ON THE DISTRIBUTION OF A COTANGENT SUM
SANDRO BETTIN

ABSTRACT. Maier and Rassias computed the moments and proved a distribution re-
sult for the cotangent sum co(a/q) :== —3_,, ., 7 cot(mma/q) on average over 1/2 <
Ao <a/q< Ay <1,as qg— oo. We give a simple argument that recovers their results
(with stronger error terms) and extends them to the full range 1 < a < ¢. Moreover,
we give a density result for ¢y and answer a question posed by Maier and Rassias on

the growth of the moments of cq.

1. INTRODUCTION

In this note, we consider the cotangent sum

q—1
m mwma
CO(a/Q)::_ZECOt( q )7 (C%Q):LQZL

m=1
which is related to the Baez-Duarte-Nyman-Beurling criterion for the Riemann hypoth-
esis (see, for example, [Bag| BC]) and was recently studied in [BC| and [MR]. In [BC],
Conrey and the author proved that ¢y satisfies the reciprocity formula

(1.1) co(a/q) +q/aco(q/a) — (7q)~" = ¥(a/q),

where ¢(z) is an analytic function in C \ R« satisfying several nice properties. In
particular, it satisfies the three term relation ¥(z) = ¢¥(z + 1) + (z + 1) " (z/(z + 1))
and has an asymptotic expansion for z — 0, starting by

(1.2) Y(r) = -2

Ishibashi [Ish] observed that ¢ is also related to the value at s = 0, or s = 1 by the
functional equation, of the (“imaginary part” of the) Estermann function:

(1.3) co(a/q) = 2Dsn(0,a/q) = 2q7"72Dsin(1a a/q),
where for z € R, R(s) > 1,

Dgin(s, ) = Z d(n) sin(27nx)

nS

n=1

with d(n) indicating the divisor function. If x € Q, then Dgy(s, x) can be extended to
an entire function of s satisfying the functional equation

(1.4) Asin(s,a/q) :== F(%)Q(q/ﬂ)stm(S, a/q) = Asn(1 — 5,a/q),

where @ denotes the inverse of a modulo the denominator q.
1
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If x € R\ Q, then Wilton [Wil|] proved that the convergence of the series at s = 1 is
equivalent to the convergence of _ - (—1)"log vy11/v,, where u, /v, denotes the n-th
partial quotient of x. Moreover, de la Breteche and Tenenbaum [dBT] showed that for

¢ Q

Dan(1,2) = Z d(n) sir;(%mac) _ Z %{nx}

n=1 n=1

whenever one of the two series converges, where {x} denotes the fractional part of .
Recently, Maier and Rassias [MR] computed the moments of c¢g(a/q) proving that

1 ko & ’
T Y, el ~ Ha Lol

Ao<a/q<A1

as ¢ — oo, for certain constants Hj and any fixed % < Ag < A; < 1 (or, equivalently,

0 < Ay < A; < i, since ¢g is odd and 1-periodic) and where ¢(q) is Euler’s function.

They also computed the distribution of éco(a /q) and proved that

! 1C a = 0 T T
1w o, f(ae) =) [ rwar
Ao<a/q<Aq

as ¢ — oo for any continuous function of compact support f(x) and where F'(x) is the
continuous (as it is shown in the same paper) function defined by

F(z) := meas({z € [0,1] | 27 *Dgn(1, 2) < z}).
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FIGURE 1. The histogram of 27 2D, (1, z) and the graph of F(z) ob-
tained by sampling Dy, (1, z) (truncated at n < 10°) at 10° points chosen
uniformly in [0, 1].

In this paper we strengthen the results of [MR] and extend them to any 0 < Ay <
A; <1, including the full range Ay =0, 4A; = 1.
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Theorem 1. Let g > 1 and k > 0. Then,
q

L ko k k—1+e 2%
(1.6) 2@ ; co(a/q)" = Hyd* + O.(¢" " (Aklog 9)**),
(a,q)=1

for some absolute constant A > 0 and any € > 0, where

Hom @ty dmbedud

nl...nk

Furthermore, if 0 < Ag < Ay < 1, then we have

1 1
—— Y cla/q)* = (A — Ag)Hig" + O.(¢" 2 (Ak log q)*).
(1.7) #(9) (a,9)=1,
Ao<a/q<Ai

Remark 1. If k is odd, then both Hy and the left hand side of (1.6) are identically

zero.
In the same paper Maier and Rassias ask whether » .2 H’];,tk has positive radius of
convergence. The following Theorem answers their question in the affirmative.

Theorem 2. We have Hy, < A*k! for some A > 0.

The fact that the series >, , Hxt"/k! has a positive radius of convergence guarantees
that the moments Hj univocally determine the distribution function of ¢y. Thus, we
can deduce the following Corollary.

Corollary 1. Let ¢ > 1 and let f(x) be a continuous function with compact support.

Let 0 < Ayg < Ay <1 with A} — Ay > q_%“s for some fized 6 > 0. Then, as ¢ — oo we
have

(A1 — i10)90(61) zq: f(% CO(i)) = (1 +0(1))/Rf(l“)dF(w)-

a=1,

(a,9)=1
Remark 2. Notice that by (1.3) Theorem (1| and @ automatically give the analogous
results for Dgn(1,a/q) (or, equivalently, for the Vasyunin sum V(a,q) = —co(a/q))

when Ay = 0 and Ay =1, as can be seen by making the change of variable a — .

Remark 3. [t is not necessary to compute and bound all the moments of ¢y to prove
Corollary [1. Indeed, one can take the alternative route of computing the distribution
of Dx(1,x), as defined in below, for any fired X > 1 by appealing to Theorem 4
of IDM). From this (together with bounds for the second moments of Dx(1,z) and of
Dgn(1,2) — Dx(1,2)), one can then deduce Corollary[d] by following the same approach
of Section 6 of [DM] .

Using ([1.1)), we can also give an alternative expression for Dy, (1, z) in terms of the
denominators of the partial quotient of x.
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Proposition 1. Let (ag; a1, as, ...) be the continued fraction expansion of x € R. More-
over, let u, /v, be the r-th partial quotient of x. Then

n=1 1

whenever either of the two series is convergent.
If x = {(ag; aq, ..., a,) is a rational number, then the range of summation of the series
on the right is to be interpreted to be 1 < £ < r.

Remark 4. If z € Q then one can write two different continued fraction expansion for

x, but (1.8) holds regardless of the chosen expansion.

Proposition [1}, which constitutes a refinement of the aforementioned result of Wilton,
can be interpreted as an extension of the reciprocity formula (1.1]) to x ¢ Q (see also
Theorem 2 of [BM], where another formula of similar flavor for D, (1, z) is given). We

also remark that Proposition |1]is of independent interest as Dg,(1,a/q) = —g—;V(a, q)
is exactly the sum appearing in the Baez-Duarte criterion for the Riemann hypothesis
(c.f. [BC]).

The exact formula allows us to prove the following corollary which, combined
with and the periodicity modulo 1 of ¢, implies that {(a/q, %co(a/q)) | (a,q) =
1,q > 1} is dense in R?,

Corollary 2. The function F(x) is strictly increasing.

Corollary 3. We have that {(a/q, %co(a/q)) | (a,q) =1,q > 1} is dense in R%.

2. PROOF OF THEOREM [I]

Both in this and in the following section, we will often consider Dy, (1,a/q) rather
than co(a/q). The stated result then follows by (L.3). Moreover, we assume that k is
even, as the result is trivial otherwise.

Let g(x) be a smooth function such that g(z) =1for 0 <z <1, 0 < g(x) <1 for
1 <z <2and g(z) =0 for > 2. The Mellin transform of g satisfies

%) 1 2
g(s) := / g(x)z*tdr = P / g(x)x* ' da
0 1

for R(s) > 0 and thus extends to a meromorphic function on C with only a simple
pole at s = 0 with residue 1. Moreover, by repeated integration by parts one sees that
G(s) < |s|™7 for any j > 0 and R(s) < 1. Thus, by the residue theorem we have

S gl LTI [ 061D 1 45, 0/) X s

n<2X (1)

= Dgun(1,a/q) + / G(8)Dgin(1 + s, %)Xsds

(—1—61)
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for €1 = 0.1 and any X > 1. Bounding trivially the integral on the last line (using the
functional equation (|1.4))), we obtain

DL afa) = 3 gln/2)NIIETLD | 1oz )

n<2X

Assuming X > ¢'*%1 and using Euler’s formula, we can thus express Dgy, (1, a/q)*

a) d(ny, ..., ng)

Dgn(1,a/q)F = (20)7% > e<<”1 +o )= +
(2.1) n1 i€ By a/ T
+ O((Alog X )* X g t2e),
where BY = [—X, X| N Zy,

d(ny,...,mi) = d(jnal) - d(|ngl)g(Ina]/X) - (Il / X)

and A denotes an absolute positive constant that might change from line to line. Thus,
by the Mobius inversion formula and the orthogonahty of additive characters we have

% i Dan(La/a)* Z“W ZDsml a/0)"

(a q) 1

—k p, Z d(nl,...,nk) +O<(A10gX)2kq1+351>'
Ny« Nk X
MN1yeeny nkEB*
ni+-+nEg=0 (mod ¢)
The contribution of the terms with ny + - -+ + ny # 0 is bounded by
Z 14 Z J(nl,...,nk)
lq Q0<Q) n1,..,NEgEBS v, |TL1 o nk|
(2 2) 0#n1+-+n,=0 (mod ¢)
: kl Xed ceed
oy S X)) e g
(¢) [ny - ng
Lq ni,..,nx €8BS+
In1>4/k,

0#ni+-4+n=0 (mod £)

since

n / 2
£/k<n<2X,
n=c (mod ¥¢)
The contribution of the diagonal term ny + - -+ + np = 0 is

y- /0t 1 Q/€ -+ 3 d(ni, .. _ kZ 1 Q/€ O, ((Ak)2qe X —3+9)

Iy - nk|

= - Hy + O.((Ak) ¢ X 72),
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since

d(ny,...,ng) k d(|nal) - - - d(nl)

2 <= X 7
]nlnk| X27¢ | |1+k—1
(2.3) (1) €(Z20) P\ (B ), N,k €lgg |27 Tk
n1+--+nE=0
< (Ak,)2kX §+5’

where we used |ni| > Xz |ny-- -nk|2(’<1—1> if |ngf, ..., |nk|, X < |ni|. Equation (1.6) then

follows upon choosing X = ¢3.
The proof of ([1.7)) is very similar. Indeed, by (1.3) one has

ﬂ.Qk . 1 i
—_— cola/q)” = ——= D(1,a/q
w2, O "o 2 P

Ap<a/q<A1 Ap<a/q<A1

and so by (2.1) we have that this is equal to

(20)7F Z d(ny,...,ng) Z e((nl—i—-“—l-nk)g) +O(<A10gX>Qkalql+251).

(p(q) nl o nk (a,q):l, q
Ap<a/q<Ai

By the Weil bound for incomplete Kloosterman sums (as in Lemma 8 of [DFI]), the
contribution of the terms with n; +--- 4+ n; # 0 is

1 ~

q§+‘5 Z d(nl, - ,nk)<

)

QO((]) n1,...,nE EBE |n1 o nk|
ni+--+ng#0
3tey d
YLy A e og X%,
woela SRR

0#n1+-4+n,=0 (mod ¢)
by (2.2). The contribution of the terms with n; +--- 4+ n; =0 is

-\ —k
(22) Z d(nla X ank) § : 1
Ny - N
MYyeeey TLkEB;X, (a7Q):17
n14-+nE=0 Ao<a/q<Ai

et Y M (g )+ 0 )
n14-+ng=0

7T2k

= (A1 — Ag) Hy + O=((Ak) ¢ X727 + (Alog X)**q 1))
by and since by the Mobiiis inversion formula we have
Z = Zu(d) Z 1= Z'U’(d)((Al - Ao)% +0(1))
(a,9)=1

d|q a=0 (mod d), d|q
Ap<a/q<Ai Ap<a/q<Ai

= (A1 — Ag)p(q) + O(d(q)).
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As before, we take X = ¢ and (1.7) follows.

3. PROOF OF PROPOSITION [I] AND THEOREM

The following lemmas give Proposition [1]in the cases of 2 € Q and = ¢ Q respectively.

Lemma 4. Let (a,q) = 1, ¢ > 0 and let vy, ..., v, be the partial denominators of the
continued fraction expansion a/q = {(ag;as, . ..,a,). Then
Vp—1
Dsm 1,a - e .
(1,a/q) = z U (Lsu(t2))
Proof. Write g = (—1)’"“%. Then, one has the continued fraction expansion b/q =

(0;b1,...,b.) =(0;a,,...,ar). Moreover, the Euclid algorithm for b/q gives

Y =q, Y2 :ba
Yn-1 = bn1Yn + Yns1, n=1,...r+1,

with y,11_¢ = vg, where vy is the ¢-th partial quotient of a/q (as usual we put v_; := 0).
Thus, applying repeatedly the reciprocity formula (1.1) and using that c¢o(1) = 0, we
obtain

m=1 "Ym 1 Im Ym =1
and the Lemma follows by (|1.3) since Dgy(s, ) = —Dgn(s, —). O

Lemma 5. Let x € R\Q and assume x has continued fraction expansion x = (ag; ai, as, . ..)
with partial denominators vy, vy, ve, ... Then

(3.1) Dan(1,a/q) = —%Z

- S (o)

whenever Dgn(1,a/q) is defined. Moreover, writing

(3.2) Dy(1,2) == Z d(n) sin(27mx)’ S(z) = Z logvvnH,

n
n<X n=1 n

we have Dx(1,x) < S(x) and Dgn(1, ) < S(z), uniformly in x € [0,1]\ Q, X > 2.

Proof. For a large positive constant B > 5, let & = v,(logv,)? and let R be the
maximum integer such that {r < X. We can split Dx(1,z) into

sm (2mnx) sm 27mx)
(33) =2 dln D, don

n<én Er<n<X
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The second addend can be treated using the work of de la Breteche and Tenenbaum [dBT].
Indeed, by partial summation, if B is sufficiently large we have

Z d(n sm (2mnx) Z d(n sm 27rmc / sm(27m:r;) it

a2
Er<n<X Er<n<X §R gp<n<t t
1 1
_ O( 0g(VR+1) + )
UR log(vr)

by (11.1) and (11.4) of [dBT]. For the first addend of the right hand side of ({3.3]), we
first observe that

d(n) sin(2rnx d(n)sin(2mn L) log vp) B
- dnnCm) _ g A0y | flog )

n
n<&r n<{gr

VR+1

since |z —ur/vr| < (vrRvry1) . Moreover, we observe that by Mellin’s formula we have
sin(27n2E) ds
Z d(n)TR‘ = Dgn(1,up/vr) + —/ Dgn(1 + s,up/vr)ép— + O((log &r)*/T)
n<ér
= Dgn(1,ur/vgr) + O(vRTi(log vg)? /g + (logvg)?/T)
= Dgn(1,ur/vg) + O((logvg)™"),
where C' denotes the line from s = (=1 — 1ng) —iT to s = (-1 — log ) + T with

T = (logvg)* and where to bound the integral we used the functional equation (1.4)
and a trivial bound.
Finally, by Lemma [4] we have

2

R
Dsm(]- UR/UR _%Z Vp <7T’Ug w(%))
=1

and thus

et =R (o () o )

As X — o0, we have vgp — oo and, by Theorem 4.4 of [dBT], log(vgy1)/vg — 0 if
(and only if) the series defining S(1, x) converges and thus we obtain (3.1)). The second
assertion of the Lemma then follows by (1.2]). O

We need two results from Khinchin’s book on continued fractions [Khi].

Lemma 6. For all z € R\ Q and all n > 1 we have v, > 2"7"
Proof. This is Theorem 12 of [Khi]. O
The following lemma is a minor refinement of Theorem 31 of [Khi].
Lemma 7. Let K > 1. Then for all ¢ > 0, there exists B. > 0 such that
E(K):=meas({z € [0,1] | v,(z) > Ke”" for some r > 1}) <. K~'**.
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Proof. Proceeding as in the proof of Theorem 31 of [Khi|, we see that for all n, B > 1
we have

n—1
2 T (log(KeP))!
E,.(K
meas(E,(K)) < KeB"; 7 ,
where E,(K) := ({z € [0,1] | v,(z) > KeP"}) (this is the first equation on page 68

of [Khi], with g = Ke"). Now, if K < eB" and B is large enough, then

n—1 n—1
2" (log(KeP™))* 2" (2Bn)* n (dne=Byr e Bn/2
E.(K E E - 7
meas(B.(K)) < gz omm o SEmLZdn SKE o oa STK

where we used C*/¢! < C™/n!, valid for 0 < ¢ < n < C, and Stirling’s formula. In the
same way, if K > e®" and B is large enough, then
n(4log K)* (e B/2log K)"

KnleBr Kn!

meas(E,(K)) <

Thus, we have
K) < Z meas(E, (K)) <. K+

and the Lemma follows. 0
Corollary 8. For K > 1, we have

(3.4) meas({z € [0,1] | [S(z)| > K}) = O(e™*¥)

for some 6 > 0.

Proof. By Lemma [ and [7} if = € [0,1] \ E(eX) we have

. Ban+ K
S(%)«Z%«Elﬁ-f(

n=1

and (3.4 follows. O
We can now prove Theorem [2] and Corollary [1}

Proof of Theorem[3 and Corollary [l Expressing the linear constraint in the definition
of Hj as an integral, we see that

. e((my -+ m))d((m]) - (i)

X—00 Jy -

—X<ni,..,np <X,

(35) ny---np#0

:)}]j};oﬁ/ _DXlI‘ _ﬂ-Qk’/DSlnlx
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where the exchange of order of summation and integration is justified by the dominated
convergence theorem, since Dx(1,z) < S(z) by Lemma |5 and, by (3.4)),

1 o0 1 o0
/ S(x)rdr < Z/ xo(z)Lrdr < ZLke_(L_m < AFE),
0 =170 L=1

for some §, A > 0 and where x, is the characteristic function of the set {z | L — 1 <
S(z) < L}. Since we also have Dg,(1,z) < S(x), the above computation also proves
Theorem 2

Finally, by and we have that for any fixed k& € N the k-th moment of
q tcola/q), for a € (Z/qZ)*, Apq < a < Aiq, and the k-th moment of %Dsin(l,x), for
z € [0, 1], are both equal to Hy. Since ), _, H,.t* /k! has positive radius of convergence,
then there exists a unique distribution function with moments Hj and so we obtain
Corollary O

Proof of Corollary[4 By Lemmal7, we can find some absolute constants K, B such that
the set

S('xlal‘??"{) = {I = <O;17"'71axlax27aﬁ+3aaﬁ+47"‘> | 1 S Gy S KGBZ7VE Z /{+3}

has positive measure for any 1, 2o, k € Z~g. Thus, to prove the corollary it is enough
to show that for any z € R, ¢ > 0 there exist integers x1,z9,x > 1 such that z <
Dgn(1,2) < z+ ¢ for all z € S(xq, 29, K).

Now, if x € S then by we have Dgy,(s,2) = A+ B+ C, where

A:_ﬁ’“PUf;L+¢GLQ),

2 ) ™
=1 0 0

9 Kt+2 ¢
-1 1 _
B=-"1% 1) (—W(E))
2 Vg Ty (i
(=r+1
and, by (L.2) and Lemma [6]

=, logw, log K + B/
C —<¢/1
< E — < E 50 < ¢/10,
l=Kk+3 l=Kk+3

provided that k = k. is large enough. Now, from the relation v, = a,v,_1 + v,_2, We
see that v, = 10, + Ve_1 and V0 = To(T10, + V1) + V.. Thus, by (1.2)) we have

B = a,log(x;) — 5 log(ra) +o(1)

"1+ e
1 1
:aﬂ%@g—@ﬂﬁﬁ+qn+o(%§”)

as x1, Ty — oo (and & fixed), for some «,, By, 7. # 0. Now, if we pick

Ty = [exp(ﬁ;lacl(aN log(z1) + A — 2z — 6/2))],
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then B =2 — A+¢/2+ o(1). Thus, if x; is large enough we have
2 < Dgn(l,z) < z+4e¢
and the corollary follows. ([l

Remark 5. We remark that a modification of this proof in the spirit of [Hid] would
have given Corollary[3 directly.
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