) < n and I denote the sum over the
branches satisfying A(h, k) >n > 0.

Regarding I~, we observe that

[1(h, k)| < llpaprlloo < ILF ISR IS A 12
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hence by the Cauchy—Schwarz inequality for dy sufficiently small we have

B 1/2 . o\ 172
R W) (Y I

h,keH™ h,keH™
Im(h),Im(k)CK
A(hk)<n

(7.19) < | fIIZ A, (n+ p™)?

by Lemma [7.4] and Proposition [7.10}
/(10
For I", writing Uy, x(0) = log Z,Eew)l and assuming p" < ¢n with ¢ > 0 sufficiently
small, by (7.13) we have |W}, ,(6)| > n/2. Moreover, ¥}, is a rational function of ¢’ of
bounded degree, and thus the domain can be divided into O(1) subintervals on each of
which W7, ; is monotone. Thus, recalling that v is proportional to the Lebesgue measure

on its first component, using the version of Van der Corput Lemma in [BD22), Lemma 4.1]
and (6.1) we have

o0 K OO+ o0 K
I+ < Z I(h k)| < Z <thpk|| N P8y 1Pk oo =+ 1| Pn oo [PR]| ¢ ))

et =\ T GDE
s n
HfH2 (™Y + o)1 f lloe + 2111l

where the last line follows as in the proof of Lemma [7.12 with s replaced by ¢ in the
factor |R/|®.
Finally, we pick n = p™/2/c so that for |7| > p~" the bounds (7.19)-(7.20) give

Im <A, 1”f”§opn/4

P21l H>Hf||oo>

I Ay (P O oL
Inserting these results in ((7.18) and recalling k < 1/2 we get the claimed bound. O
Finally we transfer the L?-bound in Proposition to the infinity norm bound.

Proposition 7.14. There exist &y, c,C, 7 > 0 and p € (0,1) such that for all t € R?
and s = o + it satisfying 1 — 6y < o < 1, |7| > 71, and |t| < |7|°, we have

L5 Moo <" ([ flloo + 17171 fll )
forn = Clog|r| +O(1) and all f € H".

Proof. We fix p; such that max(p®/* spr(N)) < p; < 1 with p as in Lemma .
We let n = {1 4+ f5. By using the Cauchy-Schwarz inequality and ([7.6)) we have

1L A1 = 1L L3I < Ay o |0 1LE 1P -

By Proposition . (iii) and (7.5) we have L 4[f] < [ fdv+ pi*|| |« for f € H and
thus we deduce

(7.21) 121115 < Agyy (/K LGPy + p?l\l-»%{%[f]IZH(n)) :
(S]

By Lemma and (7.6), and using A, < AY? | by Cauchy-Schwarz, we have
|||$ﬁ[f]| oy < NLE Mo L5 oo + 1 L5 oo L3
< A1 flloo (L [ 171 flloo + 222 [Lf Nl -
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Inserting this bound and (7.17) into (7.21]) we deduce that for |7| > p~*

1L 112 << AR oF 22 oo (L + [P ENY Flloo + 1711 Nl )
4 AL lloo (1 [N 71 Flloo + 2211 0s))
< A2 (05 4 0 oo (U4 [N Flloo + 171751 f o))

where the last bound holds with the additional assumption p, USRS |7|. Finally, we

pick {1 = ¢y log ||+ O(1), la = cylog|7| + O(1) for some fixed ¢y, ¢y > 0 chosen so that

p_zl/(%) > |7| > p~% is satisfied. Notice n = (14 ¢;/ca)la+O(1) = (1 +ca/ci)by +O(1)
H@z/? 01/2

and thus pf/% + p'/? <« po with py = max(p/ @2/ pl/EF2e/a)y By continuity of
A, we can pick > 0 small enough so that Ay, 1 < p_l/ With these assumptions we
then have

1L < o1 lloo (L + ™™ D)1 flloo + 17170 fllo)-

Finally, we notice that p}’* < |7|=% for some ¢3 > 0. Thus, assuming |¢| < || for
some small enough ¢ > 0 we deduce the claimed bound. 0

Proposition 7.15. There ezists ¢,09, 71 > 0 and p € (0,1) such that for s = o+ it and
t € R? satisfying
l-d<o<l,  rfzm, <)

the operator £ acting on H" has spectral radius at most p. More precisely, there exists
C > 0 such that for

(7.22) [ Ml =1 Moo + X+ 7D sy

and under the above conditions

(7.23) S IL Al < UV € B
n>0

Proof. Let 6o, c,C,1,n, t and s as in Proposition [7.14] For f € H, and some p € (0,1)
we have

n n/2 min K n n —K n
1228 1l < AR (14 [ ON2 /) 1L oo + 71717 1L0 1 o
n 2 min K
< A (L O ) e
where in both lines we applied Proposition and Lemma [7.12] Reducing dy and ¢
and enlarging 7, if needed, we then deduce

L2 s < 021 fllr

This then implies that %, acting on (H",| - ||1.,) satisfies spr(Z,¢) < p'/%, and
1Gd —£2) " - < 1. Since we also have the crude bound [|.Z7]l1, < eOlt=D

by (7.6) and Lemma [7.12] we deduce
2n—1

DLl < (1= 125 ) Z 1241, << neClt=ol < fr| 17D 10g |7,

r>0

Since |||/, and ||||;,; are equivalent we obtain that the operator .Z;; acting on H" has
spectral radius strictly less than 1, uniformly in |7| > 77. This concludes the proof. [



LIMIT THEOREMS FOR CUSPIDAL ORBITS ON FUCHSIAN GROUPS 49

7.5. Spectral properties of the perturbed operator. We are now ready to gen-
eralize Proposition to %, with arbitrary s,t. We recall that we are assuming

Hypothesis and ([7.1)).

Proposition 7.16. For all s € C with Re(s) > og and t € R?, the operator £, acting
on H" satisfies the following.

(1) For some neighborhood U of (1,0) and all (s,t) € U, the operator L : H* — H*
has a simple mazimal eigenvalue Ay and the rest of the spectrum is contained in
a disk of radius strictly smaller than infs 4yer [Astl-

(it) For all 79 > 0, there exists to,6 > 0, p € (0,1) such that spr(ZLss) < p for
1 =A< Re(s) < 1, |Tm(s)| > 70, and |t| < L.

Proof. The first item is a consequence of Proposition equation and perturbation
theory [Kat95, Theorem IV.3.16].

For the second item, first assume that PRe(s) = 1 and ¢ = 0. We already know
that spr(Zs0) < 1by Propositionand positivity. Assume by contradiction that spr(.Z;;) =
1, which by Lemma and Hennion’s criterion [Hen93|, means that there is an
eigenvalue A of Z,; of modulus 1. Let f be an eigenfunction for A\, and f := f/¢.
Multiplying f by a constant if necessary, and by the compactness of K¢, we may
find (zo,79) € Ko such that || f|le = |f(z0,70)| = 1. We first assume ¢t = 0, Re(s) = 1
and write s = 1 + i1, with 7 € Ryy. Following the arguments in [BV05b| p. 365], we
deduce that |f| = 1 identically on Kg, and that for all h € H and all (y,%;) € Kg
with y € Dom(h) and h(y) € K, we have

(7.24) M) W)l

f(h(y), 919x(y))
Let by - - - b, € ¥* be any cuspidal cycle such that y € [by]. Let ¢ € ¥ be such that [¢, b;] C
K. Finally, let N > 1 be the order of ©, and w := (b; - - - b,)™. Forall £ > 1, the word cw*
belongs to Ag (1), and defines a branch h = h,e; € H for which y € Dom(h). Using

the cocycle property (5.3), we have
On(y) = Dy, (01) N 0e(b1) = De(b1)
which is independent of /. On the other hand, as ¢ — oo, we have

h(y) = gegly — [c,w,w,...] € K.

By continuity, we deduce that the left-hand side of converges as ¢ — co. On
the other hand, by Lemma .(3), we have W (y) = ¢.(¢%v)g’ ,(y) ~ C€~% for some
constant C' as { — o0o. Therefore the right-hand side of cannot converge to a
constant, yielding the desired contradiction. Thus, spr(-Zi1ir0) < 1 for 7 # 0.

By perturbation theory [Kat95, Theorems IV.3.1 and IV.2.14] and compactness, for
arbitrary fixed 7 > 0, we deduce spr(Zs:) < p for 1+ > Re(s) > 1 -0, 190 <
|Jm(s)] < 7, [t| < to for some p € (0,1) and tp,6 > 0 small enough. We pick 7
as in Proposition ; this Proposition then ensures that the inequality spr(Zst) < p
persists for all Jm(s) > 7. This concludes the proof for Re(s) < 14 J; in the remaining
case 1 + 06 < PRe(s) < 1 we have spr(Zis) < AY2 < pby (7.6), Lemma and
picking p < 1 larger if necessary. ([l

8. ASYMPTOTIC BEHAVIOUR OF THE LEADING EIGENVALUE

In this section, we study the behaviour of the leading eigenvalue A(s,t) := A4 of Z,
for (s,t) =~ (1,0). Some of our estimates will be given also in a different form under
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the assumption . Most of our results are based on the perturbation estimates
from [Klo19] (as in [BD22]), which take the bounds [7.6| as input. We mention however
that some of our foregoing statements could be proved under weaker conditions [KL99)
using from Lasota-Yorke inequalities.

The following variant of Kac’s formula [PY98, Theorem 9.3] (see also [PT21] eq. (3.1)])
relates integrals relative to F, to integrals relative to Fx. We recall the definition ((3.16))
of the return time of F, to K.

Lemma 8.1. For f € L'(0D) we have

re—1

[ X sEranewase) = [ e st

Proof. Let n € N and let A be the full-measure subset of JD consisting of the points
whose B-iterates visit K infinitely often, as in the proof of Proposition [3.9] Recall the
return time r, defined in (3.16). We write K, = {z € KN A|r, =n} and K, = {x €
KnAlr,>n}={re KNA|Fi(r)¢ K,i=1,...,n} and K = KN A. We have

/K S HE e dsr) = 303 /K FFL@)E)As() = 3 | f(F ()ela) ds(a),

The contribution of m = 0is [ f(z)&(x)ds(z) = [ f(x)e(x)ds(z) since &(x) = ¢(x)
on K. Now for m > 1 we have

K;=(KnA)n |J h(Dom(h))

where * indicates the condition that hy, ..., h,, € Hf are such that Dom(hjo---oh,,) #
@. In particular, Dom(h) C Dom(h,,) C 0D\ K. Thus,

> [ sEreenam - FWE )R )] ds(y)

m>1" Km h=h10--0hym, m>1 " Dom(h)Nh=1(K)

:/,Mf@) S Ehiy)IH ()l ds(y).

h=hjo---0hm,m>1
y€Dom(h), h(y)EK

The result then follows provided we prove

(8.1) S )W =ely) (v €D N K).

h=hjo--0hm,m>1
yeDom(h), h(y)eK

Write y € [a] \ K for some a € X. By ($3.20) the contribution of m = 1 to the left hand

side is
> sl o)l - [ ((dy, de).

beT, [a|>1 tedD~ ([a]U[a+1]U[a—1]) ds(y)

Now assume m > 1 and thus y € [a,a + 6] with 0 € {£1}. If we write h as h = h,,
for w = ay - - - ap with w € ¥*, then the condition h(y) € K is equivalent to [a, as] C K
(i.e. [az,a;1] C K), the condition y € Dom(h) is equivalent to @ = a + ¢ and, given the
other conditions, the condition h; € Hg for all i and m > 2 is equivalent to { (as - - - ay) =
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1 and k > 2. Thus, by ({3.20))

> E(h(y)) W' (y)| = > E(hu (y)) 1 hey (v)]
h=hjo---ohpm,m>2 w:almakez* k>2
yeDom(h), h(y)eK ar=a+9d, [az, al]CK
Li(az...ap)=

B / dy,dt)
tE[@g,...,a1) ds( )

w=ai-- akEZ* k>2 Y v=15kos
ar=a+90, [a2,a1]CK,
Lk (az...a)=1

_ / C(dy, dt)
tefate]  d8(Y)
and (8.1)) follows by the definition (3.21]) of ¢. O

8.1. Perturbation theory and existence.

Lemma 8.2. There exist §,ty > 0 such that whenever |s — 1| < 0 and |t| < ty, we have

(8.2) O1oA(s,t) = =0+ O(|s — 1| + [¢] + |¢]*7°),
where
83 o= [0l = [ olrmlen S > o

and m as defined in (7.4]).

Proof. Proceeding as in [BD22, Lemma 7.1] and keeping track of the error terms us-

ing (7.9), we obtain the estimate ({8.2)) with

mo = [ il ds) = = [ 3 W) og W (Ie(h(w) ds(w) = [ 1og | Fw)l£(w) dsly)
K K o K
where the last equality follows by h'(y) = 1/Fx( and (G-3).

Notice that for all m > 1 by the chain rule and we have

—/1og|;fm "(y)€(y) ds(y Z/log\f’ (Fi(y)|€(y) ds(y
- /K log | () €(y) ds(y) = mo.

The fact that @ > 0 follows from the left-hand side expression, since by (4.5) we
have [(Fg)'| > 1 for m large enough. Finally, the second expression for ? in (8.3
follows by Lemma since log | Fi (y)| = 225 log | FL(F™(y))]. O

By the implicit function theorem (cf. [BD22, Lemma 7.2]) we obtain the following.

Lemma 8.3. For alln > 0, there exists to > 0 and a unique function sq : [—tg,to]? — C
such that so(0) = 1 and, for |t| < to,

lso(t) — 1] <, A(so(t), t) = 1.

Proof. This follows from a general form of the implicit functions theorem, e.g. [Kum80),
Theorem 1.1], whose hypotheses are satisfied by virtue of Lemma . 0
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8.2. The sub-CLT case. Let

Tk = / (ciltwPx) _ 1) g(y)dS(y) dv.
Ko m
; d d
oDg m

where @, ®, are defined in (5.9) and (6.12]) respectively.
Lemma 8.4. (1) For [t| < to, we have

1
(8.4) so(t) = 1= STk + O(E + [¢[**7).
(2) If we assume and
(8.5) D Il ool ool dn: tmiha) ool Bha ltmina) oo < 004
hi,ho,ha€H,

then the same asymptotic formula holds with J. instead of Jk.
Proof. We proceed as in [BD22, Lemma 7.3| and obtain by (6.5)) and ((7.9)

(8.6) As,t) = —(s— 1)+ [ L] dv +O(|s — 1 + [t + [t]** ).

Ko
Noting that & ¢[¢] = ZL[e*®?x)¢] and using (5.8), we obtain by Hypothesis |( M )| that
(8.7) As, ) =1=0(s — 1) + T + O(|s — 1]* + [t|* + [t[**7*).

Assume next Hypothesis[(M.)] We start from (8.6]). By Lemmal[7.9applied with f = ¢

we obtain
/ (Lii — L)€l dv = T + L.+ O(|t* + [t[**~>).
Ko

where

T = / (610 —€)+€(1d —%ﬁ)*l(%ﬁt — ")) (Id—%*)""[¢] dv

7. = / (61— €) +€(1d—€*) (€], — €%) (€, — €)(1d—¢*) €] dv

We start by analyzing .. Expanding the definitions of the transfer operators, the
integrand in the right-hand side becomes

Z 7 (y) |Z ( t'l9119h1+1o -ohm (¥)@n,; (B z+10~“0hm(y))> _ 1)£(h(y))

h=hjo--0hm,m>1

y€Dom(h)
Koy (£0c(F o () 210 (1))
- > W |Z( LM IIO) 1) e(n(y))
heH
y€Dom(h)

where the sum on the first line is over hq,...,h,, with hy,..., h,,_1 € /Hﬁ and h,, € H,,
so that by Lemma (3.4] E h ranges over H Wlth m = rp(y). We integrate over (y,v) € Ko

and, after expressing ®.o F’ o in terms of ¢, o FI, we make a suitable change of variable
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in 9, to absorb the multiplier. Lemma then yields that jc = J.. In the same way,
the integrand in Z. is

Th(y)—2

Z |h/ | Z ( t‘l’ ]’—Je(h(y ), 019 (y )> )( <t¢’c ]'Tél( (y)7ﬁlﬁh(y))>_l>£<h<y))'

heH
y€Dom(h)

Expressing back h = hy o --- o h,,, and passing to absolute values, this is bounded by

< Y HeIY

h=hj0---ohm
m>2
y€Dom(h)

<UD IR lcllball ooVl |0 lloo.tm i | Bl oot s

hiha,h3€H

r+1 ||¢hr+1 ||OO,Im h'r+2

where Im A, 5 in the first line and Im hg3 in the second line are replaced by K if r = m—1;
here we used the boundedness of
Yo > Ml

]20 h:hlo---ohj

which follows from [5.4. Thus the hypothesis readily implies that Z, < |¢|? as
claimed. B

Since jK, Tey Lo < [t]*7¢ + [t] we deduce so(t) — 1 < |E]*¢ + |¢t| in either case
or case and (8.5). Setting s = so(t) in we then deduce the claimed result. [

Corollary 8.5. Let a > 1, then for all e > 0 and all |t| < ty, we have
so(t) — 1= i(t, o) + O([t]* + [t|*).

where

., (assuming and (8.5))).

Proof. This follows immediately from the Taylor expansion e = 1+ iu + O(u? + u®)
and the bound (6.5). Notice that the two expressions for py coincide by and
Lemma [8.1] O

8.3. The CLT case. In this section we assume
(8.9) Hypothesis (M )| holds with the additional condition o > 2.

Our goal is to extract the term of order [¢|? in the analysis above, following [BD22,
Section 7.2]. In order to do so, we introduce the following notation:

%(Id—«/V>1JV[f£],

Y = O — polog | Frl,
X =X [),

H|f] =
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where ./ is as in Proposition . To see that x is well-defined, note first that 2[y¢] = 0
by construction, so that

N[ PE)(y, V) = L[PE](y, V)
= W) (h(y), 99(y)E(R(y))

heH

=D WD) (Px (h(y), 904 (y)) — polog | Fic(h())])
heH

=Y W W)IE(h(y)) (In(y) + polog | (y)])
heH

by (5.10). The conditions along with Lemma ensures that this defines a
function in H". Since spr(.#") < 1 on H" by Proposition [7.3] this show that x is
well-defined.

Lemma 8.6. Assuming , we have

(8.10) so(t) — 1 =i(t, po) — 2" Sot + O([E° + [¢]*7),
with
1
(s.11) Soim g [ W x-xo Fo) (- x—xo Fo) €
Ko

Remark 8.7. The remark in [BD22, p. 1408] applies to Xo: this matrix is symmetric,
positive semi-definite, and definite if and only if the image set (¢ + x — x o Fo)(Ko)
span R? the analogue of the expansion (7.9) ibid. holds as soon as a > 1, and the
matrix Y is well-defined whenever o > 2.

Proof. We let s = so(t) = 1+ i(t, o) + O(|t]*) and apply Lemma

/ ZLoalfldv =1+t puo) —0(s — 1) — %/ t' L0y - dLLJtdy
Ko K

©

(b 1) /K (t, 2 (@ log | Fele]) dv

1
— 5t o) | Lllog|Fil e dv + O(Jt)* + [¢]*7)

Ke

1
=1+t o) — (s — 1) _EtT WeoplEdy -t
Ko

+O([t]* + [£]*79).
Moreover, by Lemma [7.8] for f € H" we also have
(Lot = D)f] = it, L[ f]) + O + [£1* )£ 1),
in H*. Thus, since (Id —%)"'(Id — &) is bounded on H"*, and using (7.9) we have

| (- 1a-2) 10-2) (L~ L)
- /K (t.49) (10 —.2) " (1d — )2 (8. )€ dv + O] + [¢]°~)

= —t" [ - x"Edv-t+O(t] +[t]*)

Ko
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since (Id — )71 (Id —2).Z[f€] = €K[f] by the identities ¥ = P and £ = P + N .
By the third expansion in [Klol9, Theorem 2.6] with s = so(t), we have

OZ/ (fs,t—i”)s‘dwr/ (Lot — L) 1A =2) (1A =P)( Ly — L)g dv + O([t])

and thus one obtains the approximation (8.10)) for so(t) with

1
(5.12) Sa=g [ @" X" e
Ko
Using the identity Z[£(f o Fo)] = £f, one then proceeds as in [BD22, Lemma 7.4] to
show that ¥y can be written as in (8.11)). O

Remark 8.8. We believe an expression similar to (8.11]), but involving F. and its inverse
branches, should hold under the assumptions ne way to prove this is to use the
fact that (K, Fk) is obtained from (0D, F.) by induction on K, and follow the arguments
worked out in [PT21]. However, following this proof would require quite more about the
spectral properties of € (the issue is to show boundedness of the series (3.4) in [PT21]).
An easier alternative way would be to argue that the leading eigenvalues of .Z; ; and € ¢
equal 1 at the same point s = s¢(t), and check that the arguments from this section carry
over (compare also the distributional point of view described in [PT21} Section 5]). In our
applications, neither expression gives an advantage over the other for the computation

of ¥y, so we content with (8.11]).
9. MEROMORPHIC CONTINUATION OF THE QUASI-INVERSE
We let 0D" := 0D \ (VU OK). Given f : 0D§ — C, let
’f('raﬁ) — f(xlaﬂ”

9.1 = su su
( ) ”fH(K‘%aD% a,beg, 196(—),1,1’6}9)]])”0[11,17] ‘-,L. - $/|I€ ’
b#a z#az!
1 lomg = Il flloo,omz + I1f lls),0m2

and let H i be the space of those functions satisfying || f||.opy < co. For f € H IR

we define its values on 0K x © by taking limits from within K. Similarly to (7.22) we
also define

1f 17005 = | flloc.omgy + (141717 [1f 1l s) oms -

For s € C with Re(s) > 1 and t € R?, we define the following operator from H ooy, 1O
L>(Ke)

Seatl My 00) = 3 FCHOON () f(hy). 00u(y), Yy, 01) € Ko

heH*,
y€Dom(h)

and define similarly Sg.s¢ : L®(0Dg) — L>°(0Dg) in the same way but with the sum
ranging over h € H?.

We need perturbation estimates for %5, acting on the space of functions with the
larger domain OD.

Lemma 9.1. There exists § > 0, such that for all (s,t) € C x R? with Re(s) > 1 — 4,
we have

(1) For all f € Hp, we have that Zit|f] € H" and is holomorphic in s.
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(2) For all f € Hng and allt < 1, 1 — 0 < Re(s) < 1, we have

Lot [ £l ams) << N1 am(s),0m2
(9.2) Lol f] = L[ flloe < (Is = [+ [#] + [£]7)[| f ]l oo,0ms»
(9.3) | Lt — ZLllwomy < |5 = 1|+ [¢] + [¢]*7=.

Proof. The proof is obtained proceeding as in the proofs of ([7.6) and Lemma (for
r = 1) and of (7.8)-(7.9). Notice that these results were proven for .%;; applied to

functions f € H", but the same arguments carry over for f € Hj x 0

In the prospect of future applications, notably that in [BDLb|, it will be useful to
prove an analogous result for €, and ‘Kit, where we recall that ‘Kit is introduced in
Section @ Due to the double-average over inverse branches in hypothesis , it is
natural to work with norms that incorporate these averages. Given f : dD§ — C, we
let

115 = D I8 ool fllow,@mnimcaye

heH.
||f||fn) = Z 17 | oo max ||f||(n),(aD"mIm(h)m[a,b])e
heH, b#a

and define the corresponding norms || f|[x and [[f||7, as above. Finally, we define a
variation with the unaveraged infinity-norm

LA = 1 oo + 1F 117y,
LI = 1 lloo + (L4 7)™ ILA N
and let HT be the space of functions with || f||l. < oo.

Lemma 9.2. Assume . There exists §, u > 0, such that for all (s,t) € C x R? with
Re(s) > 1 — 6, we have

(1) For all f € H' we have that ‘Ks’t[f],%ﬁt[f] € H' and are holomorphic in s.
(2) There exists p € (0,1), to > 0 such that for all [t| < ty, 1 — 0 < Re(s) < 1, we

have

(9.4) [ llﬁm(s)l <1, H((gﬁ)g,tHLJm(Sﬂ <p", r=0.
Moreover, for all f € HY

(9.5) 165011 = Grol FIII 162 LF] = GlolFIII: << (s = 1 + [¢*) 1 £

Proof. As in the previous Lemma, the same arguments used for .Z; ; apply to €+ and
Cgf,t as well, with the only slightly delicate estimates being the second bound in (9.4))
and . The latter follows similarly to the proof of Lemma |7.6{with the difference that
when we bound the terms involving the Holder seminorm of f o h, we use He“t’ﬁl‘f’h) —
ooy < [E[*|@n|5, 1mry for some small > 0, and bound the average of this as
k e H. by

S IR el ey < NIl

kEHe

which follows from (6.7) and Hoélder’s inequality. In particular, the ensuing sum con-

tains the factor |[1/]|% " #* < ||| for 8,4 sufficiently small, as required for the
seminorm || - [[f,.
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Finally, proceeding as in the proof of (7.6]), using Lemma [5.4] we obtain

(9.6) (G2 ()l < Pl fllocs 720,
Moreover, grouping the compositions by their first branch and using (4.14]), the same

argument of Lemma [7.12] gives

IEED™ LMy < 2™ 21 F Ny + Con (14| Tm())"[| lloc
for some C,, > 0. Taking m sufficiently large and fixed, and combining this estimate
with as in the proof of Proposition [7.15, we obtain (9.4)). O
Proposition 9.3. There exist ty, C, i, d > 0 such that for t € R? with [t| < to we have
(1) For all [ € Hip, the map s — Sy.stlf] € H" extends meromorphically to

Re(s) > 1 — 3§, with (at most) a unique simple pole at s = so(t), with so(t) as
described in Section[8.4 Moreover, for |s — so(t)] > 1, 1 — ¢ < Re(s) < 1 we

have
(9.7) 1S 2.5 [ Al mesn < (14 [3m() ) £l pencs)omiy-

The residue Rg.t[f](y, V) at so(t) is

1
Realflw) =5 ([ rav)ew) (4.9) € Ko,
dDe

if t = 0, with v extended to 0Dg by the same formula , and otherwise it

satisfies
(9.8) [1Bz:2f] = Bzolfllnxe < (18] + 87 fllx.0py-

(2) Assume [(M,)l For all f € H' the map s — Sg.s4[f] € H' extends meromor-
phically to Re(s) > 1 — 0§, with (at most) a unique simple pole at s = so(t).
Moreover, for|s — so(t)] > 1, 1 —§ < Re(s) < 1 we have

(9.9) 1S LU ey < (1 + (30 DA ey
The residue Ry+[f](y,9) at so(t) is
1
) Re. ) = - d 9) € oD
010 Realfln ) = ([ )0 (v.9) € O}

if t =0 and otherwise it satisfies
(9.11) | Res[f] = Reol flll5 << [#1*(1F1]1-

Proof. We start with (1), for which the argument is a straightforward generalization of
e.g. [BD22, proof of Proposition 6.9]. By Lemma , we have .7 ;[f] € H". Then, for
MRe(s) > 1 we have

(9.12) Szsall] = D Lol = (Flico + (10 =2,) [l f]]).

n>0

For (s,t) in a neighborhood of (1,0) with fRe(s) > 1, proceeding as [BV05Db, eq. (3.35)]
or [BD22, Proposition 6.9] using Proposition (i), we have that %, (acting on H")
can be decomposed as

(913) DZ?,t = )\(s7t)ﬁ@s,t + f/t/s,h
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where P+, A5+ are operators on H" which are analytic in s for (s,t) in a neighborhood
of (1,0). Also, P, is of rank 1 and one has Py Ny = N1 Py =0, P2, = P4 and
spr(Ase) < p. It follows that

P
s -1 _ s,t . s -1
(ld (,%715) —1 — /\<37 t) 4@87,5 + (ld JV&t) .
Thus
Pt | _
(9.14) &%ﬂﬂzfm@+g_§@;—xzpﬂﬁwmﬂ%g12@ﬁﬂ

This provides the claimed analytic continuation in s for |Jm(s)| < 79, Re(s) > 1 — do,
|t| < to for some 7y, dg, Lo > 0, with the possible simple pole as s = so(t). Moreover, by

the expression for &, and we have
(9.15) PoLrolf] =& Zfldv =¢- fdv.

Ko oo
and thus, by (8.2)), we get the claimed expression for the residue of Sg.o[f] as so(0) = 1.
The analytic continuation for [Jm(s)] > 7, and the bound (9.7) follow by (7.23),
Proposition [7.16] (i), and Lemma[9.1] Finally follows from ((9.3)), and [Klo19].
This concludes (1).

We now move to (2). By Lemma [3.6| for Re(s) > 1 we have
(9.16) D Clh= D (CL)" L

m>0 m£>0

where .i’fft is trivially extended to an operator on functions with domain 0Dg by setting
its image to be zero outside Kg if £ > 1.
For f € HT, since Kg is covered by finitely many branches the same estimates as in

Lemma [9.2f give [[(Csc[f])]xoll1,ome) < ||f||1|jm(s)|. Thus, by (5.6) and Lemma (9.2 we
have || -Zs [ f]1]1,13m(s)] < Hf||17‘jm(s)| and the same bound holds trivially for [[Zs e[ f][|] |5
when 7 ;[f] is extended to 0D as above. The result then follows by the spectral es-

timates used in (1) and Lemma |9_2L which implies } (%Si{t)m extends analytically to
Re(s) > 1 — 4, save for the claims (9.10)-(9.11)) on Re.4.
By (5.8) and ({8.2)), we have

Reolfl =5 ([ 70) )il

m>0

which yields the desired expression for Reo[f] since by (8.1)

Z(‘fﬁo)m[fXK] =Xk + Z(Cglﬁ,o)m[gXK] =&xk + (1 —xk) = ¢,

m>0 m>1
as ¢ =& on K.

Finally, we prove (9.11). Letting As+ = (Id —‘Ksﬂ’t)_l, the decomposition above gives
Aso )t XK Do) tLoott) L]
OsA(s0(t),t) ’

for t sufficiently close to zero. By the perturbation estimates for %, it suffices to

estimate || (Ag: — A10)[f]I|% and || (Zse — L) [f]|]. for f € HT for s,t in a neighbourhood
of (1,0). For the latter estimate, the same argument as in the proof of (9.5)), grouping

Reslf] = —
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the inverse branches by their first cuspidal branch, gives ||-Z+[f] — Z[f]ll« < (|]s — 1| +
1t|)|| £]IT, decreasing u > 0 if needed. For the former, we have

(Ase — Aro)f] = g+ A4 g).

with g := (€%, — %) Asolf]. By 03) we have [lg]z < (Is — 1] + [¢)[[ ]|} and so it
suffices to bound the second summand. Applying Cauchy-Schwarz we have

162090l < D W 1%l locimemy < (Ngl15) 2 Mg 17 < (Is = 1 + [E) 2 £IILs

heHe
by (9.4)-(9.5). By we have ||A;¢]|cc < 1 and thus we deduce that the same bound
holds for ||A57t‘55ﬁ7t[g] |0, completing the proof. O

Remark 9.4. The implicit constants and the parameters ty,6 in Proposition [9.3| can
depend on the group G, on the choice of the fundamental domains R, and on ©; for
item (1), they may also depend on the values of the series (6.5)—(6.6]), while for item (2)
they may depend on the values of (6.7)—(6.8) (the expression for s,(t) in Lemma [8.4 may
depend on (8.5))). There is no further dependence on (¢,)), besides for these bounds.

Remark 9.5. Proposition 9.3 holds also in the case when ¢ and the values of ¢y, are in C?
rather than in R%. This follows by identical arguments, requiring the hypotheses to be

adapted as follows: for (1) it suffices to replace the conditions (6.5)—(6.6) of by

the stronger condition (finite exponential moments)
(9-17) DI o1+ [l fgy)e= M < €
heH

for some A, @, C > 0 (see also [BVO5D, eq. (2.5)]). The conclusion of Proposition [0.3]
item (1), then holds, uniformly in ¢ and w for |t| < tyw, for some t; > 0, so long as A
and C are fixed, with [t| + [t|*° in (9.8)) replaced by |t|/w + (|t|/w)*c. For (2) it
suffices instead to replace the conditions (6.7)-(6.8) of [(M.)] with
(9-18) S IR ol B lloo (1 + @ h s [y =14 1> < C.

hl,hQGHc

The same uniformity holds for item (2), with [£|* in (9.11]) replaced by (|t|/w)". Notice
that these conditions only guarantee the absolute convergence of the series S¢ and S¢
in a half-plane sufficiently far to the right, cf. [BV05bh]. Because the proof is essentially
identical to the real case, we omit the details.

10. MEROMORPHIC CONTINUATION OF THE GENERATING SERIES AT CUSPS

In this section, we fix b € C(G). We let
0D — C

be a fixed smooth map whose compact support avoids 1, and recall the definitions (1.5])
and ((1.6). In particular, by Lemma we have

Y [@)la(x) <00, (e3> 0).
zeGb~{1}
We denote also

(10.1) Vs(@, V) = {L%‘ v Egt;e:x;zijjm

Finally, we recall that the finite set W C K is defined in (3.1)).



60 SANDRO BETTIN, SARY DRAPPEAU, AND JUNGWON LEE

We are interested in the complex-analytic behaviour of the series

(102) S(s,t) = D, v(a)glw) FetI,
z€Gb~{1}
where §: C(G) — R satisfies the relation
(10.3) f(h(y)) = In(y) " (Su(y) +f(y)), vy € C(G)NDom(h),

for all h € H (this is special case of (1.13))).
The following lemma expresses S(s,t) in terms of the quasi-inverse Sg,s; which we
analyzed in the previous section.

Lemma 10.1. For Re(s) > 1 and any t € R?, we have

Z T ()~ el I ¢8($ 1)

zeGbNV

10.4 '
(104) + Y (@) BT S, ().

zeGbNW
JeO

Proof. Define the sets
Xy :=GbNV, Xw =GbnNW, Xk =GbNK, Xo :=Gb~ (Xy UXy).
For any f € L>(0Dg) and * € {V,W, K, O}, we define the functional
T(f)= D, flad)T(z) #e o,
(2,0)EX. xO
We first show that
(10.5) T =Tw + Tk L4 on L= (Kg).

Consider = € Xg. If B(z) € V, then x € W, and otherwise we have Fi(z) € K. Thus
we have a splitting

Tie(f) = Tw(f) + T(f),
T(f)= Y,  fla,0)Y(a) @0,

(x,ﬁ)EXK X0
Fr(x)eK

We wish to show that T'(f) = Tk (ZLst[f]) for f € L>(Kg). We sort the sum according
to the value of y = Fi(x) € K. The condition x € Gb is equivalent to y € Gb; and
given y, the associated values of x are given by h(y) for h € H and y € Dom(h). We

thus get
= S Fhl) () e,

yeXg 9€©®  heH
y€Dom(h)

Let w € Ag(1) be the word which determines h = h,; in the notation (3.3)), and
let g := gy, so that h(y) = guwy. Then [W(y)| = [j(g,y)| %, so that by 1)), we get
T(h(y)) = 11 ()| Y ().
Recalling (10.3]) and changing variables in the ¥-sum, we then obtain
= D0 Y)Y IR () (), 00n ()

yeXk ISC) heH
y€Dom(h)

where

We recognize the inner sum as .Z; ¢ f](y, ¥), which gives T(f) = Tk (Zs+[f]) as required.



LIMIT THEOREMS FOR CUSPIDAL ORBITS ON FUCHSIAN GROUPS 61

We now consider f € L*(0Dg); note that Z;.[f] € L>*(Keo). We observe that,
since x € X is equivalent to Fi(x) € K for x € Gb, arguing as above we have

To(f) = T (Zstlf])-
Recall the definition (10.2)). By (1.6) and (10.1)), we have
S(s,t)= Y ulw,9)T(x) 2N

(z,9)EGbXO

with 1 defined in (10.1]). We split the sum according to the partition Gb = Xy U Xy U
Xo. This yields

S(s,t) = [Tv + Tw + Tol(vs) = Tv (¢s) + Tw (¥s) + Tr (Lse[ths])-
Since 1 & supp ¢, we have 1), € L>*(0Dg), and therefore by Proposition we have
L tlts] € L7 (Ko).
Iterating the relation , we find for all J > 2

T b)) = T (0 Zhlen]) + Tl i)

Since QRe(s) > 1, by (7.6) we deduce that [ .£/[1)s]llcc, ke < p? as J — oo. By
Lemma , we deduce Tk (Z[1hs]) < p” as J — oo, and therefore

6(37 t) = TV(wS) + TW( Zﬂiﬂit[%])a
720
which is the claimed expression. 0

By Proposition [9.3] and Lemma [10.1| we can immediately deduce the meromorphic
continuation for &(s,t) to the left of Me(s) = 1.

Proposition 10.2. Assume max,cyuw |f(x)| < 1. For some ty,d0 > 0, the following
holds whenever |t| < t,.
(1) The map s — &(s,t), initially defined and analytic on Re(s) > 1, extends to a
meromorphic function of s in the strip

(10.6) Re(s) > 1 — b

(2) The map s — S(s,t) is analytic everywhere except, possibly, at a single point sy(t),
with so(t) as in Lemmal[8.3, where it has (at most) a simple pole.
(3) If t = 0 the possible pole at sy(0) = 1 has residue

[ 4p(y) ds(y) . 1 2ds(y)
; / Lol Y T ) = /mw@)—w_jjg

_ 2
oD |y 1| zeGH\V
B(z)eV

and in general the residue is equal to this expression up to O(|t| + |t|*~¢), where
the implicit constant may depend also on max,cw |f(z)]

(4) For some C > 0 and all s in (10.6) with |s — so(t)] > 1 and Re(s) < 1, we have
6(s,t)] < (2+[Tm(s)])“.
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Proof of Proposition [10.2. We start with the expression (10.4). Since 1 is bounded away
from the support of ¥ by assumption, and V' is a finite set, the first term on the right-hand
side is an entire function of s bounded in vertical strips. Moreover, we have ¢, € H g%,
with ||¢5||17|3m(5)‘76D,é < 1 uniformly for s in vertical strips with fRe(s) < 1. Thus,
since W is a finite set, the claim follows from Proposition 9.3 The second expression in

(3) is obtained by partial summation from the definition (10.2)) using Lemma[2.2l O

10.1. Estimation of the characteristic function. We are now ready to state and
prove our main technical result, from which Theorem will follow, and for which we
explicitly recall the hypothesis we made throughout the paper.

Theorem 10.3. Let G C SU(1,1) satisfy the conditions in Section and R be an
ideal fundamental domain as in Section [1.3 Let ¢ : OD — Ry be a smooth, not
identically zero test function with 1 & supp . Let b be a cusp of G, and let q(x) be the
associated denominator function from . Let (V,)4ec be a multiplier system satisfying
the conditions in Section and (¢p)nen a family of maps as in Section satisfying
hypothesis (Mgl Finally, let § : C(G) — RY satisfy the relations (10.3). Then the
conclusions of Theorem hold as stated with the following parameters:

(1) the random variable ® is given almost everywhere by ® = Oy (x, 1) on the probability

space Ko with measure % ds(x) dd;

(it) the normalizing quantity 0 is given by (8.3);

(7ii) the mean-value vector and covariance matriz are given by e = 2py and g = 2%,

with po and Yo as in (8.8) and (8.11).

For instance, we have
E(ei@,‘b)) _ / ez‘(t,CbK(:v,ﬂ))g(x)
Ko

Proof. This is proved by the same arguments as [BD22, p. 1410, Proposition 8.1], which
is a variant of [BVO05b] pp. 370-372] (see also [Ces09), [LS19]), using Proposition and
where the required bound for the number of denominators ¢(x) in short intervals follows
from Lemma 2.2l O

Remark 10.4. The same considerations in Remarks [9.4] and [0.5] on Proposition [9.3] item
(1), hold for Proposition and Theorem [10.3] with the only difference that the
implied constants and t, may also depend on an upper bound for max,cyuw |f(2)], or
for @ max,cyuw |[f(z)] in the complex case.

Remark 10.5. We refer to [Goul0] for conditions under which Birkhoff sums of a Gibbs-
Markov map converge to a stable law. We expect a statement similar to [Goul0l, Theo-
rem 1.5] to hold for f(x), with the constant ¢ replaced by the map log | F'(x)|, see [BD22|
Corollary 3.2].

ds(x)dv
—
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