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Abstract

Motivated by arithmetic applications on the number of points in a bihomogeneous
variety and on moments of Dirichlet L-functions, we provide analytic continuation for
the series Aq(s) := Znh...,nkZl d(&ll)i;glf) with the sum restricted to solutions of a non-
trivial linear equation aijng + - -+ 4+ agng = 0. The series Aq4(s) converges absolutely for
R(s) > 1— + and we show it can be meromorphically continued to R(s) > 1 — %H with
poles at s =1 — ﬁ only, for 1 <j < (k—1)/2.

As an application, we obtain an asymptotic formula with power saving error term
for the number of points in the variety ajz1y; + - - - + apzryr = 0 in PP~1(Q) x PE=1(Q).

1 Introduction

Motivated by some applications which we shall describe below, we consider the Dirichlet
series A, (s) obtained by adding a linear constraints among the variables of summation when
expanding (((s)?)* into a product of k Dirichlet series. More precisely, for k € Ny, a =
(a1...,ax) € Zy, and R(s) > 1 — - we define Aq(s) to be

O Al o) _ )3 h(;@’ (1.1)

(na - m)® n>1

ni,...,np>1,
ainy+--+arni=0
where d(n) is the number of divisors of n and where hq(n) is defined implicitly by the second
identity. Notice we can assume that aq,...,a; don’t all have the same sign, since otherwise
Aa(s) = 0. The function A4 (s) can be regarded as a degree 2 analogue of

Sa(s) = Z (711;

ng)®
n e 21, 2
aini+-+arni=0
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This function is a particular case of the Shintani zeta-function, which was investigated in
a series of works by Shintani (see, e.g. [Shi76, Shi78|). In particular, he showed that S,(s)
admits a meromorphic continuation to C and studied its special values displaying a connection
with the values at s = 1 of Hecke L-function of totally real fields.

The value at s = 1 of the function A, (s) also has an arithmetic interpretation. Indeed,
in [Betl5] it was shown that A,(1) appears as the leading constant for the moments of a
“cotangent sum” related to the Nyman-Beurling criterion for the Riemann hypothesis. More
specifically, it was shown that as ¢ — oo

a1 2k
2% 9 k= #{1<i<2k|e;=1}
> colh/a)* ~— >0 (=) A1)
h=1, ce{1}k
(h,g)=1
where co(h/q) == =320 _, o Cot(@). We defer to [Bag, BC13a, BC13b] for more details on

¢o and on its relation with the Nyman-Beurling criterion. Also, we remark that the asymptotic
for the moments of cy(h/q) was previously computed in [MR16a] with a different expression
for the leading constant.

In this paper we are interested in the analytic continuation of Ag,(s). For k = 2 it is very
easy to analytically continue A4(s) to a meromorphic function on C. Indeed, for a;,as € N
one has has

Aa(s) = Z d(m1)d(n2) — Z d(arn)d(azn) = Nay.as (5) Z d(n)? = g0 () ((2s)"

2s
n>1

s N
ni,ne>1, (CLbTLZ) n>1 n C(4S>
aini=asns
by Ramanujan’s identity, where 7, 4,(s) is a certain arithmetic factor which is meromorphic in
C with poles all located on the line (s) = 0. In the case k > 3 the coefficients hq(n) in (1.1)
are no longer multiplicative and the problem of providing meromorphic continuation for A, (s)

becomes significantly harder, but we are still able to enlarge the domain of holomorphicity of
Aa(s) to R(s) > 1 — 5.

Theorem 1. Let k > 3, a = (ay...,a;) € Zl;so with ay,...,a not all with the same sign.
Then, Aq(s) admits meromorphic continuation to R(s) > 1 — 2. More precisely, there exist

1
Cmj(@) ERfor% <m<k, 1<j<m+1 such that

Cm,m+1 (a’) Cm,1 (a)
‘Fa(s)::Aa(S)_ : 1m+..._|_7—
> (i )

s—(1-+ s—(1—2)

2
k1
that for R(s) > 1 — i—: one has Fq(s) <o ((Emaxt,_; |a,|)*(1+ |s|
the implicit constant depends on £ only.

is holomorphic on R(s) > 1 — Moreover, there exists an absolute constant A > 0 such

2(1-1/k—0o
)7)Ak (1-1/k )-Hca; where



Notice that Theorem 1 is uniform in k£, a and s. We remark that the uniformity in & of
some bounds for Ag,(s) at s = 1 was crucial in the works [Bet15] and [MR16b] and, in general,
it is also needed for our application [Bet].

The value of the arithmetic factors ¢, j(a) can be computed explicitly starting from equa-
tion (3.2) below. In particular, for m =k, j = k 4 1 one has

pla) K ¢k—1)  TRF
lay -+ - ag|® B C(k) T(H)T(A =)

Crrr1(a) = (1.2)

where 7 is the number of a; which are positive and p(a) is as defined in (3.5); in particular if
GCD(ay,...,ar) =1 then 1 < p(a) <. |a1 - ax|®. Also, for 1 < j < k one has that ¢ j(a)
can be written in terms of an arithmetic factor of shape similar to p(a) times an expression
depending on Euler’s constant ~, the derivatives of ((s — 1) and ((s) computed at k, and the

derivatives of the I'-function computed at 1, & and 1 — % (cf. equation (3.3)). To give an

explicit numerical example for k = 3, a = (—1,1,1), we have
Cya A 0.537228, ¢35~ 0.554660, ¢35 ~ 1.680055, 51 ~ —64.704169.

An interesting question left open by Theorem 1 is whether A, (s) extends meromorphically
further to the left, perhaps to a meromorphic function on C with poles at s = 1 — % for all
1 < m < k. As an approach to this problem one could try to input a recursive argument
into the proof of Theorem 1. We notice however that the expression for the coefficients ¢, ;
arising in the proof of Theorem 1 does not visibly extend to a meaningful formula in the case
m < 3(VA4k+1+1) for k > 3 (m = 1if k = 3), thus suggesting these coefficients might
change form at some point or perhaps casting doubts on the possibility of a meromorphic
continuation of A,(s) to C. Finally we mention that numerical computations in the case

k = 3 suggest there is a pole also at the subsequent expected location s = % (i.e. a term

of order P(log X)X 2 in (1.4) below), however the computations do not clarify whether the
corresponding coefficients have the same shape of the previous coefficients or not.
Our first application of Theorem 1 is given in the following Corollary.

Corollary 1. Let k > 3 and a € Z%,,. Let ®(x) be a smooth function with support in [—1,1]

and such that ¢(j)(:c) < jB7 for some B > 0 and all x € R. Then, for % <1 < k there exist
polynomials P, ;(x) € Rlz| of degree i such that for all X >1

> dlm) - @ ()

ni,...,ng>1,
aini+--+apng=0

- Z P“’i(logX)Xk%WLOs,q»((% mialX\ai!)Aka‘sziﬁ),

A i<k

for some absolute constant A > 0.



To give two examples, in the cases k = 3 and k = 4 (with a; = —1) Corollary 1 gives

Z d(ny)d(ng)d(an; + bng)é(nan(anl + bng)/X?’)

o 2 43 (1.4)
— Quasllos X)X £ Oup((a + ) XH)
Z d(n1)d(ng)d(ns)d(any + bny + cng)® (ning(any + bny, + cng) /X (1.5)
ny,nz,n3>1 |

— Ryape(l0g X)X? + Ry 0pc(log X)X5 + 0. 0((a+b+c) X579,

for any a,b, c € N and where Q3 ,4(), R3 4p.c(x) and Ry qp.(x) are polynomials of degree 3,3
and 4 respectively and A is an absolute constant.

We remark that one could use an easier argument to give the leading term in the asymptotic
for the left hand side of (1.3). In fact the main difficulty of Corollary 1 lies in unravelling
the complicated combinatorics required to obtain the full main term P, ;(log X)X*~1. This
difficulties are implicitly treated in Theorem 1, which allows us to go even further than the
full main term. Indeed, for k£ > 4 we are able to identify also some new terms whose order is a
power smaller than the main term (cf. (1.5)). This is an example of an arithmetic stratification,
where one has other “main terms”, coming from sub-varieties, of order (typically) different
from the main term one expects from the variety under consideration. This phenomenon was
discussed by Manin and Tschinkel [MT] and explored in the context of the circle method
by Vaughan and Wooley in the Appendix of [VW]. Recently, the arithmetic stratification
was also indicated by Wooley as a potential source for the various terms in the Conrey-
Keating analyis [CK] of the asymptotic for moments of the Riemann zeta-function. In our
case, the lower order contribution could be explained as coming from affine sub-varieties,
that is solutions of nymq + --- 4+ ngmy = 0 which also satisfy one or more other equations
rinimy + - - - + rgngmy = ro for some “small” rg,...,r, € Z.

A result similar to (1.4), with the significant difference in the different way of counting,
was obtained by Browning [Bro|. He computed the asymptotic with power-saving error term
for

> d(L(ny,n2))d(La(n, n2))d(Ls(na, n2)), (1.6)

ni,ne<X

where Ly, Lo, Ly € Z[x1,x5] are linearly independent linear forms. He also considered (1.6)
when the sums are unbalanced, i.e. where the sum is restricted to n; < Ny, no < Ny with
N5 smaller than N;. He was able to prove the asymptotic as long as Nf’ fa+e < Ny < N (for
Li(nq1,n2) = ny—ng, L1(ny,n2) = nq, L3(ng,ne) = ny+ny), arange that was recently enlarged
by Blomer [Blo] who was able to consider the case N} /T2 < Ny < Ny (with a smooth cut-off
for ny). In a different direction, we also cite the work of Browning and de la Breteche [dIBB],
who considered the case k = 3 with a quadratic relation among the variables.

For larger values of k, we cite the important work of Matthiesen [Mat] who considered
a variation of (1.3) as well as the more general case when one has more than one linear

4



constraint. Her work differs from ours in that in her case the variables vary inside a convex
set, whereas in our case the variables are essentially summed over the hyperbolic region. Also,
her method is based on the Green-Tao transference principle [GT] which can only give the
leading term ¢X*~!(log X)* in the asymptotic formula. In particular we notice that neither
the work of Matthiesen nor those of Browning and Blomer were able to produce terms of
order a lower power of X.

Before introducing our second application, we first mention that we shall actually prove
a more general version of Theorem 1 where shifts are introduced, i.e. where instead of each

divisor function d(n) we have 7,,4(n) = >.,_,a “b™% with o;, 5, € C. We defer to
Theorem 3 in Section 2 for the complete statement. The shifts make our result much more
flexible. In particular we can use it to count integer solutions (z1,..., Tk, y1,...,¥yk) in the

flag variety
a1y + -+ aprpyp =0 (L.7)

when ordered according to the size of the anticanonical height (max; |z;| - max; |yj|)ﬁ, veri-
fying Manin’s conjecture in this particular case.

Theorem 2. Let k € Ns3. For ¢ € P*Y(Q), let (z1,...,7) be a representative of x
such that x1,...,xx € Z and (x1,...,2;) = 1. Let H : P*"Y(Q) — Rsq be defined by

H(x) = (maxj<i<y \:v,|)k7£1 and let @ = (ay, ..., a,) € ZL,. Then,

ariyr + -+ apzryr = 0, H(z)H(y) < B}

N(B) := #{(m,y) € PF1(Q) x PF1(Q) Ty T Yy £ 0

:<%

k
S (@) ) Blog B + f(a)B + Ope o B 05 57),

i=1
for some explicitly computable f(a) € R, and
k

1 Hi:1(ai7£) ©(€)
S(a) = 5; AL

oi(a) = (f[/ll /11>X(|ai|,ai|)< Z aﬂi%‘) ﬁ dx;dy;,

J=1,j#i J=1,j#i

(1.8)

where xx 1is the characteristic function of the set X.

The variety (1.7) has already been considered in several papers. In particular, we mention
the works of Robbiani [Rob] (for k& > 3), Spencer [Spe| and Browning [Bro| (for k£ = 2) and,
previously, by Franke, Manin and Tschinzel [FMT] and Thunder [Thu] (with height function
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||| = lyll ﬁ)1 in the more general setting of Fano varieties. Among all these works, the only
one where the full main term is obtained, with an (implicit) bound of the form O(X'~¢) for
the error term, is [FMT] (see the Corollary after Theorem 5). Theorem 2 thus gives a more
direct proof of their result for this case, as well as providing an explicit power saving error
term.

We notice that Theorem 2 appears very similar to Corollary 1, which essentially counts
points in (1.7) ordering them according to the size of the product of all the variables, |z - - - 2y
y1 -+ yr|.2 The different way of counting however changes the problem significantly and the
deduction of Theorem 2 from (the generalization of ) Theorem 1 is much subtler. In particular,
the computation of the full main term for N(B) requires a careful analysis of some complex
integrals resulting from integrating over the shifts in Theorem 3. Notice that also in this case
the problem becomes much easier if one only computes the leading term in the asymptotic
for N(B).

A third application of Theorem 1 comes from the theory of the moments of L-functions.
In [Bet] it is considered the moment

/
My(q) = > L) LG e )PILG xa - xen)

X1;--5Xk—1 (mod q)

where Z/ indicates that the sum is over primitive characters xi, ..., xx—1 modulo g and L(s, x)
is the Dirichlet L-function associated to the character x. It turns out that the “diagonal
term” in My (q) has the shape > /.y Ce f(2) Ac(s)q" H(s) ds for a meromorphic function
H(s) and some ¢, € R. Thanks to Theorem 1 we are able to evaluate the diagonal term and
thus, evaluating also the off-diagonal term using a similar method, we are able to obtain the
following asymptotic formula for My (q) when k& > 3 (the case k = 2 corresponds to the 4-th

moment of Dirichlet L-function and was computed by Young [You])

ov(n)

((log g2)* + (=m)*) + O (K" q~%*¢), (1.9)

NMIES

Mi(q) = ()" >

n

where ¢(n) is Euler’s ¢ function, v(n) is the number of different prime factors of n and 5, > 0.
We also mention that, thanks to the work [Bet16], (1.9) can be interpreted also as the moment
of some functions involving continued fractions.

The proof of Theorem 1 is quite simple in spirit but it has to face a number of technical
challenges, mainly coming from the identification of the polar structure (equivalently, of the
main terms in (1.3)). Before giving a brief outline of our proof, we mention that one could
have chosen to proceed also in different ways, for example using the circle method. The main

Here || - || is the Euclidean norm and = = (z1,...,7%), ¥ = (Y1, ---,Y)
20ne could easily modify our argument to count points with respect to max; |z;y;|, since our proof starts
by introducing partitions of unity which localize each x;y;.



difficulty however comes from the evaluation of the polar structure and this is not visibly
simplified by choosing such different routes. We also remark that the our technique would
allow to give analytic continuation also when the constraint is a non-homogeneous linear
equation. The only difference with our case is that in Lemma 9 below we would need to use
the Deshouillers and Iwaniec [DI] bound for sums of Kloosterman sums (cf. [Bet] where this
is done for a similar problem). However, for simplicity we content ourself with dealing with
the homogenous case only.

We conclude with a rough sketch of the proof of Theorem 1 referring for simplicity to
Corollary 1 which is essentially equivalent to it. First, we split the sum on the right hand side
of (1.3) introducing partitions of unity to control the size of the n;. When one variable is much
larger than the others a simple bound suffices, so we are left with considering the case when
the variables have about the same size. In this case we eliminate the larger variable using
the linear equation and we separate the remaining variables arithmetically and analytically
using, respectively, a slightly modified version of Ramanujan’s formula,

Celm
prlm) =) 3 A ) > 1, (1.10)
>1
where ¢¢(m) is the Ramanujan sum and o4(n) := >_,, d* and a generalized version of the

Mellin formula for (1 £+ x)~* as given in [Bet]. We end up with a formula of the shape (for
a=(1,...,1))

>y > > d(ng) - d(ng_y) (B F(ny L ng g, 0)

£21 h (mod £),n1,...;np—12>21Nn1, N1
(h,0)=1
for some smooth function f. Applying Voronoi’s summation formula to each variable nq, ..., n;
transform each sum over n; in a main term M; plus a sum of similar shape but with h replaced
by h and thus we obtain

> 2 ]ﬁ(Mi+2d(ni)e<hgi>fi(...)>

£>1 h (mod ¢), i=1 n;>1
(h,£)=1

for some smooth functions f;. We then treat as main terms the terms where we pick up
more M; than series, and treat the other terms as error terms which we estimate essentially
trivially. We then treat and assembly the main terms (which correspond to the poles of
Aa(s)), an operation which constitutes the main difficulty of the paper as we have to deal
with several integral transforms in order to take them to their final form (actually, we choose
the equivalent root of moving the lines of integration of several complex integrals, collecting
the contribution of the residues of some poles). Combining the two cases for the range of the
variables one then deduces Corollary 1.



We notice that the above structure of the proof of Theorem 1 is at first glance very similar
to that of the asymptotic for My(q) performed in [Bet]. There are however several important
differences at a more detailed level, e.g. in the ways the integrals are manipulated, in the
treatment of the error terms and in the combinatorics.

The paper is organized as follow. In Section 2 we state Theorem 3 which gives the analytic
continuation for the shifted version of A,(s) and in Section 3 we easily deduce Theorem 1
from it and we compute the constants given in (1.2). In Section 4 we prove Theorem 2 by
integrating over the shifts introduced in Theorem 3 and evaluating the resulting complex
integrals. The rest of the paper is dedicated to the proof of Theorem 3: in Section 5 we give
a uniform bound for the region of absolute convergence, whereas in Section 6 we set up the
proof of Theorem 3 dividing the sum according to the range of the variables. In Section 7 we
estimate the case where the variables have roughly the same size and in Section 8 we give a
trivial bound for the case where there’s a large variable. Finally, in Section 9 we recompose
the various sums reconstructing the polar terms.
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2 The shifted case

For k > 3, a as above and a = (ay,...,a1), B = (B1,...,5) € CF we define the Dirichlet
series

T , n T , T
Auapls) = Y Tl Tos (),
ajni+--+agn=0 nf e nlz

where 7, (1) 1= >4 go_n dy “dy BT [R(am) |, [ R(Bm)| < 2(k iy for all m, then it is easy to see
(cf. Lemma 4 below) that Aa;aﬁ( ) converges absolutely on

k

R(s) > 1= 1 > min(R(e). R(Gn)

m=1

The following Theorem gives the analytic continuation for A, g(s) to a larger half-plane,
provided that

N =5 ) (IR(aw)| + IR(Ba)]) (2.1)

m=1



is not too large. Before stating the theorem we need to introduce (a slight variation of) the
Estermann function, which for o, 8 € C, h € Z and ¢ € N is defined as

Dapls, ) = 37 72200 oy

ns
n>1

for R(s) > 1 — min(R(a), R(B)) and where e(x) := €. The Estermann function can be
continued to a meromorphic function on C satisfying a functional equation (see e.g. [BC13b]).

Lemma 2. Let o, € C, h € Z and ¢ € N with (h,{) = 1. Then
Dap(s, %) = 01707P7¢(s + )C(s + B)

can be extended to an entire function of s. Moreover, one has

Do (s, %) = 01727 B(X+1(S§Oé,5)D—a,—ﬁ(S7%) - X—1(8;04,5)D—a,—5(87—%))7 (2.2)

where h denotes the inverse of h (mod /) and

X1(s; @, 8) 1= 2(2m)* 7 #HHP0(1 — s — a)l'(1 — 5 — ) cos (w(s +a) ;F (s + 5>>.

Fora,Be{zeC||R(2)| < Q(k—l_l)}k we also define

Ma.ap(s) = Z Z (1_[C S :Ié*)F(—af + 1JF|SII|’C'*)>

TUT={1,...k}, {aF 3} {al g} ieT |a;|”” Il
InT=0, |7|>%£2

A HzEI a’“ 1+SI o haj
’IKS_l "‘SIQ +1Z EZzell CYJDB) Z HDO‘JIBJ ] ¢ )7

h (mod ¢) jET

(2.3)

where Z* indicates the the sum is over h which are coprime to ¢, and the second sum
is over a* = (af)iez, B = (B")ier € CYl satisfying the above condition. Also, we put
STax 1= Y _.cr O and

Aa*;z:(F( > (—O‘H%))F( 2 (_O‘H%)))

1€, sign(a;)=1 1€Z,sign(a;)=—1

-1

if neither of the two sums inside the I' functions are empty sums and Agy+z := 0 otherwise.



Remark 1. Equation (2.3) should be interpreted as defining Ma.a.8(s) as a meromorphic
function. Also, the definition of Ma.a.8(s) can be extended to include the case where a; = f;
since the limit for a; — B; exists (cf. the proof of Theorem 1).

The absolute convergence of the series over € in (2.3) for o, B € {z € C | |R(2)| < g7 1)}”C
15 ensured by the convezity bound for the Estermann function,

Das(s. §) <€ 072 (UL + |s| + [a)2 (1 + [s] + [B])2)! 70O 7mn@@RE 0 (2.4)
valid for § >0, R(a),R(P) < 1, [1 —s—a|,|1 —s— ] >, and
—max(R(a), R(B)) —0 < R(s) <1 —min(R(a), R(B)) + 9. (2.5)

Indeed, using (2.4) one has that the series over { converges as long as || > 2 + ““17" +

Ziez(%%(af) —R(B})) — D e min(R(e;), R(B;)). The right hand side is less than 4, so the

only problematic case is when |Z| = 3. This can happen only for k =3 and k = 4, and in the
first case the convergence is clear since there is no Estermann function. Finally, the series
converges also for k =4, |Z| = 3 and |J| = 1 since one can save an extra factor of £1~° using
the convezity bound for Yy Dq (s, %)
Z Da,ﬂ(57 %) <<s,a,,8,5,5 gl—ﬂ“ﬁ(s)—min(?]‘i(oz),9?(,6’))—&-5-1—57
h (mod ¢)

for s satisfying (2.5) and where we used the bound cy(m) < d(€)(m,{) for the Ramanujan

) h
sum co(m) 1= Zaae(Tm)-
We are now ready to state our main theorem.

Theorem 3. Let k > 3, a € Z%,. Then, Aaap(s) admits meromorphic continuation to

R(s) >1— 2751‘;"3, a,Be{seC||R(s) < kl 1)}’C Moreover, if for some € > 0 one has

a,B e {scC[R(s )‘< 2(k— 1)}k andl—%<%( ) < 1———1-2‘1‘13, then
Aa§aﬁ(8) - Ma;a,,@(s)
I k A g (o)
< ((E ?gXIai!) (14 [sD)(1 + max(|S(a)| + [S(5)1) ) ,

for some absolute constant A > 0.

Remark 2. Clearly Theorem 3 provides analytic continuation also for

)= Y Tar 1 (I1]) - - Ty 5, (I724])

. S
a;o,3 |n1|%+s L. |nk|%+s ’ (27)

M yeeny nk€Z¢0,
ainy+-+agng=0
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since Ay 5(S) = D a1yt Aacap(s), where ac = (+1aq, ..., £xa). Moreover, the sum over
e in the “polar term” My, 5(8) == 3 iy Ma.ap(s) for Ag. 5(s) can be executed giving

a;a fl
a neater expression for M, ., 5(s). Indeed, for )., 2 =1 we have

Z - [Ticz (=) (HF - ) Z sin(m %ie?—[ zi)

HCT (Z'LE'H ZZ)F(ZEI\'H ZZ icT HCT
= o (H o) =TT e+ e i)
2| | ‘ (2.8)
=5 (e > Xier# H ['(z;) cos(5z) —e 2 Yier H [(z;) cos(%zﬁ)
i€l €L
Zl_y F(%)
= 272 =
g P(+5*)

xl/292—1p(z
by the identities for the T function (T'(2)['(1—z))~' = Lsin(rz) and cos(%)I(z) = %

2
Thus, since Y .7 (—a; + 1+‘|SZI|’°‘*) =1, it follows that

o 1457 o
™ B Cl—a + 8 T(=% + —7)
a;a,ﬁ(s) - Z Z (H +€Ia F(l—i-a;‘ . 1+sz’a*)>
TUT={1,..k}, {afB)={ei,B:} €T |ag|~ M " T 2 2[7]
INT=0, |Z|>542 VieT (2.9)
izl o B
oMz Z HzGI a;,l i Z H D sz ax @)
TG —1) + szar + 1 eZzezﬂ ) S g, (L= =% ),
mo je

where Deos, o.5(8, %) = %(Daﬁ(s, %) + D, (s, —%)).

3 The proof of Theorem 1

Remark 3. Throughout the rest of the paper, by a bold symbol v we indicate the vector
(v1,...,v,) € Ck. Also, for any set I C {1,...,k} by v; we indicate the vector (v;);er € CHI.
For any c € R, by f(c) -ds we indicate that the integral is taken along the vertical line from
¢ —i00 to ¢+ ioco. Also, we will often abbreviate f(q) - f(cr with fq, o)
Finally, by € we indicate a sufficiently small positive real number, and by A a positive
absolute constant whose value might be different at each occurrence.

We now show how to derive Theorem 1 from Theorem 3.
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Proof of Theorem 1. First, we assume |y, |B;] < 5 and R(s) > 1. Then, by the residue
theorem

C(1 4 a; +wy) (1 + B; + w; 1457 4,
Maasl) = Mo f ¢ SO DA W gy, 4 Dy

TUT={1,...,k}, i€L wit—7 ks

|a;

Ing=0,
‘Z|>ﬁ
1+2w1+a1+,81
St s gl P S o0 - S 0 T
Z|(s—1)+s 1 Yiez 1+2w1+az+ﬂz ;05 |Z| e iy
| |( + Ty * 21 = (mod ¢) j€J i€l
where w7 := (—w})iez, STwf, = — ) ;7 Wi, and the circles are oriented in the positive direc-

tion. Thus, letting a, 3 — 0 we obtain

1 + U)Z) (ahf)%’i 1487 4
Mapo(s) = D H m/ g Plwi + —7 I)>

TUJT={1,...,k}, i€ IZ]

InT=0, \I|>’“+2 (3.1)
H’LGI am 1+SI wI ha; A'LUI7
XZ |IH'216I2“’1 Z <HD°0 B ’TJ)> 1Z|(5 — 1) + 570 +1Hdwz
h (mod €) jET 2

Now, for w # 0 we have

k k
2
=X w2 e ou(Xwp)
w—w; — , ,
m: Sg{l7"'7k}7 /LES Z:1
|S|=m
as wy, ..., w, — 0 and so

11

1 m! ,
IZI(s = 1) + sz, +1 :;)(|z|(s_1)+1)m+l > Jw+o <Z|wi| )

SCT,|S|=m i€S

Also, if |w;| < £ for all i € Z with e small enough, then we have

(TIr+ 2 Aur S TT Dool1 — 2%, 1)
€T hmodﬂ)]ej
:ZfZS le—i_O (Z’wz )

SCT i€S

12



for some fr g € C. It follows that
m!fI,S2 (£>

||

HZEZ a“
Maiap(s Z Z Z Z 1 |I’(3 — 1)) + Lymtt
m=0 51,52 C7Z, TUT={1,....k}, £>1
\S1|:m751052:@zmj 0, |7|>542 (3.2)
5
1 ) 2,,,0i€51US> wl
X HRe ( ) H|a >
wi=0 \|a; wl+\Il (¢/(a;,0))

where d;c5,us, = 1 if 7 € S1 U Sy and d;es,0s, = 0 otherwise. By analytic continuation this
gives an expression for Mg.00(s) for all s € C and so Theorem 1 follows by Theorem 3. [

We conclude the section by computing the value of the constant ¢ x11(a)
First we observe that the terms in this sum with Z = {1,... k} are

- m! 1 a“
mz:o (k(s — 1)+ 1)m+! Z Z Hl fo, 8. (€)

81,82C{1,...k}, £>1
(3.3)

‘Sl|:m, 51052:@

K k
X(H]air%) H (27 log(|a;|¢?/ (¢, a;)? Zlog|ar>
= 1&?5'_1552

(we remark that fgi . xy.s,(¢)/@(€) does not depend on £). Among these, the term with m = k

is

k! A0 {1, k}r % Z H 1 az;
- i = ©(f) (3.4)
(k(s =1) + 1)FL gy =

since fq,.., k}7@:gp(€)F(%)kA0 (1,..k}- Finally,

Rl (GO T RVEI (=)

>1 — :
_ ¢ (k‘ —1)
REARANT T
where
o L+ 22:1(1 - %)pm H;C:l P~ max(0,m—vp(a;))
el pallk 1+ (p—1)/(p* —p) (3.5)

13



with v,(a) = r if p"||a. Thus, the expression in (3.4) can be rewritten as

pla) K Gk = DI(H)*
lay - - akﬁ (k(s = 1) + L)FL (k) (F)I'(L = 7))

where r = {1 < i < k|sign(a;) = 1} (and the above expression has to be interpreted as 0 if
re{0,k}).

We remark that for all ¢ > 1 one has, as expected, p(qay,...,qar) = qp(a,...,ax).
Finally, we observe that if we assume GCD(aq,...,a;) = 1 and let k(a) := lealmak P,
where m,, is the second smallest among v,(a1), ..., v,(ax) (the smallest being 1 by hypothesis),
then we have

((F) plnla)
(k=1) nla)

and so, in particular 1 < p(a) <. |a; - - - ax|®. Indeed, we have

(r(a)) < pla) < d(x(a)) (3.6)

Np 00 k np
S T MU0 | L CLETES BN DI
] m=1 i=1 m=1 m>n,
and so
[e%s) k
(n, +1)(1 14+ 3 (1= Ly [ pmex@m=se) <14 m,(1— 1)+ 1 <n,+1
m=1 =1

which gives

HW@( (@) +)1-1) o
o= = >Spl;£)< J(k(@)) + 1)

and so (3.6) follows.

Remark 4. Also the coefficients cx_1, with1 < r < k can be expressed in terms of the Gamma
and zeta functions. Indeed, by Ramanujan’s formula (1.10) if R(s) > 1, R(s +w) > 1, then

Z Z Doosih/k

>1 " b (mod £) >1" n>1 ¢(w) n>1
()¢5 +w—1)?
CC(w)C(2s Fw—1)

since Y,y "“(”T)L‘S”’(”) = C(S)C(S_C“()zi(:i)lf)(s_“_b) (cf. (1.3.83) in [Tit]) and the same formula holds

for R(s+w) > 2, R(2s+w) > 2, R(w) > 1 by analytic continuation. In particular, assuming

1 d(n)oi_y(n
Z() (n)

nS

14



for simplicity a = (—1,1,...,1) one computes that the contribution of the terms with |Z| =
k—1to (3.1) is

| 2 1-s, F(l_wl_ 11;—51*)7 F(w1+ " 8*) 1
(k:—1)(1_[2—“/'%:Z C(1 4 w) T (w; + 35 )) =5 —1) -5 11

=1
2k—1 k
XC(l_ﬁ k1)§(k’_—+( ) 21_[1dw
k)S* (3]
C(k—1+425)C(k — 2 + 2k

k-1 ‘
where s, = s,(wy,...,wy_1) = Y~ w.. Proceeding as above one can then compute the
coefficients cy_1, for 1 <r <k.

4 The proof of Theorem 2

First, we observe that the contribution to N(B*) coming from the terms where the maximum
max{|z1|,...,|zkl, |y1l,- .. |yk|} Is attained at more than one of the |z;|, |y;| is O (BF27),
Indeed, the contribution of the terms with |z;|, |y;| < |z1]| = |y2| foralli =1,... kis

> 1= > 1< > d(r)B? <. BF it

x5,y <z1=y2<V'B, Vi=1,...k zi,yi <z1=y2<VB, Vi=1,....k r<(la1|+|az|)B,
a171y1++arTryr=0 z1(a1y1+azz2)=a3r3ys+-+apTLy z;,yi<VB, Vi=3,...k
r=a3x3y3+---+arTrYk

and one can bound similarly all the other cases. Thus,

ZN +OaE(Bk—§+a)
where

1
Ni(B) = —#} (z,y) € Z2; , o .
2 { \zy;| < BYj=1,....k, |z, lyp| <zl Vi, de=1,....k, j1 #1

a1y + -+ aprryr = 0, (9517---73%):(yl,---,yk)zl }

= 2" (z,y) € NP x ZE . - o
{( ) 7 |Ily]|<ij:177k’ |yj2|7xj1<xiv]l)]2:17"'7k:7]1%l

a1$1y1+"'+ak$kyk=07 (xlw"axk) = (ylaayk)zl }

Notice that in the first line we divided by 4 since —& = x in P(Q) and we multiplied by 2
since we assumed the maximum among the z;,y; is attained at one of the ;.

By symmetry it is sufficient to consider the case ¢ = 1. Also, we can assume B is a
half-integer. Using Mo6bius inversion formula we find

Ni( _2’flz’“‘dld2 3 1.

dy,d2>1 22T h, Y1 |y lyr ] <z1, TENY€Z40
x |yj\<B/d1d2, Vi=1,...k,
a121y1++akTryr=0

15



Then, we express the inequalities z1|y;| < B/didy and x5 ..., x, |y1|, . . . |yx| < 21 analytically
via the following formula (see Theorem G in [Ing])

1/ i X(o,)(7) + Oé(ﬂle;ﬂ) if z€ Rog\ {1}
21 (5) z 1/2—|—05(T71) ifr=1

where y(o1)(7) is the indicator function of the set [0,1) and [’ indicates that the integral
is truncated at |S(z)] < T. We shall choose the parameter 1 < 7' < B at the end of the
argument. Bounding as above the error coming from the cases where z1/x; = 1, 1/y; = 1

for somei=2,... kor j=1,...,k, we obtain
k /
-y MBS (gn/ )
2 Zitw;
dl,d2>1 d1d2 xl,...,xkEN,gﬂ,...,ykGZ;ﬁo, j=1 (27TZ> (CZJ 7Cw ) y]] ’
a1z1y1++aprryr=0 (41)

k k
H / zk Y(B/dydy) % (H dzjdwj) (H %> 4 E
27T/L j l(zj wj) Zf:2uf j:1 z]w,] f:2 uf

where [” indicates the integral is truncated at |$(us)| < 27 and the lines of integration are
e, =1— Ly 3, Cw; =€ and ¢,, =1 — % + ¢, for some small € > 0. The error term FE is
O..ax(B*13% /T). Indeed, for example, in the most delicate case one needs to bound sums
of the following form (we take a; = --- = a; = 1 for simplicity, but the same proof extends
to the general case):

Z Bk—1+3k6 1
|x1...xkyl...yk|1—%+€T10g’fE1/y2" (42)

T1yesThsY1 5o Yk €L0; T1FY2
z1y1+-+TEyr=0

Now, (log|z/y])™! < moy il |z =yl < |z|/2 (and thus |y| > [z[/2) and (log|z/y]) ™ < 1
otherwise. Thus, this sum is

Bk—1+3ka Bk—1+3ka/T 1

Lpe T + Z

xl7~--,1k7917y27~--yk€Z¢0707é|931*y2|<|zl|/2
T1y1+T2y2+- - +TKYR=0

Ty apapys - -yl TR oy — gl )RS

Now, a simple computation shows that for m # 0

1 _
Z 7%4»5 <<€ m

1
m:m3y3+...+mkyk ":CS e xk‘y:}) e yk‘

ESlIN]
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and so, writing r = x1 — Y2, n = y; + 2 and m = x3ys + - - - + Ty and bounding easily the
case m = 0, we see that the sum in (4.2) is bounded by

Bk—1+3ks Bk—1+3k€

1
Lhke + Z _2 _1 _1 2
r r x1,m,r7$2€Z;ﬁo,n€Z‘ 1’1 k+€‘n_x2’1 k+€‘x2|1 ETE[r||m
T1N—Tor=m,
Ir|<|z1l/2, n#wzs

The terms with |m| > (|z1n| + |z2r])/4 can be bounded easily by using |m| % < \xlnl’% and
disregarding the linear equation. For the terms with |m| < (|zin| + |zar|) /4 we have also

|z1n| < 3|zor| and so, since r < |21]/2, then |n| < 2|zs| and so |n — zs|'~ FTE > |z, R e
Thus, we obtain that the sum in (4.2) is
Bk-1+3ke  pk-1+3ke 1
Shee T Z _z _z 2
T T v man €T s |x1‘1 k+s|x2‘2 FTEr||ml
r1n—xor=m,
m<|zar|, r<|z1|
Then, we write m = € + 219 with £ = —zor (mod [za]), |g] < 2L, 18l < ¢ < bl g

(¢,9) # (0,0), £ + x1g # xor. Dividing according to whether g # 0 and g = 0 we obtain that
the above sum is

Z Bk—1+3ks/T Z Bk—1+3ks/T

< —2 —2 7 T —2 —2 2z
w103 9€Ts0 |y |17 o |2 R ||| g | 1 rraeZ g0 |2y |1 R | 2R ] ) %
lgl<z2r|/|21], 1< <2l gz,
r<lz1] x1|(0—227)#0
< Z Bk—l+3ka/T N Z d(ﬁ _ ZEQT)Bk_1+3kE/T < Bk—l+3l~ca
2 2 2 3 < )
21,520 |21 |2 R | |14 || % (raaetse |zo| 2% 5| r| 2 | 2 T
r<lz, L—x2r#£0
as claimed.

Now, we go back to (4.1) and make the change of variables uy — uy;+zy forall f =2,... k.
Summing the Dirichlet series, we obtain

k 1 / BZ] 1 JA (0)
— 9k-1 az+a zt+w
dug dz dw e
’ (1;[ ug + Zf> <H ﬁ) - O’“’E’“(Bk ),

where Ay, ., .. (0) is as defined in (2.7), c,, = —2,

2
= E (w; +uj),ug, ..., ug)
Jj=2

17



and [ indicates the integral is truncated at | (2 + uy)| < 2T.

Now, we apply Theorem 3 to A% o ..5(0) = As_ o ¢, g (1 — 1), where & := (1 —
£....,1—1). We keep as main term only the summand in (2.9) with Z = {1,..., k}, treating
the other summands as error terms. Thus, we write

* ok kok
Aa 2t z+w( ) Ma ;2o z+w ga 2tonz4w)

where

k * * ZH'O% 1+Zf:1('zr+a:)
ok _ C(1—a; +p;) I'(— + ok )
a;zto,z+w T 14k (zptak) T4z +at 1+Zk ( N

y o r=1FT ) itoy rei (zrtag)
{al 7/8*} {aivwi} i=1 ’a/’L| = al+ k F( 2 2k )

Vi=1,....k
2751 ()1-ai+;

(0),

X Z Hz 1 (ZZ,
L4+ 30, (2 + af — >1 (Ee 0= a*+ﬁ*)

and £37, ., .1 is holomorphic on a region containing

k
Z IR(z + ;i — +%)|+‘§R(Zi+wi_1+%)|)<%7
i=1

where it satisfies

g**

k 14k(n+e)
Ceranrs <kea (1 max(S(ai + ) + S +w))) .

Assuming ¢ is small enough with respect to k, we can bound the contribution coming from
£ by moving the line of integration c., to c,, = 5 — 6ke, obtaining a contribution of

O(BF=1+26ks(T7 B=2t 4 T-1)) form the integrals over the new line of integration and on the
horizontal segments. Thus, we obtain

Ny(B) = N.(B) + N/'(B) + Op. o(B*255(T™ B3 £ 71),

where

1 !/
? /( c H 27i /c Qorr(2,20)
]) Z

J=1 uf) (a1.87) (a1,w1)
{O‘z 76*} {ul7w1}
Vi=2,...k
[T (1 — a7 + 57) Bt <H duf> (H dz]dw]>
k * k
L+ 3zt oy —1)¢(1+ Zj:l zj)? =2 J=1



with

k ol | 1R (ertal
Queirlov) = ([[ L )
a8 ! T . 1+E’::1(2r+a?) 1—z;—ar 1+Z 1 (ZrFai)
i=1 [q;| 7T g M=+ ok )

il I 015
X —— P T OF
21 Hf:z zf(zf +uy) >1 (i

and where Ny (B) is defined in the same way, but with the condition (a7, 8}) = (a1, w;) in
the sum replaced by (af, ;) = (w1, a1). We remark that if ¢ is small enough, Q- g (2, w)
is holomorphic on a region containing

k
Z?R )>2—k+4e¢e R(zp+up) >0Vf=2,...k,

1—ﬁ§§}?(zi+af)<1—%+2k€, R(z)>0Vi=1,... k,

where by Stirling’s formula it satisfies

[T [9(zi + af = 13005 (2 + ag)) 3 Rlertei-
2 Tz [2i(z: + )]

[T (i + af = £508 (2 + ap)) [ MGteite

21| Tl iz + )] |

Now we move c,, to ¢,, = 1— - +6ke passing through the pole at k—1 _Zf:1(2i+04f) —0.

Notice that doing so af — 5 stays constant so we don’t cross the pole of (1 — of + ;). The

contribution of the integrals on the new line of integration and on the horizontal segments is
.. 1 . . . .
trivially Ok,e,a(Bk_Hl%E(B_ﬁ + T71)), whereas the contribution of the residue is

1+Zf:1 (zrtay) )
k

Qa*,,@* (Z, ’UJ) <<a,k,s

<<a,k,a

(4.3)

1 ! " ,
omi (c 27?2 /(6 )> Z Qas (2, w)
w1 J: Cuy (af,87)=(a1,p1)
{a;kvﬁ:}:{u%wl}
Vi=2,...,k
k k—1+wi+Y5_, BF k
B 1T =2 dz;dw;\ dw
(TIca—a;+a) *(HmOHIJ L)
i=1 C(k+w1+2 2 55) s Wy wy
where 2/ = (k—1—ay — Zf:Q(Zi +al), z9,...,2;) and where we used that for 2y =k — 1 —

ay — Zf:g(zi + «f) one has

k

k k k k
Y ozyi=k—1= ai=k—1+wi—Y aj+> (wi+u)=k—1+w+Y f.
j=1 j=1 =2 =2 =2
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Next, we observe that the terms in the sum over a*, 8" for which (o}, 5;) = (wp, up) for
some h € {2,...,k} are O q(BF112k(T B2 + T~1)); indeed one can move ¢, and c¢,,
to ¢y, = —37 + (6k — 2)e and ¢,, = 5 — (6k — 1) and then bound trivially obtaining the
claimed bound. Notice that doing so we don’t pass through any poles, since (1 — ot + 3}) =
1+ R(2w; + Z?:Q u; + w;) stays constant, whereas R(1 — aj + ;) = R(1 — wj, + u}) stays
less than one.

Thus, we only have to consider the term with («, 37) = (u;,w;) for all j = 2,... k and
moving the lines of integration as above for all ¢ = 2,...,k one obtains that it’s enough to
consider the contribution from the residue at w; = 0 for all j = 2,..., k. To summarize, we
arrive to

1 / k 1 / "
NiB) = [ ) (2w BE
() 2m’/ H(zm)?/ | / > Qo g+ (2, w')
=2 (e) (e

(co) i B)=(—w1 =5y ujwn)

-----

k k k Ak
H'—Qg(l_ui)dwl k—1412ke (L 1
X (142w + Y uy) = ||d-d-+05a(B * 5( 1+—>>
N b = u;) C(k+w)?  wy e Ui4z e, Bz T

with w’ = (wy,0,...,0). Next we move the line of integration ¢, to ¢,, = —3- + 6ke passing

through the pole at w; = 0 only, so that bounding trivially the contribution of the new line
1

of integration we obtain N{(B) = Cy1(T)B* ! + Oy . o(B¥1T12*(TB~1% + T71)), where

) k k

' k 1 / " Q'u/ﬂ(z/7 0
CLl(T) = (Jl_[2 (27‘(@)2 /(Czj) /(Cuj) ) WC(l + ZU]) HC(l — Uj)dede

Jj=2 Jj=2

with o' = (= 35 yuj,us, .. w) and 2/ = (k—1—af = S0 ,(zi+wi), 20, z) = (b —1—
Zf:z Ziy 72, - -+, 2) and lines of integration c,, = —2¢, ¢;, = 1 — % + 3e. Notice that (4.3) in
this case gives

[T, IS (2 + w5

b= 1—z0+ -+ 2| [Thy 2i(2i + )]

Qa*,ﬁ* (z/’ 0) <<a,k,e

and thus, using the convexity bound (1 + ZLZ uj) <o (14 |ug + - + ug|)*TV, we obtain
Cra(T) i= Gy + O(T2FE4),

where € is defined as Cy1(T) but where we removed the truncations at |3(z;)| < T and
|S(z; + w;)| < 2T from the integrals. Thus,

Eall

N{(B) = C{,lkal + Ok’€7a<Bk—1+12ks(TB,i n T’%+ ))
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We can treat Ni'(B) in the same way, the only difference being that in this case »_; z; =

k—1—w — Z?:g aj so that we still obtain a non-negligible contribution only from the

*

summand with (o, 57) = (u;, w;) for all i = 2,... k. We arrive to

! k
N{/(B) - 2m / / Z Qa*,ﬁ*(zl,’w/)kalfw“Z?ﬂ g
o ]:2 CZ ) (Cu (o ,87)=(w1 w1—2§=2“j)
(a B )= (uz 0) Vi=2,...,k
C( 1 y =2 ] (HC du]dz]> w1y +Oksa(Bk leke(TB’ﬁ—i—T ))
C(k —wy — Z] —9 uy) e w1y

with 2’ = (k — 1+ w; — Z?:z uj — ZfZQ 2, 22, .., 2,) and w’ = (wy,0,...,0). We move the
k

line of integration c,, to ¢,, = ﬁ — 6ke, passing through a pole at w; = —% j=p uj. The

integral on the new line of integration can be bounded trivially, whereas the contribution of
the residue is

f[z 2mi)2 / / . | Qa g (2, w)

" S uy (k=230 L uy)? (1_[2 1+ “j>dujd2j>

where w’ = (—% 2522 u;,0,...,0). Next, for each j = 3,...,k we move ¢, to c,; = ﬁ — Gke,
passing through the pole of (1 —u;). The contribution on the new line of integration can be

bounded trivially, and we obtain that the above is

=NV, (=) Bheve :
% <]1:[2 %/( ))Qa/”@/(z,w') U2 C(k — %Ug)zde(jl;[Qde)

(CUQ) Cz;

4 Ok,s,a (Bk71+12k5 (TBfi T T71>>

where o' = (—%u2,u2,0,..., 0) and B = (—2u2,0,...,0). Moving ¢, to ¢,, = ﬁ — 6ke

picking up the pole at uy = 0, we then obtain

N{(B) = C1a(T)B* 'og B + Cya(T) B*" + Opea (B2 (TB 3 +T71)),

21



o= (Iam [ )45 (1)
i ! 0,0(%, %Qa@ (2 W)y | :
C3(T) = _<]1;[2 % /(Czj))%yo)@ + 2 Qo,ﬁo(o’w,) T E((lf))) (gdzj)

with z = (k—1— Z] o Zjs 22, -, 2k). By (4.3) and the analogous bound for the logarithmic
derivative of @, g we have

Cl,Q(T) = 01,2 + O<T71)7 01,3(T) = 01,3 + O(Til)v

where O], and Cf ; defined as Cj 5, Cy 3 but without the truncation at [J(z;)] < T in the
integrals. Finally, we write Cf , as (' , = &(a)o;(a), where

Hz 1 az, ) o(f)
DZI C(k)?

and
2—k+zo+--+2p

2— —2—zg——2 k -
o (1] e e
B LAomi Jio ) k—1l— =z P(Ft=zeay LU Pz == 22

2

Summarizing, we proved
N\(B) = B¥Y(&(a)a(a)log T + C} | + C1 ) + Op oo BF125(T B~ % + TTB 38 4 T727%%)),
Thus, Theorem 4 follows by taking T'= B -2 and applying the following Lemma.

Lemma 3. For k > 3 we have o}(a) = o1(a) where o1(a) is as in (1.8).

Proof. We only give a sketch, leaving the problem of justifying the manipulation of certain
conditionally convergent integrals to the interested reader.
First, by symmetry, we observe that

oi(a) = 2% H/ / X(0,1) g i-aixiyi/a1)> ilid:r;@-dyi.

6=(i21 ..... ikl E{il}k 1 =2
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Then, we detect the characteristic function x(,1) using its Mellin transform obtaining

rw= Y (1)) ol 2T o)

(igl, ,ikl E{:tl}k 1 =2

k

K
X XRso ( Z(iiaixiyi/al)> dz | [ duidy;

i=2 =2

with ¢,, = % Then, we use Lemma 8 below with B = 0% obtaining

oi(a) = > H/O/ 2m/ ﬁl%/ >13k21

e=(x21,...,xp)e{£1}k-1 =2

X

G(l — 2 — 2y — e — Zk) (21) Hl 2F(Z@)|a xzyz/a1| (Hd2’> deldyz,

l—2z—2z— =2z (Zgigk zi)I (Elgiék s) Vi

where G(s) is entire with G(0) = 1, 37 indicates the sum is restricted to indexes such that

+; sign(al) = +£1, with 11 := —sign(a;), and the lines of integrations are ¢, = ﬁ and
Cyy = k+1 for i=2,...,kand c;, = ¢, = % Then, we notice that we can take instead
C,, =, = E fori =2,...,k and c,, = ﬁ,c’ﬂ = k—il We take the integral over x; and y;

inside and execute them, obtaining

1 2k
(@) = 2. H 2 2 i >1
™ (c- e (czy) Yy’ (0/21) — 21

e=(dal,..,tpl)e{£1} k-1 =2

X

Gl—z—2——z) [(z) Hf 2 P(zi)|ai/an | le(ﬁ s )
=z =z ==z I 1<1<k )T (Zl<z<k z;) =1 (1—2)?

By the residue theorem the difference of the integrals in z; is equal to minus the residue at
z21=1— 29 —--+— 2z, and so

_ L(z1) H@ 2 '(zi)lai/ar |7 dzi
o1(a) = Z H 217 / 1 — 21 T( H (1 — 2)2

e=(£21,..., Epl)e{E1}r-1 =2 1<z<k Zl) (Zlgigk Zl) i=2

where z; == 1 — 29 — -+ — 2. We take the sum over € inside, and evaluate it using (2.8)
(notice that since the value of 41 is fixed we have to multiply by %) We obtain

F k_ AL
o1(a) = (HL/ ) 2fmi ! T(* > k>HF(5) aifar|™*  dz
ey Y e T | R v

=2

3The Lemma is stated for B large to avoid issues coming with the conditional convergence of the integrals.
To make this rigorous it’s enough to take a larger B, and then later in the argument recompose the sum over
v using (7.22).
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Making the change of variables z; — 1 — z; for all i = 2,... &k we obtain o} (a). O

5 The region of absolute convergence

In this section we prove a bound for Ag.qg(s) in the region of absolute convergence. We
remark that if we were not concerned with the uniformity in &, then an easier argument
would have sufficed.

Lemma 4. Let k > 3, a € Zy and o, 8 € C* with [R(a)|, |R(B)] < 2k: iy for all i =

k. Then Agap(s) converges absolutely on R(s) > 1 — 1 — 2 le min(R(a;), R(G:))-

Moreover, if

R(s)>1— 7+ = =+ > min(R(a), R(5)) (5.1)

i=1

for some € > 0, then Ag.a.p(s) <. (A?) * where the implicit constant depends on ¢ only and
A is an absolute constant.

Proof. Clearly, we can assume s, «;, 3; € R and «; < 5; for all i =1,...,k and that ¢ < %.

Also, it is sufficient to establish the claimed bound for s =1—+ — ¢ ZZ_ o+ £
We have 7, 5(n) < d(n)n™>(=) and so

k
d(m) - din) _ <
FRVEES SIS o = 25
i=1 aini+---+agni=0, 1 k =
max;?:l(n]-):ni

say, where we wrote s; :== s + «;. By hypothesis s —e > 1 — % — ﬁ —¢e>0and so
k—1 k
. dna) - d(s) _ d(ms) -din) _
1 € nsl 5n52 . S — ’I’LSI?EHSQ L. nsk - 1,45
a1n1 £ Fagng=0, 2 k =1 ng,.,ni>1 ¢ 2 k =2
max l(n]) ni max?ZQ(n,r):ne

say. We write

e 1, 1¢ k—1 e
Cr:zl_sr‘{'grE:E+Ezai+—ai_5+€1ﬂE

‘ k

=1,

i#£r
where §r is any real number in the interval (1,2) such that |c.| > & (notice that since
|| < 2(k 7 we also have ¢, > —e +§.7 > —%) Now,

x 1 dw 1 dw
(1= Junst - [ gty [ ot

X1 (7) < B X[0.2)() i (1)(95/) ww+ 1) XI(T)+m (CT)(x/) w(w + 1)
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by the residue theorem, where [ is the set of r € {3,...,k} for which ¢, < 0 and x; is the
characteristic function of the set I. We replace the condition n, < ny for all » = 3,...,k by
this formula and obtain

dng) - d(m) T 1 / ( n, > duw,
Z1o < 2 + = — 7
12 = z:k R TR H ( xi(r) i Jioy \ 202 w,(w, + 1))

g r=3
c ng Ty e d’u}g
:ZQ|J|HC(1+E)2 Z glelr; ‘. 7?2/ <2n2) we(we + 1)’

JCI jeJ na>1

51+52 £
2

since s; > 1+ ¢ for all i € I, and where L := {3,...,k} \ J. (Here and below the exchanges
in the orders of sums and integrals are justified by the absolute convergence). Exchanging
the order of summation and integration and summing the Dirichlet series we obtain

Z12<22‘J|(HC ><HE C(Sz+w£)2>g(51+82—8—2111@)21_[%-

JCI jeJ teL (ce) el teL

The real part of the argument of the last ¢ in the above equation is

€ e|L
sl+32+2(5g—&E>—|L|—52(|L|—|—2)s—|L|—5—2%+ Y o

lel e LU{1,2}
B —|L|—2 2|L|—k+8 |L|+2 k—|L|l—2
AL Zaj pRoE=2
jedJ LeLU{1,2}
by the definition of s, and since {, <2and s=1— 1 — Z o+ ‘f Since |a;| < k D for
all i =1,...,k, then the above expression is
k—|L|l—2 2|L|—k+38 (k—1|L|—2)(|L|+2)
>1 —
T Kk —1)
(k—|L|—2)(k—|L|—3) 2|L|—k+38 m(m—1) k—2m+4
T Wk —1) L s s L

where m := k—2—|L| (sothat 0 < m < k—2). Thus, if m < k/2 then R(s1+so—e—),c; we) >
1+ %5, and the same holds if m > k/2 since in this case we have

m(m—1) k—2m+4 (k —2) 8 1 8 8
>14+ - —e>14+-- - 1+ —
k= 1) 2 €2 +4(k:—1) 5+k6_ +8 5+k5> +ks

for k>3 and € < %. It follows that

2‘J| . R - ’dwﬂ
Z12< ) —e(+ 4E)2<H4(1 + E)2> [Tca+ 5@;)2/(W) Toe(we + 1|

JCI jed ¢eL

1+
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since by our choice we have s, + ¢, = 1+ §¢ > 1 for all £ € L. Finally, since |¢| > 5 and
cp > —% we have

/ |dwy| Qk/ 2/{;/ _ Ark
|we(we + 1) |1+zx s 4ix)| T 12 +iz2 e

and so, since s, > 1+ ¢,7 for all r € I and s+ ¢, > ¢ for all r = 3,..., k, we have
oM/ Ak H 8k Ak
Zia<C14+2)%2y " (2] <kl 1 k=2
1,2_<( +k) JZC;WL|(5> (€)C< + ) < 8

for some fixed A > 0. The same bound clearly holds for Z; ; for all 7,j and so the Lemma
follows. o

6 Proof of Theorem 3

Throughout the rest of the paper, we shall write
Xorae = (4 shmibclal, Yoo = (Lt mix(S(00)] + S (6.1)

Then, we notice that instead of (2.6), it is enough to prove

Aaiap(5) = Masap(s) <c (XskaeYap) ™ (6.2)
for R(s) > 1 — 22,?+156. Indeed, we can apply the Phragmen-Lindel6f principle on the
region 1 — % < R(s) < 1 — 5=+ 422 using (6.2) on the left boundary line and

the bound for A g(s) given in Lemma 4 with a trivial bound for Mg.q g(s) on the line
R(s) =1-1=+ 2‘1‘13 Also, in (2.6) we can take (1 + |s|)” rather than (1 + |s|)* since for
s=o0+1t one has Ag;a,8(5) = Agate grv (o) where t' = (t,...1).

Furthermore, we notice it is sufficient to prove Theorem 3 in the case [a; — 3;| > ¢ for

t=1,...,k. Indeed, assume we have proved Theorem 3 in this restricted case and let
1 dg
Faap(8) == 5— (Aasar(e),8(8) — Maar(e),5(5)) =
2mi Jigr|=ag §

where o/(§) = (o], ...,0a}) == (a1 + & aa,..., ;). Then, Fu.apa(s) defines a holomorphic
function in (s, a, B) in the domain

a1 —B1|< T Jai—Bil> 5, Viz2,[R(ci)|IR(8:)|< 5025 \ﬁ>1}

2n, B~ 10e
ére(s)>1_,37+1

D= {<s,a,5)
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Moreover, by Cauchy’s theorem we have Fy.0.8(5) = Aaia,8(5) — Ma;a,g(s) in the subset of D
with R(s) > 4, since Ag.q g(s) is clearly holomorphic also for ay = 1 when the series defining
it is absolutely convergent and the same holds for Mg.q g(s) since the poles of Mg.qar(¢),3(5)
at ag = [ cancel. Thus, we have obtained the analytic continuation of Ag.a () — Maa,a(5)
on the domain given by D without any condition on |a; — (1| and by the above integral
representation the bound (6.2) holds also in the case |a; — 81| < . Repeating this procedure
for © = 2,...,k one obtains Theorem 3 in the general case. Thus, in the following we will
assume (o, B) € Q, with

Finally, we can and shall assume o := R(s) < 1.
We localize the variables of summation by introducing partitions of unity

ZT P(z/N)=z, Vx>0,

N

such that ZTXflgNSX 1 < log X and with P(x) supported on 1 < z < 2 and satisfying

PU)(z) < j4 for some A > 0. Notice that under these conditions, the Mellin transform of
P(z),

P(s) := / P(z)x* 'dx,
0
is entire and satisfies
Plo +it) < (1 +7+|o)PCll(1+t)™, Vr>0 (6.4)

for some C' > 0. Thus, for s satisfying (5.1) we can write

-----

where
Oa1—p1 (n1> “ 0oy —Bg (nk>
Aa7ﬁ<8) = Z s+aq stag P(nl/Nl) T P(nk/Nk> (65)
aini+--+agpni=0 nl T nk
and, here and in the following, we omit to indicate the dependence on a and Ny,..., Nj to

save notation. The main step in the proof consists in the following lemma which we shall
prove in Section 7.
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Lemma 5. We have

Aap(s) = D > [1¢ = ai+ ) Zra g (5), +Ex(s),

TUT={1,...k}, {a} B }={a;.B;} Vi€Z, i€ (6.6)
INT=0,  (aj.B;)=(e;,B8;) ViET
71> 25

where Zz.o g is as in (7.24) and E\(s) is holomorphic in (s, a, B) € C x . and satisfies

Ak Tk Arle,pt2e
El(s) <c Xs,k,a,eya,ﬂNmaX
k—1 kE_q1__1

Nimix Niax 7 Ny Np)'"h0 ks kg (6.7)
X ( + — + ( ! k) ' + Nmix 2 >
(Ny - Ng)° (Ny - Np,)o "1 Npax

for % <o <1, (a,B) €U, with nes is as in (2.1) and Ny := maxt_| N;.
In Section 8 we shall prove the following lemma.

Lemma 6. We have

Aapls) = > > 116t = i+ 8:) Zra g (5), +Eas),

TUT={1,...k}, {a] B; }={a] 5]} Vi€, i€T (6.8)
INT=0,  (aj.B;)=(c;,B;) ViET
IZ|> k4

where Ey(s) is holomorphic in (s, o, B) € C x Q. and satisfies

Bs(s) <o XM YF (Ny -+ N 0 Nipaw 187 (6.9)

s,k,a,e" a,3

Finally, in Section 9 we complete the proof of Theorem 3 summing over the partitions of
unity and computing the minimum of the two error terms.

7 Proof of Lemma 5

Since both A g(s) and the main term on the right side of (6.6) are symmetric in Ny, ..., Ny
and with respect to the change a <» —a (cf. Remark 9 at the end of Subsection 7.5), we can
and shall assume that Ny is the maximum among the N; and that a; < 0.

7.1 Separating the variables

The condition —ain; = asng + - -+ + apng can be used to eliminate the variable n; in the
definition (6.5) of Aq g(s), by adding the conditions

agng + -+ + agng = 0 (mod |aq]), asng+ -+ + agng >0
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and replacing each occurrences of ny by (asng + - -+ + agng)/|ai|. This poses the problem
of expressing 7,5 (n1) = n;%0a—p(n1) in a more flexible way, which we achieve by the
following modification of Ramanujan’s identity (1.10) which also allows us to remove the
above congruence condition.

Lemma 7. Let a,m € N and v € C. Then we have

Sajn0~(n/a) = 1 szl( )(g a)l_wv<(a,a§)22n) o - %(& a)lﬂv_y((a?g;n)’

where 04y, = 1 if aln and dqn, = 0 otherwise, co(n) = Z*h (mod n)e(%) is the Ramanujan
sum and for any c,, > |R(7)|

= T2 — w M w
vw(x)—/(cw) (L =7 +w)———dw, (7.1)

where G(w) is any even entire function which decays faster than any polynomial in vertical
strips and is such that G(0) =
Proof. We start by observing that for R(s) > 1 we have

Sam Y CZ(Z/G) = %; Cﬁézn) (¢,a)*. (7.2)

>1

Indeed, by the orthogonality of additive characters, the left hand side is

Ly sl z (M i Y o)

g=1 ¢>1 h=1, €>1 (mod af)
h)=1 (he)
1 mh 1 1 1 1
- z; S ()i n X wtm= g X et
>1 d|a, h (mod dZ 21 dla, 0'>1,
(a/d,0)= (h do)= (a,df)=d (a,0)=d

as claimed. By Ramanujan’s identity (1.10), one has that (7.2) gives

Sumn—s(m/a) = C(s)- 32 W g gy &
>1
for R(s) > 1. Now, by the residue theorem for any ¢, > |R(7y)| we have
o,(m/a) = m/a)zo ma%dw— m/a)zo maG(w>dw
omfe) = [ ot P [ ) uma) ]
= [ mEo st S [ ey /o) S
(cw) (cw)



since 04 (m) = m™™7_,_,,(m) and G(—w) = G(w), and so the lemma then follows by (7.3).
[

Remark 5. It will be convenient to take G(w) with a zero which cancels the pole of the
zeta-function in the definition (7.1) of v. Thus we take

w? — (a1 = 1)*&(5 +w)
(=51 &(3)

where £(s) := s(s — 1) ™/2T'(tw)((w) is the Riemann &-function. Notice that G(0) =1 and
that by the functional equation we have Gy, g, (W) = Ga, g, (—w). Also, by Stirling’s formula
we have

Gal,ﬁl (U}) =

Gy (w) < (k/e)2e™ §ISW@I(1 4 |R(w)|) AR -
< (/)21 47 4 [R(w) ) AT HR@D (] 4 []) ™" :

for any r > 0.

Applying this lemma we obtain

Aap(s) = > Koo p(5),

{e7.87 ={a1,81},
(af,B7)=(vi,B;) Vi=2,....k

where the sum is over a* = (af,...,a}), 8" = (67,...,5;) and
. 1 _ co(agng + -+ + ay) 1—a1 48
Koap =10 Y. o mM ) e (Ga) T
ng,...,nEp>1, >1

ni=(agnz2+-+agng)/la1|>0

% Tag,Ba (ng) - - " Tou, B, <nk)P(n1/N1) . P(nk/Nk)Ualf,Bl (L)

(ny---ng)® (¢, a1)?ny

Next, we express P and v using their Mellin transforms so that, after making the change

of variables u; — w; — s for all i € {1,...,k}, we obtain
1 N’lLl—S . N’U,ka
N R D D ==y e
’ +1 l—a1+B1+w
+oasnots-tragng>0 £>1 h (mod £) (27TZ) (Cw,Cuy s-rCu (g/(alag)) 1+h1
o Tz (12) oy ()o@ + - - + axmi) (4, ay)! et (7.5)

(a2n2 4+ 4 aknk)aﬁrmf%ngQ . nlktk|a1|lfa17u1+%

D, D GO¢1 1
X P(uy —8) -+ Plug —s)C(1 — g + B1 + w)%dwdul - dug,
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with lines of integrations
co = Rl — p1)] +2¢, cyy =4k —R(o) + % +e, cu = =cy =5k (7.6)

Next, we separate the variables in the expression (agng + - -+ + aknk)%+a1+“1_% using the
following lemma which we quote from Section 10 of [Bet] in a slightly adapted form.

Lemma 8. Let k > 2 and z1,...2, > 0. Let € = (&4, ,£,1) € {£1}", with £;1 = —1.
Let B € Lo be such that & + 5 < R(v1) < B+ 1. Moreover, let cyy,...,Cp Chyyen. iy >0
be such that

R(v1) + o+ Fcp, <BFL<R(wy) 4+, +-+q,.

Then
(Fowg 3+ £, iUm)vl*lXR>o(i2$2 +3 -0k, 24)

B B! 1 \IIE,B(vl,...,UH)d g
- Z Loy j)r—1 B va—vy oy V27 AUk
Vy! V! (27TZ) (Cv2 _____ Cvm) (c! ol ) l’2 e Z‘H"“ K

V=(1/2,.A.,1/H)€Z';61, Chgreos e
vat-+vy=B,
where” =0 ¥ Ei=-1
F(Sl) ’ F(Sn> G(B +1—51— — s,{)
Vp(one5) = . |
(VA (st ..oy 8)) (Vo (51,.00,80)) B4H1—s1—-- =5,
Vei(sl, R R Z s;
1<i<r,
1=+

and G(s) is any entire function such that G(0) = 1 and G(o + it) < e~ (1 4 |a|)C2lo! for
some fized Cp,Cy > 0. Moreover, writing s; = o; +it; fori1=1,..., Kk, we have

(1 + B+ |01| et |0H|)A(1+B+|01|+'"+|0n\)

1
Ve p(s1,-00580) < o . (7.7)
0" (14 ’tl‘)%*al (14 ‘t,{|)%*an(1 F |ty 4 - A [te])orttost

for some A > 0, provided that the s; are located at a distance greater than 6 > 0 from the
poles of U, p.

Remark 6. Ife = (—1,...,—1), then V. g has to be interpreted as being identically zero.
Remark 7. The function U, g(s1,...,ss) has poles at s; € Z<g and at s;+---+ s, = B+ 1.

Remark 8. As a function G in this case we take G(s) := £(3 + 5)/£(3)-
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We apply Lemma 8 to (7.5) with € := (signay,...,signag), v; = 1 —a; —u; + 5 and
B = 4k, so that by our choice for the lines of integration (7.6), we have R(vy) = 1 + 4k — ¢.
Notice that thanks to (7.7) we don’t have problems of convergence of the integrals. We obtain,

(4k)!
Kap(s) = > o (Ryiap(s) — Ry 5(5))
v= (V2a 7Vk)€Z>() )
Vot = 4k
v;=0if +; = —1

where, after opening the Ramanujan sum and summing over no, ..., ng,
—1l+aitui—3 pur—s
6= 32 3 o | gy P = )
Va, k41 l—ai1+pi1+w
¢>1 h (mod ¢) (27”’) (cw,cul,cUQ,...,cvk) (g/(alag)) e

Ga, 3, (W
X Weap(l — a1 —uy + 5,02, ..., 0p)¢(1 — g + f1 +w) 15}1( )dwdu1

K0 o
a, 1 1 . 5 B
8 H | Z27m‘ Do, g, (i + vy — v3, "95) P(u; — s) N~ duydu
=2 (Cul)
with ¢y,,...,¢,, = %, and where Rfj;a”@(s) is defined in the same way, but with lines of

integrations ¢, = 1/2 +¢ —min(R(a;), R(B;)) for i = 2,..., k. We notice that by our choices
for the lines of integration we have that the sum of the arguments of the function W, 4; in
Ry.a,8(s) has real part 4k + 1 — ¢ and so is less than 4k + 1 as needed for the application of
Lemma 8 (whereas for R,. g(s) one has that such real part is (much) larger than 4k + 1).

Now, R, 5 can be bounded trivially by moving the line of integrations c,, to c,, = % + v
fori=2,...,k, cytoc, =1+[R(ar—p1)|+2¢, and ¢y, to ¢, =1—6k—RN(a;)+ % without
passing through any pole (cf. Remark 7). We obtain that R, 5(s) is bounded by

/ k Ak]\[zém_g''']\flc%erk_o’az"jr%""ak’wr§
! (s <o (E(L+ [s]) TR A /( G0
1 Cw,Cuy,Cug -+ Cup,
X |a1|_1+%(a1+“1_%)|]5(u1 —8)Weap(l — a1y —uy + 9,09, ...,0p)|dwduydvs - - - duy],
T4—0 typ—o —k
< (1 + [S(an) ) X2 Ny N < (1 [9(0) ) X e Ny
Skaleﬁk—1+%|§R(a1+ﬁl)|—%+U (Ny - - .Nk)o—f

by (6.4) and (7.7) with X, ;4. as in (6.1), and where for the last bound we used that N is
the largest of the N; and vy + - - - 4+ 1, = 4k. Thus, summarizing this section we proved

(4k)!
Aap(s) = Z Z mRy;a*,ﬁ*(S> + Ej3(s),
{el.fi}={e1,01}, v=(vs,..) €284, ' W (7.8)
(azﬁ;):(aiﬁi) Vi#l Vot =4k,
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where Ej3(s) satisfies

By(s) < YO XA NTF(Ny - Ny)2 0 (7.9)

s,k,a,e

with Y, g as in (6.1).

7.2 Picking up the poles of the Estermann functions

Next, after moving ¢,, and ¢, to ensure the convergence of the sum over ¢, we move the line of
integration c,, to c,, = — max(R(a;), R(3;)) — 27 + v; for each i = 2,...,k , passing through
the poles (cf. Lemma 2) of the Estermann functions. We obtain:

RV;a,,B(S) = Z Z H C(l — o+ 61')513#06*”3* (S)7

TUT={2,..k}, {at,Bry={ar,B;} Viel, i€l (7.10)
INJ=0  (aF.87)=(a;,8;) YjeJu{1}

where after changing the order of sums and integrals (as can by done by the absolute conver-
gence of the sum and integrals)

1
S[;l,;a,@(s) = (— / \116’41?(1 — 1 — Uy + %,Ug, e ,Uk)C(l — -+ 51 + w)

N+l
27‘”) * (CwsCuy ,Cug 5oy, )
G, ~ = —a—vitvi—
x —ewbi) (w)P(ul — S)N{“_Sdul(n P(1 — o — v + vy — )N} vt de,-)
w 1€l
" 1 . - (7.11)
% —l+ai+tui—3 vo—v2 || Vk_Uk< _/ Plu: — N:U‘J 3)
a Hoat= ot (Tl | Pl =N,
jeJ Uy
(¢, a1)* Hielu{l}(ai? 0y eth * ha;
X2 rmamiema 00 D 1] Days, (wy + v — vy, ) dujdv
L h (mod ¢) jeJ
and the lines of integrations can be taken to be
Coy = 1+ = Cy, = 71, cy; = —max(R(a;), R(B;)) — 27 +v; Vj € J,
k
e = 2+ max (0,14 7] = 1] + Y [ = Bl ) (7.12)
i=1

Cuy = —4k — R(ay) + % + €.

Notice that with this choice the sum over ¢ converges absolutely by the convexity bound (2.4)
for the Estermann function.
We will treat S;.,.q.p differently depending on whether |I| < |J| or |I] > |J].
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7.3 The case |I| < |J]

If |I| < |J| (or, equivalently, |J| > %51), then we use the following lemma, whose proof we
postpone until the end of this subsectlon

Lemma 9. Let a € 2%, and v, € C*. Let & be the meromorphic function defined by

Z HD% ’h%'

h (mod ¢) j=1

Then
S(z) =6"(2) + 6™ (»)

where &*(z) is holomorphic on R(z) < —maxf ; max(R(y;), R(J;)) and S (2) =0 if k =1
and otherwise &*(z) is holomorphic on R(z) < £ — = — L3 max(R(v;), R(&;)). Further-
more, if |[R(v;)|, [R(6)] < 5 and

R(2) € —— —max(R(%), R(6)) Vi=1,...,5  u>1+r—26R(z Z@%%—l—é e,

3K

then

A 4K K
SIS ol () (1 ARGDHE T+ bl + 18]+ 1822,

£>1 =1

(7.13)
Moreover, if |R(v:)], |R(;)| < ﬁ and
1 e 1¢ -
R(z) < o izlmax(ﬂ?(%), R(d:)), R(u) > 24 Kk — 2:R(2) — ]Zl R(y; +0;) + ¢,

then

., ** Ali 4K s K B .
S e < (28] (0 ARG+ bl 4161+ SR, (71a)

>1 i=1

We apply this Lemma with £ = |J|, splitting Sr.,.a,8(s) into
SIQV;O‘ﬂ(S) = S}k;l/;aﬂ(‘s) + }k;*l/;cx,ﬁ(s)
in the way suggested by the notation, with S** = 0 if |J| = 1. For S* we use (7.13) with

z =0, v = Qj +uj 4+ vy — vy, 0; = B +u; +v; — v
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(since Do g(w, %) = Do, g+w(0, %)). We move the line of integration ¢, to
k
co =26+ |J| = 1]+ |R(a
i=1

keeping the other ones as in (7.12). Notice that we stay in the region of holomorphicity of &*
and that we can apply (7.13) since —max(R(v;), R(d;)) = § > whereas, using the trivial
bound (aj,¢) < |a;|, the condition on u in the Lemma becomes

3\J\

Rw)+ > RA—ai+6)) =1+ [ = > RQu;+2v; — 2 + o + B)) + ¢

ieru{1} jeJ

which is verified with our choice of lines of integration. Thus, we have that (7.13) gives

ST <L (g) |a2|2+y2”'|ak|2+yk/ ‘\Ije,lﬂﬁ?(% — Q1 —u1+%,v2,...,vk)|
(C'Lu Cuq;Cug Cvk)

.....

% |Gy g, (W) Py — $)NM~*|dwdu | ( [T1P0 - = v 40— S)Nil_ai_”i+”i_5}|dvi\>

el

(o1 +u N2 X3
’a | I+R(1tui+75 H/ ] ‘(1+‘Oéj|+‘ﬁj|+|Uj—Vj+Uj|>2+ k |dujdvj"
JjEeJ

Using (6.4) (with r = 5 and r = 5k), (7.4) (with » = 5k) and (7.7), we obtain

_ 1 _ .
S* <<€ ( maX |(IZ|>Ak(N1 . Nk)—a'Nl 4k+2(|‘]| ‘I|)+77aﬁ+25<HNJ"/J> HNil-H/i
jeJ el
/ (14 |ar +ur — 2" =2 (1 + |5+ wr ) [T, (14 |5 4+ v 4+ o) 75
(o) (L4 [w])3E (L + [va])77F -+ (14 o) 27 (14 Jan +ur — 2]+ [va] + -+ + [vg])4h-1

14 || + 18] + [u; — v; 4+ v;])?
XH( —|—|OLJ|+|53|+|U’] V3+UJ|) ‘d’l}gdvkdw‘ H ‘duj‘

115
iy (1+|s +u;) Jero
— 1 — .
<. XsAzfasY (N1 NY) N, 4k+%(|J] u|)+na,ﬁ+25(HN;]> HNz‘lMa
=2 i€l

where 74,8 is as in (2.1) and we used

k
%Zp}%( — 6| —me Zmax R(B)) < 2nap-
i=1

el J€J
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Now, since |J| = k — 1 — |I|, the above bound implies

N 2 +77a,,6+2€ N vj N 1+v; NT+na’ﬁ+2€
St XAk yTh L — — SXAE YR
e Ak “ﬁ(Nl - Ni)o (H(Nl) )H(M) e Ashae @B (N - Ny’

since o + -+ v, =4k and N; < Ny foralli =2,... k.
If |I] < |J| we can bound S** in the same way, using (7.14) instead of (7.13), with the
difference that now we move the line of integrations to

1 ) E
cu].:uj+’ E |J‘Zmax R(B.)), VjeJ, Cop =+ = Cy, = T,

(7.15)
Cw = —1+|J| — |I|+Z‘§R(aj+ﬁj)|+357 Cup = _4k_§R(051)+67w+6'
i=1

(Notice that, with respect to the case of S*, we have essentially moved c,; to the right by ﬁ,
¢y to the left by 1 and thus ¢,, to the right by %) Thus, we obtain

E*Hﬂ]a gt2e vj 1+,
N; ’ N\ N; i a
S < X aeyg’f—<||(—ﬂ> )(||<—) )”N.".
bae @B (N N7 \ ANy LI\ W, 11

Also, we have

since |I| = k — 1 —|J|, and the maximum value of the expression on the right is obtained for
|J| = k — 1 since Nf > Ny --- N. Thus,

1— ﬁmmﬁws(

S <. XAk Ny Nk)ﬁ*ﬂ

s,k,a,e

Y7kﬁN2

If |I| = |J], then we cannot move the line of integration ¢, as in (7.15) without passing
through the pole at w = 0. Thus, we move ¢, to ¢, = Zle |R(a; + B;)| + 2¢ and leave the
other lines of integrations as in (7.15). Bounding trivially we obtain

g <<6XskaeYaBNnaﬁ o+2sH( ) HNl UHNT o'

=2 el jedJ

Now we have \JI —o0 < 0for o > 3 (we can take |.J| > 1 since otherwise 5** = 0) and N; > N;

for all 1 = 2, . kandsofor%gaglwehave
o N8 —0+26+|1|(1-0) Th N T T R et
S < XskasYaﬂN - Xskaay BN
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since in this case |I| = “5=. Thus, summarizing, in this subsection we proved that if |J| > |I|
and 3 <o <1, then

k+1

k+1 k 1
_ /N2 -+ N2(Ny--- Np)r—1 Etlo_g
Stiap(s) Ko XA, YR N Hent? ( L (Nll-(--zgvk)o QLRI 30 )). (7.16)

We conclude the subsection with the proof of Lemma 9.

Proof of Lemma 9. First, we write (; = {/(a;,() and a}; = a;/(a;,{), so that

Z HD'YJv Z’ Z

h (mod ¢) j=1

We apply the functional equation (2.2) to each of the Estermann functions, obtaining

1-2:— ha';
S(z) = Z e Xny %7559, Z Dy, -5, (1 ZanJTjj)’

n=(m1,...,nx) E{£1}" h (mod £)

where hTa;. is the inverse of ha; (mod ¢;). Now we assume R(z) < —max?_; max(R(v;), R(d;))
and we expand the Estermann functions into their Dirichlet series and execute the sum over

h. We obtain

S(2)= Y 4T, (27, 6))

ne{£1}r
T_ m T s (M _
x> = 11 Tt l) G, s T, )
mi,.. K
1—2z—my;—4,; T—ry,—6 (ml) Ty~ (m,.i)
DT (58 Y, 2 P ,mf_z ce(p)
ne{£1}» mi,...My 1 K
where
al ) all a/ PR a/
p = nl(al,ﬁ)ml% 4+ 4 nﬁ(amé)mlﬁ
1 K

Then we divide &(z) into &(z) = &*(z) + &**(z) according to whether p # 0 or p = 0 (notice
that **(z) = 0 if kK = 1). For the terms with p = 0, we observe that by Lemma 4 we have

4K
Tem —si(my) oo Ty s (M Ak
§ : 1, 51( 1)z I/m 5n( )<<€( )
ceem? €

M1y >1 m
p=0
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for

Thus from Stirling’s formula in the crude form
T(R(2) + it) < ¢ 1+ ARG))PONL + [S(2) )@ 7273800 R(z) > ¢ >0,

and since (; < £, for S(v;), 3(6;) < 1 and |R(,)|, |R(6;)| < 5 we have

A 4K
& (2) <. €ﬁ+1zn%(z)ZjeJ%(vj+6j)(_“) Z X (2575 67))

ne{£1}~
K

4k
<. €n+12n§R(z)Zjejﬂ%('ijr&j)(AH) (1 _i_A‘?}fe(z)’)Qnm(zﬂ H(l + |%(2)|)172§}E(Z)7§R('}’]’+6‘j)
9

Jj=1

and (7.14) follows.
In order to prove (7.13) it is sufficient to show that for all fixed ¢ > 0 we have

Z Ty —sy (M) -+ Ty 5. (M) co(p)| < lay - - an|(AKJ/€>4H (7.17)

1=z 1-2
mM1,...,Mg my my
p#0
for $(2) < —5- — max;(max(y;,9;)) v’ > 1+ . Moreover, we observe that we can assume
2,7, 0; are real and we can also assume z = —z= — max;(max(7;, 6;)).

Since [co(p)| < Doy d K< (p,£)'FF, we have

Jee 3 Tnehlm) i) 5 (G

-z pl-z u
My, Mg my m >1,
p#0
(Notice that p depends on ¢.) Now, we write
ay---agd; ap - - Qud,y
D= mdimy ——— 4 - nedym —————
pi=may 1a1d1_._dn+ + Nk Vads .

for d; = (a;,?), so that

14e N\ 14¢
ShEe Y Y MR e T oaw)

2217 d1|a1 77777 dn|ara7 év dl‘al ~~~~~ dnlany
p#0 o' #0 d;|¢, (L,a;/d;)=1 p'#0
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where 04(n) := 3, d* since for all ¢ € N, u > 1 we have

(£> C)H_E 1+4+¢ 1 1—u+te 1
DT AT Y E <) Y d T < o s(€),
dlc

>1 dje, djc
(c/d,0)=1

Thus, foru>1+¢

1 Tf’}/lv*él (ml) e 7-771@,*5!@ (mﬁ) /
I 2 2 )
dl\a1,...,dn\am mi,...,mx>1 1 r
p'#0
We divide the sum into a sum of k£ sums, according to which of the m; is the largest. For the
contribution where m; > max/ ,(m;) we observe that, for z; := 1 — z — max(y;,d;) > 1 we

have

(7.18)

Z d(p’)T_717_51 (ml) < Z d(pl)d(ml)

1—z 21
m m
mi1>maxf ,(m;), 1 mi>max_,(m;), 1
©'#0 p'#0

1 1

d(p')*\ 2 d(mi)*\ 2

<( X - > )

my . my
mi>max_,(m;), mi>maxy_,(m;),
p'#0 p'#0

by the Cauchy-Schwarz inequality. Then, since |p'| < kmylay - - - a,| we have that the above
sum 1s

< (Irar---ad 3 %)2)( > d%)z); < frmar -+ a2 Z_: d(mn?lh)

p'E€L 1o

< |:‘im16L1 cee a,{|%(z1 — 1)_4

since z; <2 and ) -, d(n—gf = CC((Q:S);. Thus, (7.18) can be bounded by

2 k

T lay - - a)| H(_Z — max(;, 6;))*

and so (7.17) follows. O

7 L.

7.4 The case |I| > |J]

Here we treat Sr.,.a.8(s), which was defined in (7.11), in the case |I| > |J|. First, we move
the lines of integration ¢, and ¢,, in (7.11) to

Cw = 2 + [R(on — 1), Cuy = —4k —R(a1) + % +¢
Cop =+ = Cy, = %, cy; = —max(R(a;), R(B;)) — 25 +v; Vj € J.
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Bounding as before (in this case one could also simply use the convexity bound for the
Estermann functions) one obtains

Vi vi—1
7k Ar—1t+Na,pt+2e 1—0 Nl Nj
Stunmals) < X0 YINT v (T (5 ) )T

L\ :
i€l jeJ
In particular, if v; > 0 for some j € J, then the above bound implies

SI;V;a,B( ) XAk Y N_Q—H?a B+2€(N1 Nk)lig

s,k,a,e" a,3

For the terms with v; = 0 for all j € J, we take j* € J and move the lines of integrations
Cuy and ¢, to the left and to the right by 1 respectively, picking up the residue from the
simple pole of ¥ 4 at v;- = 0. In the contribution coming from the integrals of the new lines
of integration we move c¢,, to the right by 1 (as we can now do without passing through other
poles of W, 44) so that bounding trivially we obtain a contribution which is

K XR L YN 2+"°‘ﬁ+25(N1-~~Nk)1"(H<—"> )N I~

i€l jeJ

< XM YINTEeE T (N LN
We repeat this for all j € J obtaining

o (Np-- Nyt
Stwiap(8) = Truap(s) + O( 5, k a eY N2 en 2

1

(7.19)

where T7.,.0.8(5) is obtained by Sr..a.8(s) by taking the residue in at v; = 0 for all j € J,

that is
1 P(uy — s)N1—*

T Vi A N1 ( > ! w

s ﬁ( ) (27”)k+1 /(Cw70u1) H /(Cu-) Il,f(vll) |a1|1—a1—u1+5

iel
" GB+ay+u — % - Zie[ v;) Z Hieh(aiv E)lfaﬁﬁi Gay s, (W)
B+or+ur—5 =3 v (rien =B (g g )—e w

du1
0>1

X (1 —aq+ p1+w) < H P(l —; — v+ U — s)Nil_O"'_”#”i_s\ai ”i_”idvi> dw

el
’LL —S$ h(lj
: Z H/ i Doy g (ug, 7*)duy.
(mod ¢) j€J
with [; ;== T U {1}, vy := (Ui)ieha where we put v := 1 —a; —u; + % and

I n L(vi)

Uy (o) = i€l ~ \ 7 VE () : v

) e TV ) e 2 (7.20)
+;1=+1
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Notice that in the integral defining 77.,. g(s) we have a fast decaying function for each of the
variables of integration and so we don’t have to worry anymore about the convergence of the
integrals.

Next, we move the line of integrations to

k
cy, = 1 —max(ay, B;) — ¢ Vj € J, Cw:—’[|+2|aj_ﬁj|+2€
i=1

moving also ¢,, so that we still have ¢,, = —4k — (o) + % + <. We pass through a simple
pole at w = 0 only, since the pole of (1 — a; + 81 + w) is canceled by the zero of G, s, (w)
(cf. Remark 5). Notice that on the new line of integrations the convexity bound (2.4) gives

ha; 1 1 ai—B.; £
Do, (g, ) << (/) (€luz| + la )2 (fuy| + 1 8])7)Feo= B+
which suffices for the convergence of the sum over ¢. Thus the integral on the new lines of
integrations gives a contribution bounded by

XAk Y7k N1_|]‘+naﬁ+26(Nl ... Nk)l_g_

S7k7a7€ a7B

Thus, since |I| > |J| with |I| + |J| = k — 1 > 2 implies |I| > 2, then by (7.19) we have

s,k,a,e

Stuiap(s) = Yiwas(s) + O( Xl YI5(Ny - NI TON 2020 2) - (7.01)

where Y7.,.a.8(s) is the contribution from the residue at w = 0.

Now, we move the line of integration ¢,, to ¢,;, = 1 —#(ay) + 7 and we make the change
of variables v; = v; + v; for all + € I moving the lines of integration c,, so that we still have
¢y, = ¢ foralli € I. Since B =} .., v; (as we only have to consider the terms with v; = 0
for all j € JU{1}) we have that the only factor depending on v is the function ¥}, (v; +v),
where v = (0,13, ...,v,). Thus, summing over v we are left with

(4h)
Z VQ'—Vk' Il,e(vi +v)
u:(Vz,---,Vk)EZ?ol’

=4k,
ul-:olﬁlv :jflir ielJ - Hig[l_ F(”i) Higr F<Ui + Vi)

(4k)!
- T(Vi(vn)) 2 [Licrr i T e (vi + 1))

V1=(Vi)i61fr ,Vi€L>0,
Zie[f vi=4k

where I := {i € I | £;1 = £1}. The identity B(s; + 1, s5) + B(s1, 82 + 1) = B(sy, 5) for the
Beta function B(sy, so) := ['(s1)[(s2)T(s1 + s2) 7! generalizes to

rl I(sy+71) - T'(s +7m I'(sy)---T'(s,,
3 ( ) I( ) T(s1) - T(sm)

il T(r+ s+ -+ sm) C(sy+ -+ 8m) (7.22)

(T17"'77‘m)€Z72n()7
rit-+rm=r
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for m,r > 1, s1,...,8, € C, and so we have

4k i r U;
O LT Y R 1SS )
VQ! Vg F(‘/I ‘6(’0[1))1_‘(‘/[ 'e(vfl))
V:(VQV"»V/C)GZI;Bla L b
Vot =4k,
vi=0if £, =—-1lorieJ

Thus, after the change of variables u; — u; +sforall j€e JU{l}and 1 — o —v; —s =
for i € I, we obtain

Z ﬂyﬁ/aﬁ( )=C(1 =01+ 51)Zn.ap(5)

V:(Vg,...,uk)EZk ! VQ' Yk ' (723)

>0
Vot =4k,
Vi:Oif:I:i:—lorzeJ

k+1

where for any set Z with |Z| > we define

Zrapls) = ﬁ /( W(f[ﬁ(ui);vgi>qu,e(vg)(n|al.|1+ai+ui+s)G(11_—ZZiehf)£)

et el Vi
HZGZ a/»“ 1“1‘51
X Z (X icr(1- aﬂrﬂz Z H <Da7 8w + 8, =" )>du1 - duy,)
>1 h (mod €) jE€T
(7.24)
where v = (v})ier = (1 — ; —u; — 8)iez, J :={1,...,k} \Z and where we can take the lines
of integrations to be
cy, =1 —max(a;,B85) —o— ¢ VjeJ, cy=1-a—0—7 Viel
Notice that for any i € Z if we move Cyr 10— — 0+ we obtain the bound
Zrap(s) < XA VES(Ny - - Ny TN, el ™, (7.25)

Also, for all j* € J (notice we can assume k > 4 since for £k = 3 we have |Z| > 2 and so

J = 0) we have

Z10(5) € X{a Y& p(N1 - N 7o (NG 70 (7.26)
as can be seen by moving the lines of integrations to

o, =1 —max(a;,3;) —o— 1 VjeJ\{j'}, Co,=1—a; —0—

1
Cupe = —0 — % — max(ay«, Bj+) + Na g-

+1 Viel,

I =
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(Notice that since |Z| > [%], with this choice the sum over /¢ is absolutely convergent by the
convexity bound (2.4).)
To summarize, by (7.21) and (7.23) in this section we proved that for |I| > |J|

(4R _
———S1ap(8) = (1 — a1+ 1) Z1,0,8(8) + Eu(s
> o Stesls) = o) B

where F,(s) satisfies

E4(5) < XAk Y7k (Nl . Nk)1_0N1_2+na’B+2€

s,k,a.e" a,3

and Zr,.4 g(s) satisfies (7.25) and (7.26).

7.5 Conclusion of the proof of Lemma 5
By (7.8), (7.9), (7.10), (7.16) and (7.27)
Aap(s)= Y > T1¢(t = i+ B:) Zra 5 (5), + Es(s),
TUT={1,..k}, {a} B ={a’ .8} Vi€T, i€L (7.28)

INg=0,  (a}.B;)=(;,B;) VieT
1€z, |7]>548L

where Ej5(s) is an entire function of s satisfying
k=1 E_q__1_
N1 2 + le k—1
(N1 Ni)o (Nl---Nk)"_ﬁ

(Ny -+ Np)mx—e kol ket
N,z
+ N + N

Ak 7k Ar"a,8+2€
E5(S) < Xs,k,a,EYa,ﬁNl ?

for £ <o < 1. Thus, to obtain (6.6) and (6.7) we just need to extend the sum over Z in (7.28)
to include also the sets Z which do not contain 1 at a cost of an eligible error given by the
bound (7.26) with j* = 1. Finally, we conclude by observing that the analyticity of Fj(s)
for (s,a,B) € C x Q (where Qy is defined in (6.3)) can be immediately verified from the
definition of the various error terms.

Remark 9. Notice that the main term on the right of (7.28) is symmetric in Ny, ..., Ny and,
by the definition (7.20) of Wz ., with respect to a <» —a (i.e. € < —¢).
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8 Proof of Lemma 6

As in the proof of Lemma 5 we assume NV is the maximum among Ny, ..., N,. Writing the
partitions of unity in terms of their Mellin transform, we obtain

Aap(s) :/( )Aa/ﬂr(s’)ls(ul) P(ug) NP - NI duy - - dug, (8.1)

where s :=1+s—0+ 7 — 17/;3 with 7, 5 := 1 Zle min(R(;), R(G;)), o = (—1+a; +ui—
Tto+ U;,ﬁ)ie{l 77777 wand B = (-1+8+uw— ¢ +o+ ngﬁ)ie{l ,,,,, k}- We move the lines of
integration to

Co=1—0—nhg+s Vie{2.. . k), culz—a—n;,@Jr%

so that on the new lines of integration we have |R(af)|, |R(5)| < for i = , k and

(k 1)

1 1<
émwzl—g+§—gggmmw¢»wa»

We cannot apply directly Lemma 4 since we would need also |R(a])], |R(8])| < Q(k—l_l), whereas
we have R(a)) = —1 + R(ay), R(F}) = —1 + R(51). However, we observe that
n " d(ng) - d(n
|Aa,B(S/)| <. Z ‘ 1 s/( 2) = ( k)‘
aini+---+agni=0 n2 o nk
k d(ng) ---d(ng)
< —s! +¢
< (1 (e macfai])™ Z > e
{= 2max] 5 M=y ¢ Ng M

since (maxf_, n;) < ny < k:(maxk o 1) (max]_, |a;|) and where s = 14+ —n,, s+min(R(a;), R(5:))
fori=2,....kand 8| = —n, 5+ min(R(a;),R(B1)). Then, we can proceed exactly as in
the proof of Lemma 4 obtaining

Ak
Aol < il ()

Thus, (8.1) gives

Ak’ 4k _ ’ .
Acap(s) < mlax fay (?) Ny B (N N e XA L VE (N N N "0

s,k,a.e” o,

since k1., 3 < 7a,p and the Lemma follows since by (7.25) and (7.26) the main term on the
right hand side of (6.8) also satisfies the bound (6.9).
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9 The completion of the proof of Theorem 3

We define
B = Y B+ S B

Ny, Ng, Ny, Ng,
B1<B2 B1>B>

with E)(s) and Es(s) as in Lemma 5 and 6, where

Ny Nem FT (NN
max max N Tt TETC ol kil
Bl = pn + 1 + ! i + ngx °
(NlNk) (Nl...Nk)Ufm Niax
By = (Ny -+ Ny # o N-L
Since E(s) and Es(s) are entire for all Ny, -+, N we have that £*(s) is holomorphic in

the half-plane where the above sums converge absolutely (and uniformly in s). Thus, writing
Ny N = NE__with 1 <z <k, we see that £*(s) is holomorphic provided that % <0<,

max

(o, B) € Q) and

Dax min( max (Li(z)), (1 - L o)z — 1)+ Nap+3 <0
where

Li(z) =5 -0z, Lyz)=%t-1-L —(c— L)

Ly(@) = (1—§ —0)r =1, L(x):= "5t - Hlo.

Equivalently, we need

M; := max min(L;(z),(1 —o)z — 1) +nap+3c <0

1<z<k
fori=1,...,4. For 5 <o <1 one has
My=M,=M;=(1-0) -1, M;=max(k—2-ko,—1 —o0).

Thus, we need 1— 2(12a—+§a36) <o <1land (e, B) € . Also, in this strip we have the bound

E*(s) <. XM Y+ (9.1)

s,k,act a,B°

Finally, for any function F'(u) which is analytic and grows at most polynomially on a strip
|R(u)| < c for some ¢ > 0 we have

u)N*du = F(0).
27m/ u=F(0)



Thus, by the definition (7.24) of Zz.o g(s), for

1<i<k

- % +E- %Zmin(?ﬁ(ai), R(3)) < o < 1 — max max(R(as), R(B), (c.B) € % (9.2)

we have

)DEDY > (T1€0 =00+ 6)) Zrae e (s) = Was(s),

Ni,...,N, TUT={1,....k}, {aF 85 }={a’ B} Vi€T, €T
INT=0,  (a5,67)=(aj,6;) VieT
> 541

where We, g(s) is defined as

Wasls) = 3 > w0 —ai + 8kl i)

TUT={1,.. .k}, {af B y={a] B} Vi€, €L
Ing=0,  (a;.85)=(a;,Bj) Vj€T
|Z|> 5L
*+ *
« G(1 = (1 - Z [Lier(ai, " Z HD . ’ﬂ
1_2161(1_05 — 5) (2iez(1= 0‘+6 5 B

h (mod ¢) jE€T

where v7 = (1 — a; — $);ez (notice that the inequality (9.2) ensures the convergence of the
series over ().
We notice that we can assume that
k

1=+ 2—1% min(R(a;), R(B)) < 1 — £ — max max(R(c), R(8;)) (9.3)

- 1<i<k
=1

so that the strip for s in (9.2) is non-empty. Indeed, if (9.3) doesn’t hold then we would have

— Z min( R(B;)) > 1 — e — k max max(R(«;), R(5;))

1<i<k

and 50 21)q. g > 1 — & — kmax;<;<; | max(R(c;), R(3;))| which implies

1<i<k

(2k —1) Z(m(%’ﬂ +[R(B:)]) > (2k — 1)(1 — 2¢) — (2k* — k) max | max(R(as), R(5;))|
>k—1-— 2(k—£1) —e(dk —2)— (k+ )lrgzagc | max(R(a;), R(5:))]

since max<;<x | max(R(a;), R(5;))| < 2(%1 Thus, one also has

k

(2% — 1) S (1R(@)| + [RGB + (k - 1) Z|max R(8))| > k— 1 — gy — e(dk —2)

=1
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and so

k
2ktes + (k+1) Y min(R(e), R(B)) > k — 1 — 55555 — (4k — 2).

i=1

In particular, choosing suitably the values of € in the two statements, Theorem 3 is implied
by Lemma 4 in this case.
Now, by the definition of Aq g(s), if 0 < 1 —max;<;<; max(R(a;), R(5;)) we have

S Aap(s) = Aaas(s),

whence we have Ag.q.8(5) = Wa,p(s) + E*(s) for (s, o, 3) satistying (9.2). Then, we observe
that, since G(0) = 1, one has that Wa,8(s) — Maap(s) is holomorphic for 3 < o < 1 —
maxi<i<r max(N(a;), N(B;)) — ¢ and (e, B) € U (With Mg, (s) defined in (2.3)), and one
easily checks that in this reglon Weap(s ) Ma.ap(s) satisfies the same bound as in (9.1).
Thus, taking

W

E(s) = E*(5) + Wa,p(5) = Ma,a8(5)

we obtain Theorem 3 for

B 2(1—170‘75—36) _ ) . _ £
1= == <o <1 — max max(R(a), R(8)) — £

Finally, by (9.3) one has that for o > 1 — max;<;<; max(f(a;), R(5;)) — £ Theorem 3 is a
consequence of Lemma 4 and so the proof of Theorem 3 is complete.
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