A WEIGHTED ONE-LEVEL DENSITY OF THE NON-TRIVIAL ZEROS OF
THE RIEMANN ZETA-FUNCTION

SANDRO BETTIN AND ALESSANDRO FAZZARI

ABSTRACT. We compute the one-level density of the non-trivial zeros of the Riemann zeta-
function weighted by |<(% +it)|?* for k = 1 and, for test functions with Fourier support in

(—%, %), for Kk = 2. As a consequence, for k = 1,2, we deduce under the Riemann hypothesis
that T'(log T)l_k2+°(1) non-trivial zeros of ¢, of imaginary parts up to T, are such that ¢ attains
a value of size (log T)*T°(") at a point which is within O(1/log T) from the zero.

1. INTRODUCTION

Linear statistics of zeros of L-functions are a topic of central importance in number theory.
It is expected that their behaviour can be modelled by analogous statistics in random matrix
theory [25, 21, 22, 28]. However this prediction, which would have far reaching consequences
(see e.g. [9]), has been proven only in limited cases.

In this paper, we consider the average behaviour of

N0 =1 (e ). =T >
Y

where the sum is over the non-trivial zeros p = % + 47 of the Riemann zeta-function! and f is a
real-valued and even test function. Notice that % is the mean spacing of the imaginary part
of the zeros of the Riemann zeta-function at height |¢| < T
The mean of N¢(t) is called the one-level density of the non-trivial zeros of the Riemann
zeta-function. In [8] it is shown that
1 2T +o0 1

(1.1) T/, Ny(t)dt = . Wy (z) f(z)dx + O <logT> )

where Wy (z) := 1 for all z € R, provided that the the support of f is contained in (—2,2).
Moreover, the same result is known without this restriction either with a smooth average over
t [19] or under the Riemann hypothesis [8]. We remark that (1.1) is consistent with {{(s +i7) |
7 € [T, 2T]} being a unitary (continuous) family.

In [14] the second named author considered the analogue of the classical one-level density for
families of L-functions where each L-function is weighted according to the size of (a power of)
its central value. This allows one to measure the effect that large central values have in the
distribution of nearby zeros. In the “continuous average case” of the Riemann zeta-function,
this weighted statistic corresponds to tilting the measure dt in (1.1) by introducing a factor of
|¢(5 +it)|?* for k € Z>o. In [14] it is conjectured that as T'— oo one has

1 2T —+o00

Np(#)|¢(5 + i) at = WE(z) f(z) dz 4 o(1),

1.2 N =
( ) < f>k,T Ck.T(lOg T)k2 T e
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for any even f with f € C2°(R) and certain kernels WE(x), where ¢y, is the conjectural constant
for the 2k-th moment of ¢ (see [23]). Moreover, this conjecture was proven under the ratio
conjecture in the case k < 2, with kernels

sin?(mx
W) = Wola) =1, Wha) =1 -T2
2 4+ cos(2mx 3sin(2wx 3(cos(2mx) — 1
Wolw) =1- +(7r:r§2 ) (WEL‘)?) % 2((m)>4 )

which are shown to coincide with the kernels appearing in the analogous statistics for the eigen-
values of unitary random matrices.

We refer to [14] for a more detailed discussion on these weighted averages and these kernels,
as well as for analogous conjectures for other families. We mention also [30], where a similar
phenomenon was observed when considering the 1-level density for symmetric power L-functions
weighted by the central value of the corresponding symmetric square L-function. Very recently,
the analogous of (1.2) in the case of Dirichlet L-functions was proven for k = 1 by Sugiyama and
Suriajaya [31], under the additional hypothesis that supp(f) € (—1/3,1/3). We also mention
the works [12, 13] by the second named author and [7] by Bui, Evans, Lester and Pratt which
study weighted central limit theorems for central values of families of L-functions.

Writing fo(-) := f(- — «) for any a € R and any continuous fast decaying f, one can easily
see that for & < 1 under the Riemann hypothesis (RH) we have

2T oIt ]
NG+ = o S 0= e+ )P de+ o)
T ogT T<S(p)<2T

(1.3) logT/f ) My(—a — &) dt + O(T%)
where
My(e;T) = > [Clp+ 28>,
T<S(p)<2T

Thus (Ny),r can be seen as a version of My, (—a;T) where the contribution of each (shifted) zero
has been smoothed by a short average. In fact, under the Riemann hypothesis, the asymptotic
formulas for (Nf)j 7, for all f with fe C°(R), and for My(a;T), for all a € R are equivalent.
Indeed, it’s clear that the latter implies the former by integration, whereas for the opposite
direction it suffices to take f that approximates a Dirac delta function. We remark that this
connection between moments over zeros and weighted 1-level densities is only available for
continuous families.

Gonek [15] proved that M;(a; T) ~ W(a)T log T under RH. By (1.3) one then immediately
obtains a conditional proof of (1.2) in the case k = 1.

No asymptotic formula for My is known for £ > 1, but Hughes conjectured an asymptotic
formula for My(c;T) for all k& € N which is (conditionally) equivalent to (1.2), as shown in
Appendix A.

As it is often the case, it is convenient to work with a smoothed version of (N¢)j 7, for which
one naturally expects the following smoothed version of (1.2) to hold.

Conjecture 1.1. Let k € N f even with fe CX(R). Let ¢ be a smooth function of compact

support in Ry and let qb = fR "V dx be its Mellin transform. Then, as T — oo we
have

(L) o [ N0 +iPo() =60 [ f@whe) dr+0(10gT) ).
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In this note we shall prove Conjecture 1.1 for £k = 1 in a more precise version. We are also
able to prove the conjecture in the case k = 2, provided the support of f is sufficiently small.
In both cases one could remove the additional smoothing under the assumption of the Riemann
hypothesis.

Theorem 1.2. Conjecture 1. 1 holds for k = 1. It also holds for k = 2 provided that the
support of f is contained in (— 2, 2) In the case k = 1, we also have the following more precise
asymptotic formula

() [ N+ info(g) dt:logT/Rf(x)(w(T)+Q<1207;;,T)>da:+OE(T§+E)

as T — oo and for any fived € > 0, where
1 t
w(T) = 1 [ Tog() (1og 5 + 21)( )
= ¢(1)log?(57) + (296(1) + 2¢'(1)) log(5) + & (1) +27¢/(1),

G(y,T) —245(1)<§/(1+y)10g2+ (g) (1+y)+2vg(1+y)>
LSy 20— (1) ca-u®

It would be possible to isolate lower order terms also in the case k = 2, but we have chosen
not to do so for simplicity as the resulting expression would be rather long. In any case, we
remark that by the discussion above, the case k = 2 of the theorem can be seen as a smoothed
version of an asymptotic formula for Ms(a;T).

Notice that, under the assumption of the Riemann hypothesis, only the ts such that |¢ (% +
it)| < (log T)**+°(M) which form a thin subset of size T'(log T)~F*+o() | contribute significantly to
the left hand sides of (1.2) and (1.4) (see [29] or Section 5 below). Thus, results on the weighted
one-level density discussed above can be used to deduce results on large values of ( near its
ZEros.

In particular, under RH, a weaker form of Conjecture 1.1 implies that there are T'(log T)1*k2+°(1)
non-trivial zeros % + iy of the Riemann zeta-function for which ( has a “large value” of size
(log T)k+°(1) nearby. More specifically, we have the following.

Theorem 1.3. Assume the Riemann hypothesis and assume that Congjecture 1.1 holds for some
k € N and all even functions f with Fourier support in (—9,9) for some § > 0. Let Z(T) :=
{v€[T,2T]| ¢((5 +1iv) = 0} and for U > 0 let

Zp(T;U) = {7 e Z(T) | ’ max log\( + iy + )| — kloglogT‘ < U}
Then for any U > % we have
Zp(T;U
(1.6) v o #LLU) - o

T(log T)1-**
By Theorem 1.2 we immediately deduce the following corollary.
Corollary 1.4. Assume the Riemann hypothesis. Then (1.6) holds for k =1,2.

In fact, in the case of k = 1, one can use the recent work [1] of Arguin and Bailey instead
of [29]. In particular, under RH we have that (1.6) holds for any U > +/loglog T logloglog T
(see Remark 3.4).
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We remark that by [26, 2] we have max|,_y<1 log |[((5 + iu)| = (1 + o(1))loglog T for almost
all t € [T,2T]. Also, by the Riemann-Von Mangoldt formula we have Z(T) ~ % logT. Since

¢ typically changes values at a scale of about (log7)~'t°(1) then the case k = 1 of (1.6) says
that an (approximate) maximum of log [((§ +4u)| in [t — 1,¢+ 1] is taken next to a zero in Z(T)
at a rate which is of roughly the same order of magnitude as when the sets of zeros Z(T) is
replaced by a set of % log T' numbers taken uniformly at random in [T, 27]. Notice that this is
in contrast with the naive expectation of the zeros of zeta having a damping effect on nearby
values. Similar considerations could be made for larger values of k.

Theorem 1.3 leaves open the problem of determining an asymptotic formula for #Z;(7;U)
and U = +/loglog T logloglogT, say. In fact, for any v > 0 one could more generally consider
the set Zx(T,v; U) where the maximum is taken over |u| < 2r a7 Lhe asymptotic expansion of
2k+1

WE(z) at 2 = 0 given in [14] suggests that #Zx(T,v;U) decrease proportionally to v as v
goes to zero sufficiently slowly as T' — oco. It would be nice to be able to understand whether
this is indeed the case.

The proof of Theorems 1.2 is based on the following propositions on the second and fourth
twisted moments of (. Since they could be of independent interest, we state them here.

Proposition 1.5. Let ¢ : R — R be of compact support in Rxo. Let A(s) =3, o ann™° be a

Dirichlet polynomial of length N < T? for any fized 9 > 0 and such that a, <. n® for alle > 0.
Then, for any a, f < ﬁ and any € >0 as T — oo we have

T 1
(1) [ AG o+ it a)(d—it+ 06(1) dt =T 5 P Fus (1) + 0T,
n<N
where, writing f(c) cdw = fccjizo -dw, we have
1 v
P = g [ 8= s e = s >0, ROl <1

Moving the line of integration to the left or to the right, one immediately sees that for any
C > 0 one has

(1.8) F(z) = {&(1 —29)¢(1 = 27)a7 4+ $(1)¢(1 4 27) + Oc(279)  as & — +oo,

Oc(z%) asz — 0T,

where the first line has to be interpreted as the limit if v = 0. In particular, the sum on the
right hand side of (1.7) can be truncated at T+ at negligible cost for any fixed § > 0.

If N = O(T'79) for fixed § > 0 the asymptotic in Proposition 1.5 is classical (see e.g. [11,
Lemma 2.4] or [4, 6] with straight-forward modifications), whereas the case where a, = 0 for
n < T is trivial. In particular, the new contribution of the above proposition is the handling
of the terms n =< T'°(1) in the transition between the two ranges of (1.8), as needed when
computing the lower order terms in Theorem 1.2.

An asymptotic formula for the twisted fourth moment of zeta was computed in [18] and [5].
In particular, in the latter work the authors compute the asymptotic of [¢|* times a product of
Dirichlet polynomials of lengths 77t and 772 with 9 = 95 < % and a more precise bookkeeping
in the proof would give 91 + ¥3 + 2max(¥1,92) < 1 (and thus 9; < % if 99 = 0). We refine
the arguments of [5], and in fact slightly simplify the proof, so that to allow to handle the case
Y1 4+ 99 < % In doing so we also refine similarly the corresponding quadratic divisor problem,
cf. Proposition 5.1 below.
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Proposition 1.6. Let T > 2,191,192 > 0 and let ¢ : R — R be of compact support in Rsqo with
derivatives satisfying ®V)(x) <; T¢ for any j > 0. Let A(s) = 3, cpo @qa™ and B(s) =
D p<ros Bpb™® be Dirichlet polynomials with o < a° and B, < V°. Then, for any o, 8,7, K
(logT)™! and any e > 0 as T — oo we have

/ C(3 +it+a)((5 +it+B)(5 — it +7)((5 — it +6)A(5 +it)B(5 + it)@(%) dt
R

agaﬁgb t t \ —a—B—y=4
_ Z Z gab /]R (f) <Zo¢,ﬂ,’y,57a,b + (%) Z—’Y,—(s,—a,—,@,a,b dt

9 (ab)=1

aga/ng ( t ) ( t ) —a—y ( t )—04—6
7)\\5, 2.8~ — AR
* Z Zl gab /R T 2 v,8,—a,6,a,b + 21 6,8,vy,—a,a,b

t\—B— t\—B-d
+ (%) Za7_77_:8767a7b + (%) ZOL,—(;,’\{,—IB,CL,b dt

+ 0. (T%+791+192+€ + T%+(191+192)/2+6> 7

where Zoz,ﬁ,'y,&,a,b = Aa,ﬁ 'y,JBa,,B 7,6 aB'y,J a,B,bs with
C(l +a+9)C(1+a+0)C(1+B8+)C(1+8+9)

Aapr6 = (2+a+pB+7y+9) ’
5% 0 0 (p)0 s (0 )
Ba a — . [e9) : ] ’ j A
B,7,0, pyr[a < Zj:() Ua,ﬂ(p])o-'%‘s(pj )p_]

and oq.8(n) = anm nnfo‘n;ﬁ.

The paper is organized as follows. In Section 2 we deduce Theorem 1.2 from the above
propositions. In Section 3 we prove Theorem 1.3, whereas in Sections 4 and 5 we prove Propo-
sitions 1.5 and 1.6. Finally in the Appendix we prove that the kernels appearing in (1.2) match
those in [17].

Acknowledgments. S. Bettin is member of the INAAM group GNAMPA and his work is

partially supported by PRIN 2017 “Geometric, algebraic and analytic methods in arithmetic”.
A. Fazzari is supported by the FRG grant DMS 1854398.

2. THE WEIGHTED ONE-LEVEL DENSITY

2.1. The case k = 1. We prove a shifted version of (1.5). For a, 8 < 1/logT" we shall prove

/ N(H)¢(5 +it +a)C(3 —it + ,3)¢(£> dt
R

2 2mix 1
10gT/f <w°"5( )+ 90 (iog 7 log T’ )>d$+OE(T2+ ),

where

(2.2) Vas(T) = logflw) (55(1 —a—B)C(1—a—B)(T/2m) P + ¢(1)¢(1 + o+ 5))

2
+¢/(1—a—B)(1—a—pB)T/2m) P+ (1)C(1+a+h),
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and

Goit1:T) = S(6(1 +a+ 6) (S 1+ g+ ) + S04+ 5)
T\ —a— ¢! ¢!
Fol—0=9)(5) " CO-a=B)(FUty-p+ 1 +y-a)
~30-y-a)(5-) "y a1y )
~o—y-0)(5) ey a)x -y 5)

Theorem 1.2 then follows by letting o, 5 — 0.
First, we need the following version of the explicit formula.

Lemma 2.1 ([19], Lemma 2.1). Let g be a smooth, compactly supported function and h(r) =
fj;o g(u)e™du. Moreover we set Q(r) = 21U (% + Zir)+ U (3 — 3ir) —logm, where U(s) = I (s)

is the polygamma function, and we denote by A(n) the von Mangoldt function. Then

27: h(v) = % /+OO h(r)Q(r)dr — i A\%) (g(logn) +g(— logn)) + h( - %) + h<%)

- n=1

We let f be as in Theorem 1.2 and apply Lemma 2.1 with h(r) = f(VIQOET(r —t)). We obtain
(2.3) Ny(t) = N¢(t) + S(t),

where

Nf() 217r/f<102g7rT(Tt)>Q(T)dr+f< lo2gT(7j+ )>+f(102g7TT(%‘7t))’

oo

1 A(n) 5 (1 L
Sf(t):—longZ:l \(/%)f<12§;> (R 4+ nit).

Now, we observe that by Stirling’s formula we have Q(t +u) = log(st) + O((1 + [t|)~/?) for
u,t € R with u = O(|t|'/?). Thus, since Q(r) = O(log(1 + |r|)), by the fast decaying of f we
obtain the following slight strengthening of [19, Lemma 2.2]

(r — 1)) log( 5 )ar = 2820

logT
Moreover, by Fourier inversion and integrating by parts m-times, we get

i \™ [0 g2mizy ) () 0 —m_27a|3(2)|
1= (5 ) [y = Ol

—0o0

F(O) +O(( +1t)~73).

1 <log T
27 Jr 27

for 2 € Co and supp( f) C [—a,a]. Thus, choosing m sufficiently large with respect to a, we
obtain

(2.4) N (1) = 08l/2m)

logT
) ==((3 +it+0¢)§(%—it+ﬁ),we have

FO)+0(T717),
for |t| < T. In particular, letting 2,

a,8(t
t R
/RN;(t).%’ﬁ(t) ( l";gT/ffﬁ log(%)dt%—O(TlﬂlogT).




Then, an application of Proposition 1.5 with A(s) = 1 and ¢(-)(log(T/27) + log(-)) in place of
o(+) yields

25) [ 550 Zus@0(%) dt = 2ty + 0.8

with ¥, 5(T) as in (2.2).

We now move to computing the weighted average of Sy. By Proposition 1.5, for any € > 0
we have

t B T A(n) zrlogny, _, _ T 1ye
/RSf(t),,@paﬁ(t)qb(T) dt_—logTzn: - f(IOgT)(n +17%) Fass (m> +0.(T279).

We let v := O‘—JQFB and expand the Fourier transform, so that the main term on the right becomes

logT/ 27rz/ d(s = ()Mlé(s—v)é(w’y)

¢’ 2mix o — 3 ¢’ 2mix o — 3
X<C(S+logT+ 2 )+Z(S+logT_ 5 >>dsdac.

We shift the integral over s to R(s) = 0. The integral on the new line of integration is O(1),

whereas the residues at the poles at s =1 — 120?% + % ’8 and s = 1 £ give a contribution of

1 0 e R N ()
(-2 ) (B (- 2 o1 2 ) ) e

and

o e (3o ($ (1 202 >+§K1+f”$ ﬂ>>

T
o (L) e (E (s 2 ) ()

Thus,

t 2mix 1.,
[mste( o= 5 [ 5 (7)o
and (2.1) follows by (2.3) and (2.5).

2.2. The case k = 2. As in the previous section one easily sees that

(26) T L NI + ()it = 60 F0) + 001/ lox ).

To compute the average of S¢(t) it is convenient to introduce shifts a, 3,7, of size < 1/logT
and consider

i = /RP(M(% +a+it)((5+ B+it)C(5+v —it)(3+6 - it)¢(%)dt,
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with P(t) :=>7 5, ni\/(;in f(llggg) By Proposition 1.6 we have

oo
A(n) ;/logn —a—
Ia’ﬁfy’é = Z n f(lOgT) /l:{ (Za767776zn71 + (ﬁ) “ fyZ_’Y:Bv_a on,1
n=1

) af5z_55%_a,n,1+(2i)i TV 2y - ﬁ6n1+( =) p-o Za,~57,~8m,1
+(27r) o 627 5:*047*’8’"’1>¢(T>dt'

For n = p¥ < T a prime power, we have

ﬁw,w—(Z%ﬁ o s (0 )p™ )(i 7)oy s (v )P_j>_1

= (05,6(0") + O(v/p)) (1 + O(1/p)) ™" = 04,5(p") + O(v/p)

and in particular By g.6p =P 7 + p~% + O(1/p) if v = 1. Estimating trivially the error term
and the terms with v > 2 we obtain

o
logp »/logp _ _
Ia,ﬁ,vﬁ:Z f(lo T) (Aa,ﬁmé(p T+p 6)"‘(22) A g —as (P H P 6)
=1 p g R

() P A y—a (P %) + ()P Ay s (07 +p70)

+(27r> h 6“401,75,7, ( 7+p5)+( ﬂ) a=f== 5-’477, d,—a, B(p +p6))¢<%>dt
+O(T(log T)%).

Now for any z < 1/logT we have

Zlogpf<logp

% —1o T/ F) T Y2dy + O(1
D IOgT>p el | f(y) y+0(1)

and thus

Ia,ﬁmﬁ:lOgT/ f(y)/R<A Bos(T+T ya) +(55) A gas (TH + T y6)
0

) A a7+ T 4 () o s (17 4 770)

+(27r) g 5‘/404 0,7,— (T yw+Ty6) (2 ) o 6'/4_7 —b,—a, B(Tya_{—Tyﬂ))gb(i)dt dy
+O(T(log T)").

Computing the limit as «, 3,,d — 0 with the help of Sage, we obtain
1

T / POIG( + i0)l0( L) d

= $(1)logT /0 )@ — 4y +2)dy + O(T).
Since Sy (t) =

)) and f is even, we obtain by conjugation that

ot L SOl il ()t = ~2301) [ f)e ~ ay+ Day+ 0ra (11 )
8

—@(P(t) + P(—t



By (2.6) we deduce

C4T(1(1)gT)4/RNf(t)|C(5 + it)|4¢(%)dt

- t+oo 1
— _ 3 _
= cb(l)/_oo fy) (5o(y)+( 2lyl” + 4ly| 2)X[_1,1](y)>dy+0f,¢<logT>
where we could add x|_1,1] in the above expression since f is supported in (—3, %) The claim

2
then follows by Plancherel identity.

3. ZEROS NEXT TO LARGE VALUES

We assume the Riemann hypothesis throughout this section. Also, we denote L := loglogT
and X := X[_2r 2] Finally, let  be any fixed real valued function, which is even, smooth, with
Fourier support in (—1,1) and which satisfies x < n. For any ¢ > 0, let then ns(t) := n(td) so
that ns(x) = 6~ '%(z/d) is supported in (-4, 6).

Lemma 3.1. For any B > 0 if A is sufficiently large we have
L B
Proof. For any @) € Nxor, we have x < X[_g,q] < ¢ := 1m1/¢ and thus N, < N,. We split N, as

n (2.3). By (2.4) we have N;(t) = O(Q). Moreover, bounding the contribution of prime powers
by Mertens’ theorem, we deduce that N,(t) = Sj(t) + O(Q), where

wr L logp . (Qlogp —it it
S5(t) = logTZ <logT (=" + "),

By [29, Lemma 3] if £ < Q/2 we have
2T 2k > (o )2 Qlogp 2\ k
st < g (3 " logT
(Clog TY@)?* <« TEIC?*

p>2 p
Q2
(log T)?*
for some constant C. Then, for any k& > 3, taking @ = [3k] and A > 0 we deduce
meas({t € [T,2T7] | S;(t) > Ok logk}) < /2T M »
7 (VCk/logk)2*
< Tk!\(k/log k)% <« Ve k(i +logh—2loglogh)

< Tk!

by Stirling’s formula. The result then follows by taking k = AloglogT'/logloglogT with A
sufficiently large. O

For a > 0, u € R, let I, := [—a/logT,a/logT] and M,(u) := maxteuHa 1((5 + it)|. Also,
denote I = I; and M = My and recall that Z(T) := {y € [T, 2T] | {(3 +iv) = 0}.

Lemma 3.2. Assume that Conjecture 1.1 holds for some k € N and all even functions f with
Fourier support in (—0,0) for some § > 0. Let V> 0. Then #{y € Z(T) | M(y) > V} =
Or(T(log T)F*+1 /y/2k).
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Proof. We have
2T+1
> 1= Z / 210gTdt</ > 2logTat.
VEZ(T)M(Y)>V — ~eZ(T),M(7)>V €1+ T=1 et M(y)>V
Now, if v € t 4+ I then Ms(t) > M (). In particular, using Rankin’s trick we obtain
2100 T 2T+1 2100 T 2T+1
yo1< ‘;)fk/ S My < ;fk / Mo(t)25 N, (¢) dt.
VEZ(T),M(7)>V =1 sezmn@+1) -1
By [2, Equation (6)] we have

1 4 2k 1 ; ) 2k
MQ(t)Qk < |C(2 + 1t logT)’ —; |C(2 +at + 10gT>|

1/logT
+/ kC(& + it + iu)? 71 (3 + it + du)| du.
—1/logT

By Conjecture 1.1 we have
27+2

27+1
/ IC( +it £i/log T)[** Ny (t) dt < / C(5 + it) PNy (t) dt
T-1 T2
= O(T(log T)*").
Also, by [27, Lemma 1] for |u| < 1/logT we have
(L 4+ it + iu) = / C(5 +it +iu+w)
27TZ |

2
__2
w_logT

dw

w

<<(logT)2/| . 1C(5 + it + iu+ R(w))| dw.

|:10gT

Thus, if we let let g = nyin(1,5)/2 (50 that g has Fourier support in (—6,d) and satisfies x < g)
we have

2T+1 1/logT
/ Nx(t)/ kC(A + it — iu)® 71 (3 + it + du)| du dt
T-1 —1/logT

1/logT 2T+1 .
< (log T)? / / 2 it — iu)? TS + it +du A+ R(w)) [Ny (t) dt dudw
1/logT

< T'(log T)k2

by Hélder’s inequality and Conjecture 1.1. Thus QTH My (t)?* N, (t) dt < T(log T)** and the
lemma follows. O

Lemma 3.3. Assume that Conjecture 1.1 holds for some k € N and all even functions f with
Fourier support in (—6,6) for some 6 > 0. Let U > %k?)L/\/logL for some large enough C > 0.
Then

#{ye Z(T) | M(7) > e Y(log T)*} > T(log T)" e 2V

Proof. For u € R, we let J, := {t € [T,2T] | [¢(3 +it)| > e*TFE}. Also, we let J = J_y N Jg,
where the complement is taken in [T, 27]. We have

logT _/logT
> 1> > /(%q)m o dt = = > 1dt.

YEZ(T),M (y)>eFL=U YEZ(T),M (y)>eFL=U YELHL, M (y)>ek LU

10



The condition M(y) > e#L=U in the sum over the zeros can be dropped since it is implied by
the remaining conditions and the sum is simply N, (¢). Thus,

logT logT 2%
(3.1) Z(T)%) kLU1>/N 5 dt_22kkL+U)/|C + it)|** Ny (t) dt
YE , y)>e

We wish to show that we can extend the integral to the full domain [T, 27]. We let Y := {t €
[T,2T] | Ny(t) > AloéL} where we fix a sufficiently large A so that meas(Y) = O(T/(log T)®**),
by Lemma 3.1. Then,

L
(3.2) / G +t)| 2Ny (2) dt<</ IC(3 +it)| PNy (t) dt + —— / ¢ +it)|* dt.
[T,2T\J log L [T,2T\J

By the Holder inequality the first integral on the right is bounded by

oT 1/2 2T 1/4
([ et vioma) (7 mwta)  measort <
T T

since the bound f;T N, (t)*dt < T is implicit in the proof Lemma 3.1. The second integral on
the right of (3.2) can be bounded as in [1, Proof of Corollary 1.2]. More specifically, we observe

that the contribution of the integral over the domain J,,, - is trivially O(T (log T)2+*/3). Also,

by [29] we have meas(J,) < TL™Y/2e~(wthkL)?/L+19kL/log L for |y| < 3kL and thus applying
2k2/3)'

the Cauchy-Schwarz inequality, the contribution of the integral over Jo /3 is O(T'(log T')
Thus,

1

w/[ LG rmnPrars 30 R meas(ua \ ) + O((log 1))
T,2TIN\J

UEL
U-1<|u|<3kL+1

< Z L71/267u2/L+19k3L/logL + O((lOgT)ka/S)
lul>U~1

L/Uze—UQ/L+19k3L/logL + O((logT)_kQ/g) _ o(log L/L)
for U > 3k3L/+/log L. Thus by (3.2) and Conjecture 1.1 we have

2T
/ C(5 + )P Ny (t) dt = / C(L + i) PNy (1) dt + o(T(log T)¥*) > T(log T)**
J T
The result then follows by (3.1). O

Remark 3.4. By (1], for [u| < 3L, k = 1, we have the stronger bound meas(.J,,) < L1/2e=(wtL)?/L
In particular, for k = 1 the same proof gives the same condition under the weaker hypothesis
U >+/LlogL(1 —1/log L) which leads to the stronger result stated after Corollary 1.4.

Corollary 3.5. Assume that Conjecture 1.1 holds for some k € N and all even functions f with
Fourier support in (—0,0) for some § > 0. Then, for U > 5k3L/\/log L we have
U #{v e Z(T) | TU(I;I;)gl(]\;—[Q(’Y)) kL <U} < MU
Proof. For 0 < Uy, Uz < 00, let S(U1,Us) :=#{y € Z(T) | =U1 < log(M(~)) — kL < Uz}. Also,
let V = 9k3L/+/log L. Then, we have
S(U,U) > S(V,U) = S(V,00) + O(TelF)L=2kUY 5, T(log T+ e =2k

by Lemma 3.2 and Lemma 3.3. Finally, S(U, U) < S(c0,U) < Te(=F)L+2U by Lemma 3.2. O
11




4. THE TWISTED SECOND MOMENT

In this section we prove Proposition 1.5. For n € N and «a, € C with |af, || < 1/log T, let

(4.1) I, = /Rnitg(w bt +a)C(1/2 — it + )6 (% ) di.

I_(w+it+a)?) (L —(w—it+8)?
Also, let G, g(w,t) := e’ 4 ((w+it+i)3§3j_§t+ﬁ)2 =

First of all we note that if n is substantially larger than T, say n > T'*29 then I, =
O(T~Y) = Fy(55-) + O(T~Y) for any C > 0. Indeed, for t < T we can write (see [20, Theorem
5.3])

and fix a small 6 > 0.

(4.2) C(3+it+a)(3 — it + B) = Sap(t) + Xap(t)S_p_a(t) + O(T ),

where

(4 3) 8 B(t) — Z i (mQ/ml)itmIam;IBga,ﬁ(w’ t)Ga”B(w) de)
’ myme<T1+6 211 J(3/2) mima(mmima)® w

and

F(% + w+i2t+a)r(i + wfz't+ﬁ) I’(l _ it—f—a)r(l _ —it+p

2 1 2 1 2 )Woﬂrﬁ_
P+ L)+ 59) P+ Bl )
We insert (4.2)-(4.3) into (4.1) and repeatedly integrate by parts with respect to ¢. We then
deduce .I" = O(T‘C) for any C' > 0 since |log(72*)[ > logT > 1 and 8§])ga,5(w,t) <
[t ®(@) =7 (1 4 |w]7+1) for R(w) < 1, by Stirling’s formula.
As in [24, Lemma 3] we approximate G, 3 and g, g at first order simplifying S, g(t) to

Ga,p(w,t) := Xop(t) :=

—a.__ —f it
_ my “m, mo 2mmyime —2/3
Saﬁ(t) = E 7m1m2 <m1> 4 (t ) + O(T )
mymeo<T1+6
with
1 d
W(z) = — pwew® 28
27 (3/2) w

satisfying W) (z) <« min(1,2~%) for any z > 0 and any fixed C > 0, j € N. Thus,

; t B m7%m; " 27mime nma \%  /t /
/Rntsa,ﬁ(t)qs@) =y T RW( . )(ml) ¢<T>dt+O(T1 3,

17’L177’L2<Tl""s

The contribution of the diagonal terms, with nms = myq, is

1 1 2rm? t
P X e [V () o) @

m<T1+6

11 e’ 1\ v
_n§+a2m'/(3/2)w<27m> C(1+2w+a+6)/Rt ¢(f) dt dw + O(1)

2

(44) =L T/(3/2)ew(T)w<(1+2w+a+ﬁ)q§(w+1)dt+0(1).

1 .
nate 2mi w \27mn

12



Next, we consider the off-diagonal terms

—a. —B it
mi%m 2mmimse nms t
O=2 My My W( )( > qb(—)dt.
m mZ<T1+5 A/ 11meo R t mq T
n;rzlzmgyé()

We denote A := nmg—m; and observe that the contribution from |A| > monT 112 is negligible,

since one can integrate by parts with respect to ¢ as above. Therefore we can assume |A| <

nmoT 1120 We have my = nma(1 — nAmQ) and thus, by Taylor approximation,

1 _ 1 140 1
mi/2+a - (nm2)1/2+a T1-26

it
nmo it 1
() =< (0 (o)
2mmima 27mm% 1
w () =w () o ()

Thus, writing my in terms of ms and A we obtain

1 > 9 2 .
0= nl/2+a Z m1+a+6 > / ( ki ) ¢t (T) dt + O(TY/2+6%),

AGZ#O

where we could extend back the sums over A and m by integration by parts and by the decay
of W, respectively. We denote the main term above by ('. We bypass any issue of convergence
with a double integration by parts. We get

R [T (o () o)

m=1 AGZ?gO

Writing W in terms of its Mellin transform and using e + e~* = 2 cos(x), the above becomes
—2n? [T 1 = ml_o‘_ﬁ tA 9 d?
i/ra / /d — Az cos <mn> (2rnm*)~ wdt2 <tw¢( )) dw dt,
(2) 1A 1

where we could exchange the 1ntegrals and the sums, as they converge absolutely. We make the
change of Varlable - — t and write

O = lim O,
£—00

where O denotes the same expression, but with the integral over ¢ truncated at (¢ + 3) with
¢ € N. In particular, opening also ¢ as a Mellin integral, we get

0, _—2”/"(”%)1 Cm s [ e
E /24 0 217 (3) w T 211 -1 A

S cost d? -5 ds du i
X Zl Azl mw+8+a+ﬁA1+w s dt2 ( ) s aw
m=

By integration by parts, for w and s in the above lines of integration we have

7r(£+%) Tr(Z—I-%) fw—s—1
/ tY=5"2 cost dt = / —  sintdt,
0 0

w—s—1
13



so that

, =27 1 // w T\*"!
O = nl/2+e (2mi)2 3 J-1 27r o(s) n
m(e+3)
><C(w+s+a+6)§(1+w—s)(w—s)/ tY=5Lsint dt ds dw.
0

We shift the integral over s to $(s) = 2. Notice that in doing so we do not encounter any poles
as the singularity of (1 + w — s) is cancelled by the factor (w — s). At this point, the integral
over t converges absolutely and so bringing the limit inside we obtain

T s—1
/ —w 1 —
O'= e iy | S emie () s tat -y
X (w—s) / tv="Lsint dt ds dw.
0
Being R(1 +w — s) = 3 € (0,1), by [16, eq. (3.381.5)] we have
00 +o00
—(w — s)/ tv=slsint dt = / tHw=s) =L cogt dt
0 0

:F(1+w—s)cos(g(1+w—s)).

201 //e“* g (L)
0= pa @ri)? Ji3) Joy w (2m) ™o (s) |

(w+5+a+ﬁ)§(1+w75)11(1+w78)cos(g(1+w75))dsdw

s—1
- l/2+a 27” /2 /2) " <27m> C(w+ s+ a+ P)((s —w)dsdw,

by the functional equation. Finally, we shift the integral over s to the line R(s) = 3. The
contribution of minus the residue at s =1+ w is

L 1./( equ(Hw)(T>w<(1+2w+a+5)dw:—p+0(1>

nl/2+a 2 3y w 2mn

with D as in (4.4). Therefore, we have
T 1 e’ o 1/2466
(2)
Thus, after a change of variable in s, we obtain

(45) /RnZtSOCHB(t)QS(;) "= <TZT,217IO2(_[32 27—” / /3) w N J) (27]_;71)8_1

X C(s+ O‘Qﬂ +w)((s — QTJFB — w)ds dw + O(TY/?*69),
14




Now, we have X, 5(t) = (t/27)"* 8 (1 + O(1/T)) and thus by the above computation we find

[ S a-al0Fs(000( ) e = (/27 / s 5,-a<t><t/T>‘°“%(%)dt+0<1>
+8

— T(Ti 2117;52 2ni)? / / o W (27”1)
o

x C(s — LH’ w)((s + 252 — w)ds dw + O(T/*¥),
Making the change of variable w — —w and summing with (4.5) we obtain
T 1 - oipy [ T st a+tB atf 1/2+466
e /(3) B(s — 248 <2m> (s + S8)¢(s — 2E8)ds 1+ O(TH/2+9),

by (4.2) and the residue theorem. Proposition 1.5 then follows by taking 6 < £/6.

5. THE TWISTED FOURTH MOMENT
Proposition 1.6 follows as in [5] from the following refinement of Theorem 1.3 of [5].

Proposition 5.1. Let A, B, X, Z,T > 1 with Z > XT¢ and log(ABXZ) < logT. Let g, 3y,
be sequences of complex numbers supported on [1,A] and [1,B], respectively, and such that
o, K A%, B, K< B®. Let f € COO(R%O) and K € C*(R>¢) be such that

81+J+k
axlayjahk f(x y? )
and KU (z) <, T*(1 + )7 (1 +x/X?)™" for anyi,j, k,7 > 0. Then,

ijkr TP+ 2) (1 +y) (1 +h)F(A+ 1222/ (2y) ™"

By
g —5 - 6f(am1m2,bn1n2, h)K (mimaning)
a,b,mq,mg,nq,n9,h>0 ml m2 nl n2
amimeo—bning=h

=Maprs + Mpoanys +Mapsy+ Mpasy +E
where M is as in [5, p. 21] and £ < TE(AB)%XZ_%(AB + (ABX)gZ_% + (AB)%XZ_%)

As only few changes are needed to the proof of Theorem 1.3 of [5], we will not repeat the
full argument here, but only indicate the changes. The main difference is that we slightly
refine [5, Lemma 3.2] (which is proven in [6, Proposition 3] and is essentially due to Watt [32,
Proposition 4.1)).

Lemma 5.2. Let H,C,R,S,V,P > 1,6 <1 and let X := Rg‘ép. Moreover, assume that

a(y), B(y) and vr.s(x,y) (for any r,s € Z) are complex valued smooth functions supported on the
intervals [1, H|, [1,C] and [V, 2V x [P, 2P], respectively, such that o\9)(z), BU)(z) <, (6x)™7 and

8215; Yrs(2,y) <ij ™ iy for any i,j > 0. Assume a,,bs are sequences of complex numbers

supported on [R,2R)], [S,25], respectively, and such that a, < RF, by < S¢ for any e > 0. Then

.S a(h)B(C)%,s(v,p)arbse( £ h)

Sp

h7c7r7s7v7p
(rv,sp)=1

Hc>;(1 P )§(1+ H?>CPX?

1

1
— H Py
RS R1S3V ) (HORSVP)

(5.1) < & WHCR(V + SX) (1 +
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Proof. Lemma 3.2 of [5] gives the above bound (with §~7/2 in place of §~'°) under the hypotheses

(5.2) X > (RSVP),  (RS)?> max{HzC' g(RSVP) }

Let’s now show that these hypotheses can be dropped. We let Y := HCRSV P. Applying
Poisson summation formula in A and ¢ one easily sees that

Y <Y 2. (HORV 4 (PS)?RV) = Y6 (HCRV + X*HCPS).

If X <« Y© this is stronger than (5.1) since HCR-V = HCRV and HCR-SX - (H(’w)l/z(Rv)l/2

HCPS - RY2. Thus, the assumption X > Y* can be dropped. Moreover, with the above
notation [10, Theorem 12] can be rewritten as

< 5_10Y5\/C’HRS(\/ P2S\/R(CH + RS)V + /CHRV?/S + \/PS(CH + RS)(P + RV))

— 5OV HCR <V + SX(1 n %g) (1 + %) 2 (1 + (BH;%i§2)l/4)),
with
RS/H
(1+CH/RS)(1+ P/RV)?

B =

Thus, this bound is clearly at least as strong as (5.1) if B < 1. If (RS)? < H?C then B <

(gg); < 1, whereas if (RS)? < SP then B < Ri((};\/) < % < 1. Thus, the second assumption

in (5.2) can also be dropped. O

This lemma allows for a simplification of the computations in [5, pp. 16-20] since we can
now apply the above bound to the full sums. As in [5] we let Wy,... Wy be smooth function

supported in [1,2] and such that W( 7 < (ABMN) for any fixed j > 0. Also, let ag, 3} be
sequences in C supported on [A, 2A] and [ ,2B], and such that o, < A%, 8, < B¢. Also, let
My, Mo, N1, No, H > 1 and let M = MMy, N = N1 No. Then, under the assumptions

M1 < MQ(AM)E, N1 < NQ(AM)E, BN1 < AM1, AM =< BN

applying Lemma 5.2 and following the same simple computations of [5, p. 20] we obtain for

Zialz):= ) > aaﬁbWO<dh)W1(M1)W3(Nl)

abminih o<|l|<AM _(AM
(am1,bni)=d | LdMQNQ( )*

Wo (ZZZ) Wy <a$\;2x>e< F lhamll//j) (Ix)
S (i) o0t (i) (0 )’

where with respect to [5, eq. (18)] we kept the extra factor of (1 +

< (HAM)®

(AB)l/z) 1/2 (coming from the

factor (1 + HO)1/2 (5.1)) but we now have no hypothesis on d and H.
16



Thus, as in [5, p. 17] (but with no need to treat separately the sums of large and small ds)
we deduce

dg;H/Am |Z g(2)| dw < (AMH)2 +€(AB+(ABH)£(ABMN)£)<1+ (AI;JZ

< (AMHYE
with
— (ABMNH?)7 (AB + (ABH)1(ABMN)% + (AB)1H?% + Hi(ABMN)3 )

The rest of the proof then follows unchanged. In particular, Proposition 3.1 of [5] now holds
with & < (E + H?)(ABM N H)® (with no conditions on H) and one then deduces Theorem 4.1
and Corollary 4.1 (again with no need to split the sums) with the stronger bounds

& < T(ABX*H?) (AB + (ABH)H (ABX?) + (AB) H? + HI(ABX?)3 ) + T°H?
and
1 1 5 1 1 3
£ < T°(AB):XZ"% (AB V(ABX)3Z75 + (AB)EXZT).
respectively. Proposition 5.1 then follows.

APPENDIX A

In this appendix we prove that the kernel F defined in [17, Theorem 5.2] equals W in (1.2).

More precisely, we show that Fk(y) = W[’j(y) for y € (0,1), the other ranges being analogous.
By direct computation, one can easily see that

’“Z”“il Vb, (2 —2n — 1\ o
- 2k—2n 1)! 2i Y

(Al) i=0 n=0

— o1 - )Feon—2; 21

n— v, 21—
* Z Z 2k: 2n)! ( > Z 21 —1)!

i=0 n=1 =1
for y € (0,1), with b, and ca, as defined in [17], Equations (5.20) and (5.21) respectively. In the
same range for y, by using the properties in [14, Conjecture 2.1], we get

. k y%-1 k-1 , y2i—1
A2 :—k‘—f 1) ] —1 —1d; 1 ——
(A2) W) (1) D1V + (= ) Sy sy
Jj=1 J=1
with d;;, = (’; i) (?f{)z Now we prove that the coefficients of the polynomial (A.2) equal those
of (A.1). Let s start with the coefficient of y?*~1; the claim is
2bg 1. 2k

A3 ——=(k+1 .
(A.3) o2 -k )<k—1>

Note that, since ( fn) =0 for n > 2, we have

b (@k—DICE—D! 2k —2)! (2h)!
OF = 1) (k—1! " (k-1 (k—1)

1

ZNote the slight change of notation for the coefficients d; j, which are denoted ¢;  in [11].
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then (A.3) follows by direct computation. Next, we show that the constant terms are equal,
that amounts to proving that

2k—1 ;
—1)ib;
A4 —1)* # = —k.
By definition of b;, the left-hand side above can be written as
k 2%—1 ; .
2k —n—1)! [k (—1)"(2k+n—1—1)! k ,
IRN Gl O 2 —i—1
( )nz_% kl(k —1)! <n>§ 2k —i—1)! it1-p) D
therefore (A.4) easily follows from
2k—1 ; . 0 itn<k—-1
—1)"(2k —i—1)! k
Z( )((2k—+¢n—1;| )<i+1_n>(2n—i—1): (—1)F&! ifn=Fk—1
i=0 ' (=DM + 1) ifn =k
To prove the above, we notice that it is equivalent to showing
k . 0 ifn<k-—1
Ik —7)! n—j :
A5 = -k
(A.5) Z 2k:—]—n gk —j)! ! ?fn bl
j= k(k+1) ifn=Ek,

where we used that (Z +f_n) = 0 unless 0 < i+ 1—n < k and made the change of variable

j =14 1—n. The left hand side above can be written as

S:TLSl*SQ
with
i CLEEIUS S o € Ve LS
2k —j—n) ji(k—5 77 o 2k —j =) ik =)
Then (A.5) follows from the Gauss summation theorem, which yields
—2k); (2k)! —k, n—2k 0 ifn<k
1= 2k—n'z jg! k!(2k—n)!21[ —2k ] {1 ifn=k
and
0 ifn<k-—1
o (R pfi=km—2k+1 17 T
2T TRk —n— 1)1t 1-26 | =

—k% ifn=k.

Finally we need to show that the coefficients of y* with 0 < ¢ < 2k — 1 coincide. We start
with the case of £ = 27 even. In this case the problem amounts to proving that the coefficient
of 2! in Fk(y) is zero. Equivalently, by the definition of b, and proceeding as before, we need
to show that

(A.6) nzk:o (—1):!1((]361)7!1 —1)! C;:) g’“:o ((%) _(?2;:_ :)lv) <2k; 27? . n) <7,;> oy
Let’s focus on the inner sum, which we decompose as
:Zjo ((213—(72:— ::;') <2k e n) (Z) (n—m) = nS, — S,

18



where, again by the Gauss summation theorem,
k

and

Therefore the left hand-side of (A.6) can be written as

(—2kk)k (2kk> ni() (2—;)_"1; (:) <2k2; n)ﬂ(—n — 20
- (—;Ck)k <2kk) é(%l)_”: (i) <2k2¢ n) (2k —n = 20)k(=n — 20)—1

Hence, (A.6) follows from the two identities

k

(i) nzo (2;12 n: (z) (%2; n) (—n —2i)p =0
) HZ: (_1)n(22:__: — 2i) (7/.2) (2/{2; n> (21 =0

for all 0 < ¢ < k, which can be proven by direct computation. For example in the case
k < 2i < 2k (the other is analogous), (i) and (ii) are equivalent respectively to

2% 42, 2% —2%+1,1—k 241, 2 —2k+1, —k
22k, 2% —k+2 1—-2k 2—k+2 '

for k < 2i < 2k, and these can be shown by Dixon and Watson’s theorems (see Equation (1) p.
16 and Equation (1) p. 13 from [3]).
Now, we consider the case £ = 2i — 1 odd, with 0 < ¢ < k. We want to show that

k—2i
(—1)*cop_0; 1k
(A-8) 2(2i — 1)1 21—1' Z 2l<:—Qz )

After our now-familiar manipulations, we can rewrite the left-hand side above as I; + I, with
k

ko (—1)k n(=1)"(2k —n — 1)! , k

L =— 27 —1)!

! k!(2z‘-1)!nzo T TR e ) PP

k

E o (=1)* E(=1)"(2k —n —1)! , k

I, =— 2i —1)! .

2 k!(2¢—1)!§) nl(k — ) (n+ 2= DN o g

Equation (A.8) then reads

3F2|: ;1:|:O and 3F2[ ZO,

i(=1)kFFL (e — "2k —n — 1)!(n+2i — 1)!
k! (k:Jrz—l nz% n!(k —n)!

X K +k k =1
"n+2i—k—1 n+2i—k)) "

19
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or, for example for k < 2¢ < 2k, equivalently

i(—

DFHHL (F — ) 1 ){_(21)‘(2/%—2)!< k k>3F2[1+2z', 2i—2k, 1—k 1]

KU (ki (2 -1 \2i - 292k 1+2i—k

L @k—D[ K 2, % — 2k, —k
20— )l—= F: 01 =1.
=D ok ) ok 1 i i

Evaluating the remaining hypergeometric functions by Dixon’s and Watson’s theorem again, the
above identity is proven.

1]
2]

=
9

=
A
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