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ABSTRACT. We study series L(z, s) := Y, p(n)e*™"* /n® with coefficients p(n) given
by Fourier coefficients of an automorphic form ¢ for a discrete cofinite subgroup I' C
SL(2,R), and z € R.

Let b € RU {0} be a representative of a cusp of G. Ordering the orbit T'b by
increasing denominators, we prove that the values L(x,1/2) for 2 € T'b, suitably nor-
malized, become equidistributed according to a standard complex Gaussian law, under
natural assumptions on the Laplace eigenvalue of ¢. Previously this was known either
when I' = SL(2,Z) or when ¢ is associated to a holomorphic cusp form.

This applies in particular to central values at s = 1/2 of additive twists of Maaf} form
L-functions Y7, -, A(n) €™ /n® or to the Dirichlet-theta series Y o, x(n) €2 /ns.
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1. INTRODUCTION

The present paper is concerned with the statistical distribution, as x varies among
certain subsets of real numbers, of series of the shape

(1.1) L(z) =Y _a(n)e*™™,
n>1
where a(n) is a sequence resulting from a number-theoretic construction. We normalize
the sequence so that a(n) ~ n=/2t°() on average, and we write
p(n)
a(n) = YR
This question arose historically from investigations on equidistribution modulo 1 of var-

ious sequences, and can be traced back at least to works of Fortet [For4(], Kac
and Salem—Zygmund [SZ47]; we refer to the survey and the recent paper [AB10)
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for references. We are interested here in cases where the sequence p(n) arises from an
arithmetic construction related to L-functions.

When p(n) is constant or periodic, the function x — L(x) is a linear combination of
polylogarithms, and its values are distributed along the values of a real-analytic map
on R with countably many points removed. This is the case when p(n) are the coefficients
of a degree-1 L-function (in the sense e.g. of [IK04, Chapter 5]).

A natural next step is to consider coefficients p(n) of a degree 2 L-function, for instance
the Dirichlet convolution p = x1 * x2 of two Dirichlet characters, or the coefficients of the
L-function associated to an automorphic form ¢ for a congruence subgroup of SL(2,Z)
(i.e. a(n) are Fourier coefficients of ¢). The definition of the series then requires
more care; it must be understood as a value obtained by a process of analytic continua-
tion, which involves an interplay between properties of x and of the form ¢. In the two
cases just mentioned, we may define it for all x € Q by means of analytic continuation
to the central point s = 1/2 of the series L(z,s) := > o, p(n)e*™™* /n® an argument
going back to Hecke [Hec36] in the case of classical modular forms; see e.g. [DN26,
Proposition 2.3].

This construction generalizes to forms ¢ which are automorphic with respect to
an arbitrary discrete, cofinite group I' C SL(2,R) with cusps. In this context, the
set C(I') C RU {00} of fixed points of parabolic elements of I" plays the role of rational
numbers. There is also a corresponding notion of denominators denom(x), depending
on a seed cusp, which we will recall in detail below; in particular there are asymptoti-
cally Q? /(7 Vol(T'\H)) elements in Z\I'b with denom(x) < @Q, in each T'-equivalence class
of cusps. The process of analytic continuation of L(x,s) is sensitive to the properties
of € C(T") as a cusp, which prompts the question of how the values L(z) distribute in
the complex plane as = varies.

Problem 1.1. Fiz a form ¢ as above and let (p(n)) be the Fourier coefficients of ¢ at
some cusp. As (Q — oo, prove a central limit theorem for the values

{L(x),z € C(T")/Z,denom(z) < Q}.

This problem has so far been solved in the following cases:

— When ¢ varies among weight 2 holomorphic cusp forms, the map ¢ — Ly(x)
coincides with the modular symbol {oo,x}. This family includes those forms
associated with an elliptic curve over Q, which prompted interest due to its link
with the rank growth problem for elliptic curves, see [MR23], DFKO04]. Petridis—
Risager [PR18] resolved Problem in this case, using a construction of pertur-
bations of Goldfeld—Eisenstein series [Gol99, [Pet02] (see [PR04] for an earlier re-
lated result). A completely different proof was found by the third-named author
and Sun [LS25], using dynamical systems. Finally Nordentoft [Nor2Il] showed
how to solve the problem for holomorphic cusp forms of any even weight. The
methods of [PR18, Nor21] work for even weight cusp forms over any discrete,
cofinite group I' C SL(2,R) with cusps.

— When p(n) = d(n), the number of divisors of n, then the value L(z) coincides
with the central value D(%,z) of the Estermann function [Est30], which Ester-
mann used, in relation with the circle method, to count solutions to the deter-
minant equation. This case corresponds to ¢ being a weight 0 Eisenstein series
for SL(2,Z). The first two named authors proved in [BD22b] that the central
limit theorem of Problem holds true in this case.
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— When p(n) are the coefficients of an L-function attached to a Maafl cusp form
for SL(2,Z), the second-named author and Nordentoft [DN26] showed, again,
that Problem [L1] holds true.

To summarize, the central limit theorem in Problem has been proven in two
different cases:

— The proofs in [PR18, Nor21|] rely on a holomorphicity and cuspidality assump-
tion on the form ¢, with essentially no assumptions on the underlying group I'.
The holomorphicity assumption plays a crucial role in both arguments, see the
discussion in [DN26, Section 1.5], while the assumption of cuspidality is unavoid-
able both for the construction in [PRI§] and for the method of moments used
in [Nor21].

— The proofs in [BD22bl, [DN26] hold for the modular group I' = SL(2,Z), with
essentially no assumptions on the form itself. The assumption I' = SL(2,7Z)
originates from the use of a theorem in [BD22b|] on rational orbits of the Gauss
map, which derives from work of Baladi-Vallée [BV05].

The above results then leave open the cases where the group is not SL(2,7Z) and the
form is either non-holomorphic or non-cuspidal holomorphic. The goal of this paper is
to complete the solution of Problem [I.1]in full generality.

Theorem 1.2. The central limit theorem claimed in Problem holds true in general
for automorphic forms of integer weight and mildly growing Fourier coefficients. More
precisely, let T C SL(2,R) be discrete cofinite, with a singular cusp at oo, and let ¢ # 0
be automorphic for I' of integer weight k, with spectral parameter sy and eigenvalue Ay =
s4(1 — s4). Assume that:

(a) either ¢ is cuspidal, or else Re(sy) = 1/2;

(b) if sg = k/2 (mod 1) then ¢(z) = y*/2f(2) for some holomorphic form f.
Let a(n) be the Fourier coefficients of ¢ at co. Then for some constant o4 > 0 and B4 €
{0,1, 3}, the multiset

L(x)
(1.2) {% N e C(T)/2, denom(x) < Q}

converges as () — oo to a standard complex Gaussian density. We have

(1) By =0 if ¢ is cuspidal,
(it) By =1 if ¢ is not cuspidal an P(2) = O(e®(=1)/2)
(i7i) By = 3 otherwise.
Moreover, when ¢ is cuspidal, the value of o4 is given explicitly in terms of ¢ by the

expression (2.9) below.

By standard complex Gaussian we mean N¢(Id) = X +4Y where X, Y are independent
standard real Gaussian random variables.

Our more general statement is Theorem below in the cuspidal case, and Theo-
rem otherwise.

Remark 1.3. The distinction between the various cases for the parameter j3, is better
explained in terms of the shape of the growth of ¢ at cusps. This growth is characterized
by the behaviour at infinity of maps ¢ of the shape . The case 3, = 0 arises when ¢
vanishes at all cusps. The case 3, = 1 arises when the maps ¢, grow asymptotically
as y'/2, and the case By = 3 arises when some ¢, behaves asymptotically as y/?logy.

Here dy denotes the hyperbolic distance.
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For non-cuspidal ¢ for which A\, < 1/4, we don’t expect a Gaussian limit in general,
however we do expect that our methods could be adapted to prove convergence to a
stable law with stability parameter given by the spectral parameter; see also Remark
below.

The condition (b) excludes, for simplicity, those forms for which sy = k/2+4¢, { € Z 4,
and in the case s, = k/2, restricts the behaviour at cusps (B, = 0 in ([2.4)).

Condition (b) excludes those ¢ obtained from holomorphic forms by weight-raising
and lowering operators, as well as those related to certain non-holomorphic harmonic
Maaf} forms (see [KRY99]). The present arguments apply to these cases with minor ad-
justments; in fact, in many cases, there is a related form with the same coefficients a(n),
n > 1, for which our theorem applies.

The theorem excludes, for simplicity, forms obtained from holomorphic forms by
weight-raising or lowering, as well as non-holomorphic harmonic Maafl forms of weight
one, such as the example of Kudla—Rapoport—Yang, together with their complex conju-
gates and weight-raised or lowered forms.

Remark 1.4. Regarding the existence of cuspidal Maafl forms for non-arithmetic groups,
we refer to the surveys [Sar86, [Sar90] and the computations in [FLO5, [Ave07, [Str19].

Remark 1.5. In Hecke congruence groups, there are about ¢'+°™") parabolic fixed points
with denom(z) = ¢ modulo 1. This raises the question of whether, in Problem [1.1] the
limit law holds on the sets of fixed denominators denom(x) = ¢ as ¢ — oo. The
computations in [MR23], motivated by the case of weight 2 holomorphic forms, in-
dicate that this should be the case, however this is a much more difficult question,
for which neither the dynamical methods used here nor the Goldfeld-Eisenstein series
methods of [PR18, [Nor21] are suitable. The best result in this direction, due to Blomer—
Fouvry-Kowalski-Michel-Mili¢evié-Sawin [BFK™23, Theorem 9.2], is the estimation of
the second moment > ;.o L(x)? for prime ¢. See also [MQ25] [Pas26] for a related
result for general q.

For generic groups, a natural condition could be denom(z) € [q,q + 1), however it
is unlikely that anything relevant can be asked for fixed denom(xz) = ¢. Indeed, based
on numerical computations with the deformations of I'y(5) considered in [FL05], we are
led to believe that for generic I', the multiplicities {z € C(I'),denom(z) = ¢} remain
bounded with respect to ¢, and thus statistical studies for individual values of ¢ are not
meaningful.

=q

Remark 1.6. Using a convexity bound [IK04, Chapter 5.2], it is easy to prove that L(z) =
L*(z) + O(1), where L*(z) :=Y_ -, a(n)e*™™* f(n/denom(z)?) and f is a smooth cut-
off function with f(0) = 1. Thus, our work could equivalently be viewed as providing a
central limit theorem for L*(x).

This raises the following natural question: instead of looking at L(x, s) at the central
point s = %, we could truncate the sum at some parameter () going to infinity,
with = being chosen at random in [0, 1]. This question will be the subject of forthcoming
work [BDLal.

As a particular case of our results, consider ry(n), the number of ways to write n as
sums of two squares, and for x € Q, form the series

2minx

R(s,z) =Y ra(n) e

ns
n>1

This is initially defined on Pe(s) > 1 and has an analytic continuation to C ~ {1}.
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Theorem 1.7. For some o > 0, the multiset
R(1/2
{ (1/2,2) ,x € Q/Z,denom(z) < Q}
ov/1og Qloglog Q)
becomes equidistributed, as () — oo, according to a standard complexr Gaussian distribu-
tionHl

This follows from our more general Theorem below, upon writing ro(n) = 4(1 *
X)(n) with x the non-trivial character mod 4.

Remark 1.8. One may wonder more generally about the values at s = 1/2 of the analytic

continuation of
2mwine

o rop(n)e
Ri(s,0) = = i
n>1

The underlying automorphic form has eigenvalue A\, = £(1 — %) < 1/4 if & > 1.
On the basis of our arguments, we don’t expect a Gaussian law to hold for the val-
ues {Ry(1/2,x)}, however our arguments suggest the convergence towards a stable law

of stability parameter 2/k, e.g. a Cauchy law for k = 2.

Problem is relevant for non-integer weights as well, and our approach generalizes
with little modification. Here we focus in particular on the case of theta series. Given
an integer N > 1, a primitive character y modulo N and x € Q, we define

(1.3) Ly(s,x):= Zx(n)

n>1

;2
e27rzn x

nS

for Re(s) > 1 and by analytic continuation for s € C ~ {1}. In this case, we obtain
a central limit theorem for L, (1/2,z) with variance of order log(), independently of
whether the underlying modular form is cuspidal or not.

Theorem 1.9 (CLT for theta series). Let x be a primitive character mod N and let

Oy = M) phere © is Euler’s totient function. Then the multiset

(Llt/2.0
o /1080

becomes equidistributed, as () — 0o, according to a standard complexr Gaussian distribu-
tion.

,x € Q/Z,denom(x) < Q}

Theorem remains true if the character x is replaced by any non-zero, N-periodic
function f : Z — C, see Remarks and below. In this case, the variance is
0% 7= 55 2o (moa ny [f(0)[*. We refer to [JvHSI] JVHS3, Mar99, [CMI6] for other types
of distributional results for theta sums.

The Gaussian behaviour in Theorem is reminiscent of results and conjectures
on the behaviour of central L-values {L(7,3)} as 7 varies in certain families of auto-
morphic representations [Sel92, Mon73, [KS00, ICFK™05, [RS15]. The driving heuristic
in these questions is the expected asymptotic independence of values {p(p), p prime},
which should translate into a CLT for the logarithm log L(m, ) due to the existence of
the Euler product expansion. It is no surprise that the values , which do not possess
an Euler product, behave in a different way. Our situation is instead more similar to
that of the vertical distribution of the Hurwitz or periodic zeta-function with irrational

2Here denom is the usual denominator.
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parameters. For these no Euler product is available and it is conjectured that they also
satisfy a central limit theorem [HS25].

Remark 1.10. The relationship between the additive twist and GL(2) automorphy is
ultimately due to the shape of unipotent subgroups of SL(2). It is a natural question
to ask what remains of the limit law for sequences related to GL(3) automorphic forms,
starting for example with the third-order divisor function ds(n) = 1 %1 % 1(n). The

additive twists

Z d3 (TL) e27rina:

n>1 \/ﬁ
can be defined in the same way as for the usual divisor function, however contrary to
our case here, they do not seem to enjoy the quantum modularity property on which

our methods rely, which leaves open the question of the existence of a limiting law for
the distribution of their values.
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2. SETTING AND RESULTS

2.1. Automorphic forms. Let I" C SL(2,R) be a discrete, cofinite group with at least
one cusp which, up to conjugation, we can assume to be at infinity and of width 1.
We assume without loss of generality that —Id € I', extending the group if necessary.
Denote by H the Poincaré upper half-plane, and by C'(I') C P*(R) the set of parabolic
fixed points of T', which for brevity we will refer to as cusps of T' (although we do
not identify I'-equivalent points). In the following we let k € Z, except in Section
(where k£ will be half-integral). Let x : [' = C* be a finite-order character, and assume
the compatibility condition x(—Id) = (—=1)*. We form the multiplier

(2.1)

, Iy, 2) i=cz+d . _
uy(2) = jy ()" x(7), where { ~((z) ?_ i(1,2) (v=(5d), z# 7 'o0).
IVE) = TG

To each cusp b € C(I'), we associate its stabilizer I'y in I', and a scaling matric
oy € SL(2,R) satisfying

(2.2) p00 = b, Ty =40 (1) 0, .
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Let ¢ be an automorphic form for I' of weight k& with character y, which means that
¢o:H—C
is a smooth map satisfying the following conditions:
(Hy) For all v € I' and z € H, we have ¢(v2) = uy(2)p(2).
(H,) For all b € C(T), we have ¢(0p2) < y°W for y = Jm(z) > 1.
(H3) The map ¢ is an eigenfunction of the hyperbolic Laplacian
0? 0? > 0

with eigenvalue —\4, where Ay = 5¢>(1 — 5¢) = 1/4 4t with Re(sy) > 1/2
(here s, = 1/2 +ity).
These hypotheses imply the existence of a Fourier expansion at every cusp. Those
cusps b € C(I') for which x(I'y N {tr(y) = 2}) = {1} are called singular or essential
(see [Iwa97, eq. (2.65)] or [Pro03, eq. (8)]). For a singular cusp b, the Fourier expansion
takes the shape

Jou (2) T $(ov2)

(23) = gy(m(2)) + Y as(n) e(nRe(2))Ws yyo s, (40| Im(2)), (b singular)
n#0
where W, is the Whittaker function,
e(z) — e27riz’

and

Apy® + Byy' ¢, (s # 1/2),
(2'4) ¢b(y) = 1/2 1/2 ¢ o

Ay + Bey'/?logy, (sy=1/2).

We remark that ¢p(y) also depends mildly on the choice of the scaling matrix oy, as
changing oy, — —oy sends ¢y (y) — (—1)% ¢y (y).

For non-singular cusps, a similar expansion holds with all terms having a uniform
exponential decay as Jm(z) — oo, see [Pro03] eq. (13)]. Thus, for some ¢ > 0 and all
non-singular cusps b, we have

P(opz) <p €7, (Jm(z) > 1, b non-singular).

We say that ¢ is cuspidal if Ay = By = 0 for all singular b € C(I').
We assume further the following bound on the Fourier coefficients:

(H,) The Fourier coefficients ap(n) in ([2.3)) satisfy

(25) Z ]n|\ab(n)|2 <4 {X (¢ CUSpidaI)’ (X > 1)

Xte  (otherwise),
1<|n|<X
In particular, we have

€ a
(2.6) ap(n) <gz |l and ) || |bl e <o L.
n#0

The hypothesis is automatically satisfied when ¢ is cuspidal by the argument
in [Twa02, Theorem 3.2]. This argument can also be carried out when ¢ is not cuspidal

and Re(sy) = = (ie. Ay > 1/4), using the L? bound fF\H‘EY(z)‘zd,u(z) < Y*© on

2
truncated Eisenstein series in [Iwa02l, egs. (6.35)—(6.36)].
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In the following we assume that either s, # £ (mod 1), or y~*/?¢(z) is holomorphic.
Note also that if ¢ is cuspidal with s, # k/2 (mod 1), then necessarily s; € [1/2,1) U
(3 +4R) [DFI02, p. 508].

In the rest of the paper, the form ¢ is fixed, and apart from Section |10, we assume
everywhere that either ¢ is cuspidal, or Re(s,) = % Our main focus is on the Fourier
coefficients at co: we assume that x((j1)) = 1, so that oo is a singular cusp, and we
denote

a(n) = ax(n).

2.2. Additive twists. Given ¢ as above, we define for all z € C(I") \ {oo} the follow-
ing L—seriesﬁ:

(2.7) L(¢,s,x) Za ynt/2s.

n>1

By [DN26l Section 5], this function of s, initially defined for PRe(s) > 1, extends to a
meromorphic function on C which is regular at s = 1/2.
We define

Ly(z) = L(6,1/2,2),  (x € C(I)).

2.3. Orbits and denominators. In the case I' = SL(2,Z), or more generally for con-
gruence groups, the set of cusps is simply C(I') = Q U {oc}, and we have a natural
ordering according to denominators. We recall from [PR18| the appropriate generaliza-
tion for cofinite Fuchsian groups with cusps, the role of the “denominator” being played
by the bottom-left coefficient of an associated matrix.

Let b € C(I") be some fixed cusp, and o, be a scaling matrix. We order the set I'b of
cusps equivalent to b according to the following definition: for all @) > 0, let

(2.8) Co(IQ) == {vb,y € '/Ty,v00 = (+%),0 < || £ Q}.

In the notation of [PRIS8, eq. (1.5)], we have Cy(I;Q) = Twp(Q) + Z. Thus, for
example, C(SL(2,7Z); Q) is the set of all rationals of denominator at most ). The
sets Cp(I'; Q) are all invariant under translation by Z.

2.4. Probability space. We fix from now on a cusp b € C(I'), and consider the space
QQ = Cb(r7 Q>7

for ) > 1.
The following lemma, which corresponds essentially to [PRI18, Theorem 3.8], is bor-
rowed from [BDLDbl Lemma 2.2].

Lemma 2.1. There exists 6 > 0 such that for all smooth and compactly supported 1 :
R — C, we have

> 0e) = e [ V) 0us(@)

IEQQ

3In this work we focus on the sum over positive n only; the arguments in [DN26] could be adapted
with minor adjustments if one wishes to include the sum over n < —1 in the analysis.
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We fix once and for all a smooth, compactly supported, non-negative and non-identically
zero weight function ¢ : R — R>(. By the previous lemma, for () large enough in terms
of b and ¢ we may endow {2 with the probability measure Pg proportional to 9,

Po=wyq » ¥(z)ds,
xGQQ

where @y,q = (X,eq, ¥(x))~ > 0 is a normalizing factor and ¢, is the Dirac mass at x.
We call Eq the associated expectation. Thus, for any map f : C(I') — C, we have

D een, (@) f(2)
erQQ U(x)

In Section [7| we will occasionally write Eq.r to specify the underlying group and cusp
orbit.

Eqlf(z)] =

2.5. Distribution of values. Our main results are the following.

Theorem 2.2 (CLT for cuspidal forms). Assume that ¢ is cuspidal. Let Z C C be a
Borel set with measure zero boundary. As (Q — oo, we have

Ly()
Po(—22_ ¢ %) — P(Ne(1d) € ),
Q<U¢\/@ ) (Ne( ) )
where Nc(Id) is a standard complex Gaussian, and
o ! 1P
P D1 — s+ BT (sy + &) Vol(D\H)’

with ||¢|| the Petersson L*-norm.

(2.9)

Remark 2.3. The proof gives a uniform and optimal rate of convergence O(1/+/log Q)
when & varies over convex Borel sets, as in the usual multivariate CLT when the third
moment is bounded, see [BRR10, Theorem 13.2].

Remark 2.4. Theorem [2.2] is derived from an estimate on the characteristic function
Eqle!tFs()] for t € R%. As in [BD22B, Theorem 2.4], the present method also gives
large deviations estimates, using the cuspidality of ¢. This fact was known for forms
which are holomorphic of weight 2 [PR18| [LS25] or of level 1 [BD22b, IDN26]. The
work of Nordentoft [Nor21], which considers holomorphic forms in general, relies on the
method of moments, which at present cannot give a large deviation estimate.

Theorem 2.5 (CLT for non-cuspidal forms). Let ¢ be non-cuspidal with Re(sy) = 3,
and denote

(2.10) %_F,w=%mmm&¢m

1 (otherwise),

where we recall the notation (2.4)). Then, there exists o, > 0 such that for any % C C
as in Theorem 2.2, as () — oo, we have

(2.11) PQ( Lo(@) c %) = P(Ne(1d) € 2).
o4/ log Q(loglog Q)P
The value of o4 could be made explicit in terms of a fundamental region for I' and
certain values arising in the course of our proof, see Section [7.3|
When I' = I'g(N) is a Hecke congruence subgroup, given xi, X2 primitive Dirichlet
characters mod Ny, resp. Ny with N = NNy, we may pick ¢ = E, ,, as an Eisenstein

1,X2
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series for which a(n) = \/Lﬁ >dm X1(d)X2(n/d) and sy, = 1/2. Then By = 3 if x1 = X2
and [4 = 1 otherwise.

As we mentioned, the proofs of Theorems[2.2]and [2.5]are based on the asymptotic anal-
ysis of the characteristic functions, rather than the method of moments. Nonetheless, the
method also yields the asymptotic estimate for all convergent moments of Ly (z), which
is to say, all moments in the cuspidal case and the first moment in the non-cuspidal case.
In Section |8 we analyze in particular the expectation and the variance (in the cuspidal

case) in order to determine the parameters of the central limit theorems in Theorems
and 2.5

Remark 2.6. Given a finite family ¢, ..., ¢, of orthogonal cuspidal forms for a group I'
and a character y, with same weight and eigenvalue, the arguments described here can
be used to obtain, more generally, the joint convergence of the vector

(2.12) (Lo, (2)/75,1/108 Q)

to the standard n-dimensional complex Gaussian distribution, generalizing [DN26| Corol-
lary 7.7] which dealt with the case I' = SL(2, Z). To prove this, we can follow [DN26] or,
more directly, apply Theorem [2.2to > 77 a; Ly, (7) = Ly-n_ a;(x) for any ay, ..., a, €
C and invoke the Cramér-Wold device [CW36] (see [Bil95, Theorem 29.4]). Normalizing
suitably the components of the vector one can also prove a similar statement for
non-cuspidal forms.

1<j<n

2.6. Overview. In the present paper, we take up the method introduced in [LS25]
BD22b]. One key ingredient is the authors’ work [BDLD|, where Baladi—Vallée’s methods
are transferred to the context of cofinite Fuchsian groups with cusps, and the role of the
Gauss map is played by the Bowen—Series map [BS79].

The “observables” in our work are maps of the shape

(2.13) hi (@) = Ly(y2) — us(2) Ly (),

for which we have no sensible explicit expression. This poses a major issue regarding
our two tasks: (i) to check that the hypotheses of [BDLD| are satisfied in our case, and
(ii) to compute the parameters of the limit laws.

One of the main features in [BDLD] is a choice of induction of the Bowen-Series map
whose inverse branches are easily described, as well as flexible hypotheses on the ob-
servables (existence of some positive absolute moment). Section |3|is devoted to proving
that the necessary regularity and growth assumptions are satisfied by the maps (2.13))
for v = 7', where 7, is a fixed parabolic element, and n and x vary. This extends
work of [DN26], which corresponds to the case n = 1. The main challenge is to achieve
complete uniformity, both in n and x, and in fact, we will also need to analyze a more
general family hg(a:, s) of period functions associated with L(¢, s, x), in particular their
asymptotic behaviour uniformly in the complex parameter s.

Section[4]is devoted to the study of certain Fourier integrals that arise in the analysis of
the main terms, while Sections[5|and[6]introduce the setting required to apply the results
of [BDLD]. Then, in Section [7|, we apply the results of [BDLD|, proving Theorems
and up to the values of the parameters of the limit law. In the course of the argument,
we must show that the multiplier system w, satisfies a certain topological irreducibility
condition. This will be carried out by an ad-hoc combinatorial construction with Bowen—
Series codings, which we defer in Section [0} At that point, we will not have an explicit
expression for the expectation and the covariance matrix of the limiting distributions
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yet; computing the expectation and covariance matrix requires an unexpected amount
of additional work.

First, in Section we show that the Gaussian law in Theorem is circularly
symmetric. This requires an analysis of various contributions to the variance, and two
symmetries: the presence of the involution v — v~1 over parabolic elements of I', and a
left-right symmetry for the behaviour at oo of the period function hf/.

In Section [§, we compute the expectations in both the cuspidal and non-cuspidal
cases, and the covariance matrix in the cuspidal case. To carry this out, we introduce
a perturbation argument which expresses both quantities in terms of limits, as s —
1/2 with s > 1/2, of continuous averages of L(¢,s,x) over x. These averages are
estimated using standard analysis (for the expectation) and Rankin-Selberg theory (for
the variance). A more detailed overview is given in Section [8.1]

Finally, in Section [10| we consider the case of half-integral weights and prove Theo-
rem [L.9

Notations. The Landau symbol f = O(g) means that there exists a constant C' > 0
such that |f| < Cg whenever f and g are defined. The notation f < g is equivalent
to f = O(g). If the constant depends on a parameter, say «, this is typically indicated
by a subscript, e.g. f = O4(g) or f <, g. However, we will not explicitly indicate de-
pendencies on ¢, €, b, ¥ and on the group I', nor on the subgroup GG and the fundamental
domain R defined in Sections [5 and [6l

Given a matrix v € SL(2, C), we indicate by ¢, the lower-left entry of . Throughout
the paper, the letter € indicates a positive number which can be taken arbitrarily small,
and whose value might vary from line to line. The indicator function of a condition C'
is denoted by 1o, with 1 denoting the constant function 1.

3. ESTIMATES ON THE PERIOD FUNCTION

3.1. Analytic continuation of the Eichler integral. As in [DN26], we start with
the Eichler integral £,(¢, s). For s € C with Re(s) > 1 and all z € R, we define

(3.1) 609 = [ (6la+ i) = ol 2L

We will see later on, in , how to transfer information about &, to L. The
maps &,(¢, s) are related to L(¢, s, x) in the same way as automorphic periods relate to
L series, see [DN26], Sections 5.2-5.3].

Recall our assumption that PRe(s,) = 1/2 whenever ¢ is non-cuspidal. For conve-
nience, we denote

0, (¢ cuspidal),
3.2 =
(32) Pe { 1/2  (otherwise),

and we recall the notation f4 from (2.10)).

Lemma 3.1. We have

yroev/3, (By # 3)
y=e(1+ |logyl) e /3, (B = 3)

Proof. For y > 1, this follows from the Fourier expansion (2.3, the bound ({2.6)) and the
exponential decay of Whittaker function [GRO7, 9.227].

(3.3) oz +1iy) — deo(y)| < { (x e R,y > 0).
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Assume then that y is small. If ¢ is cuspidal, the right-hand side is < 1 and thus the
bound is obvious by boundedness of ¢. Assume that ¢ is not cuspidal, let z = = + 1y
and let F' be the Ford fundamental domain [Iwa02, Chapter 2.2]. For all Y > 1, denote
also F(Y) the central part of F, in the sense of [Iwa02, Chapter 2.2], and let Y5 > 1 be
such that the cuspidal parts Fy(Yy) are disjoint. Let v € I' be such that 2/ := vz € F.
If v € Ty, it follows that Jmyz = Jm z. Otherwise we have on the one hand Jm~z >
Jm z since 7z € F, and on the other hand v = () with ¢ # 0 (since v ¢ I'y,) and
thus Jmyz < 23— < 1/y. We deduce that y < Imz' < 1/y.

Let b be such that Jm(o, 'z') > 1 (we pick b = oo if 2 € F(Y}), and otherwise b
the unique cusp for which 2 € Fy(Yp)). Then |¢(z)| = |¢(2)| = |¢p(opw)| where w
satisfies Jmw > 1. Arguing as above, we have Jm(w) = Jm(z’) < 1/y if b = oo, and
otherwise Jm(w) < 1/Jm(z’) < 1/y (since there are finitely many possibilities for b).
In any case Jm(w) < 1/y.

We conclude that

[O(z + 1Y) — Poo(y)]| < [D(2)] + 1
= |p(opw)| + 1
< |¢b(3mw)| +1

again by the exponential decay of the Whittaker function and the bound ({2.6)). Finally
by the assumption PRe(sg) = 1/2 and the definition of 8, we get |¢pp(Imw)| < y~*/2
if By = 1, and otherwise |¢p(IJmw)| < y~/%log(1 + 1/y) as claimed. O

Proceeding as in [DN26, Lemma 2.2], we also have
(3.4) |o(z +iy) — o' +iy)| <y Fe P min(l, |z —2'|/y) (22" € R,y >0).

Lemma 3.2.

(i) For each x € R, the map s +— E,(, s) is holomorphic on Re(s) > L + py.

(ii) For Re(s) > 1 + py, the map x — E,(¢,s) is continuous.
(iii) For each e > 0, we have E,(¢p,s) < 1 uniformly for 5 + py + ¢ < Re(s) < 1.
(iv) For x € C(I') \ {oo}, the map s — E.(¢,s) extends to an analytic function on

C, (¢ cuspidal),
D¢ = . . .
C~ A{=£ity, 1 £ity}, (¢ non-cuspidal).
(v) For each fized v € C(I') \ {00}, and s € C satisfying
|Re(s)| < 1, dist(s, C N\ Dy) > 1,
we have
(3.5) Ex(6,5) <o 1.

Proof. The first three properties are consequences of the bound (3.3). The fourth prop-
erty is [DN26l Proposition 2.3, while the last property is a direct consequence of the
uniform boundedness of [DN26, eq. (2.13)]. O

3.2. Holder regularity of the period function h¢ at s = 1/2. In accordance
with [DN26, eq. (3.13)], for all z € C(T") \ {00,y oo} and s € Dy, we let

hE(z,8) = |j(7,2) [P (@, 8) — uy(2)Eu(9, 5),
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where we recall the definition (2.1)) of u,(z). Note that h%(z,s) = 0 for 7 € T'; in the

remainder of this section we assume

7 # e
We also notice that for v;,v, € T, h satisfies the period relation
(36) h’il’ﬁ( ) = ’j(727 :U)|2Silh§1 (72377 5) + qu (723;)}7‘52 (l‘, 5)

whenever the involved quantities are defined.

1) eatends to a function on R~ {y~too} which is

Lemma 3.3. The map x — hi(z, 3
locally k-Holder continuous for any 0 < k < 1 — py. More precisely, for any e > 0 we

have
(3.7) ’hg 1 hg | )| <y (1+ || + |m’|)2e|x :13’|17p“576

1

uniformly in x, 7' € R\ [y 'oo —e,7 too + €.

Proof. This is [DN26, Theorem 3.1], except that the exponent of (1+|z|+|z'|) appearing
there is raised by an unspecified constant. This improved bound is already implicit in
the proof in the cuspidal case, using Wilton’s bound in [DN26, eq. (2.8)] which we recall
here for convenience:

(3.8) Z a(n)e(nt) <y X°, (t € R, ¢ cuspidal).

1<n<X
For the non-cuspidal case it immediately follows from [DN26, Theorems 3.1 and 4.1]
unless |z| — oo and |z — 2’| < |z]/2. To handle this remaining case, one could simply
import the techniques of Theorem 3.1 into the proof of Theorem 4.1 therein. An alter-
native method, suggested by an LLM and which is less direct but easier to implement

here, is to proceed as follows.
With the notation of the proof of [DN26, Theorem 3.1], we have

(3.9) h‘g(x, 3 =—No(z,3) + Az, 3) — Ass(z, 3),

with derivatives Al(z, 1), AL (z,3) < (1 + |z|), by a trivial bound and (3.17) dbid.
respectively. Also, AO( ) = H(x) satisfies Ag(z,3) = O(|z|™"), by inserting the
bound following (4.12) in (3.9) ibid. and Ag(z,3) — Ao(2/, 3) < |z — Z[M*7F by (3.10)
ibid. if |x — 2’| < 1 and trivially otherwise.

Furthermore, [DN26, Theorem 4.1] gives

(3.10) he(x, 1) = M(z) + E(x)

for an explicit main term M, clearly satisfying M’(z) < |z|~'/?7¢ and M (z) — M (2') <
|z — 2'|1/27¢|2|%, and an error term E(x) = O(|z|~1*9).

Combining (3.9)-(3.10), we have that h(z, 35) = M(x) — Ag(z, 3) + R(x), with
R(z) = E(z) + Ao(z,2) = Az, 5) — Aso(z, 5) — M(z).

In particular, it suffices to show that R(x) satisfies the claimed bound, since M and A,
do. This then immediately follows since the two expressions for R give R(z) < |z|~ ¢
and R'(z) < |z| respectively, whence

R(z) — R(z') < (|R(z)| + |R(=))/?|R(z) — R(@')|V? < || Y2 (jz — 2| - |a]) "%,
which readily gives the claim. 0
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3.3. Upper-bound on the period function hf. We recall from [DN26, Lemma 4.5]
the definition
2L (7)

(3.11) Ty, (1) := e™@=mk/4 (k€ Z,n==+1,7 € C\Z),

which will be relevant for non-cuspidal forms. For s € C, s € £(s, — %) +Z<p, and § €
R0, we define
(3.12)

A|BI 725 (56 — 24 8) 4+ Bol B2 hn(3 — 56+ 5), (s¢ #3),
(Ao + Boo 10g |B])|81° i (s) + Bool BI° Y4, (5), (56 = 3);

where A, By, are the coefficients in the expansion (2.4) at the cusp at oo, and n =
sgn(). We will denote them by A (¢), Bo(¢) whenever the dependence on ¢ is relevant.

Mp(¢,8) =

Nl

Proposition 3.4. The map hf extends to a function on (R \ {y~'oo}) x {Re(s) > 0}
with the following properties:

— for each x € R~ {y 'oo}, the map s — hi(x,s) is analytic in {Re(s) > 0};

— for Re(s) > 0, the map x — h(z,s) is continuous on R\ {y oo},

— given € > 0, uniformly for e < Re(s) < 1 and |z — vy 1oo| > ¢, we have

max s)—= € s)—
(313) () € (L4 [s)(L+ [ — 5 Moo TaTOTERE)

If s = 1/2, we have the more precise estimate
(3 14) hi(l’, %) = X(’y) Sgn(c’y)_k (Mm—'yfloo(gb’ %) + ikg'yfloo(gm %))
) _ -1
+ O¢,%5(|x — 1oo‘ ).

The case s = 1/2 of this proposition corresponds to [DN26, Theorem 4.1]. Compared
with [DN26], the need for uniformity in s requires a delicate analysis of certain terms
denoted R, (¢, s) below, which happen to vanish identically at s = 1/2 (as in [DN26]),
but do not vanish anymore in our context.

For all a, f € R with a # 3, let

dap = 3(a — ), /‘\
ga,ﬁ = 6 + 504,,8 + i|5a,ﬁ‘-

Hence &, g is the point of highest ordinate on the geodesic from « to 3.
For Re(s) > 1, let

Sap /5 k
Lolons) = [ (F25) 66) = onlam(z) am ) ds(a),

where the integral is taken along the geodesic from « to &, g, which is a quarter-circle,
and ds(z) denotes the SL(2, R)-invariant metric ds(z) = y/da? + dy?/y. Let also

(3.15) Eap(,5) = & 5(0,5) + (—i5gn(0a,5)) €5 0 (0, 5).

Also, given v € SL(2,R), we let ¢¥(2) = j,(2) *¢(vz). Thus ¢? is an automorphic
form of same weight, character and eigenvalue as ¢ for the group I'V := v~ 'T'v, with pge =
ps. Also note that C(I'V) = v~ 'C(T"). Finally note that if v € T', then ¢¥ = x(v)¢.
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Lemma 3.5. Let v € SL(2,R) with non-zero bottom-left coefficient ¢ = ¢, # 0, and
let « € R\ {v'oo}. Assume that va,voo € C(T'). Then for Re(s) > 1 we have

17 (v, @) 2 (@, 5) = 580(0) T (Envm100(8Y, 8) + Ma—i-100(9%,5)) + Ran(0, ),

with the definition (3.12)), where Ra(¢,s) is holomorphic in s on {Re(s) > 0} N Dy,
is continuous with respect to a on R\ {v~'oo} uniformly in compact sets of {MRe(s) >
0} NDy, and satisfies for e < Re(s) K 1 and |s — (1 £ity)| > e the estimate

e(s)—1 € . e(s)—
(3.16) Rau(t,5) g (14 |s])(|e|27REPete (0, )72 TP0%e (0, ) P77
2R (1 Jlog(|ed (v, a) )] (v, @) O 7T

uniformly in v,o and s. Finally, we have Ro.(¢,3) = 0.

+ ¢

Proof. Denote k, := v~ 1oo. For Re(s) > 1 we write

(0, @) (@, ) = / T(6(2) — d(Im2)) (I, ) (@Fm2)3 = (Gmo2)"4) ds(2)

(o7

[ o) Gmute) ds(s / boo (T 2)(Fmv12)" ds(2)

=1 +1, — Is,
say.
We first focus on Z,. Changing variables, we have

7, - / " ju(2)F 6 (2)(Om 2 ds(2)
N / 267 (2) — 6, (0m 2)(Im 2 ds(z) + / ()0 (0m 2)(m 2 ds(2).

The second integral is evaluated as in [DN26), eq. (4.17)]; it equals sgn(c) "My, (0%, 5).
In the first integral, we split the path of integration as o — &, ., concatenated with &, ,, —
Ky. Since j,(2) = sgn(c) =47, the first portion contributes sgn(c)*E* . (¢Y,s). Finally,

a, Ky

for z in the geodesic « — k,, we have ;:a = sgn(w /iv)z'f "‘“|, so that the second
portion contributes (isgn(k, — a))*(sgnc) "€ (¢, s). We thus find

I, = sgn(c)_k (goz,mu (0", 8) + Mo, (8", 3))7
which is our claimed main term.

Let Row(¢,s) == Iy — Zs. To finish the proof of Lemma [3.5 it remains to show
that each of Z; and Z3 satisfies the properties claimed about R in the statement. Con-
sider first Z3, which appears only when ¢ is non-cuspidal. Recall that in that case,
we assumed Re(sg) = 2. Then, following the estimation of [DN26} eq. (4.7)], we have
for Re(s) > 1 the expression

[ee] 1
s—1 Yy y \*a2dy
I - n v i OO< >< > u
3 |Of K. ‘ /0\ ¢ 62’@—/€U‘ 1+y2 y

B

| ‘ ((:QMIEWQ% (8) + (Cz‘a_::Dl—% 91-s4 (S) (S¢ 7& %
= | — Ry Ao —Boo log(c?|a—ky|) Boo * _ 1
@la-rii? - 93(8) F GEET () (56 = 3),

with
s—1—1/2

o yT+S—1/2 dy F(8+T2—1/2)F( - ) . d
o)~ [ e - O
o (T+y2)s12y 2l(s = 1/2)
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Since Re(sy) = %, we see from this explicit expression that Z3 = Z3(s, «) is holomorphic
in s for Re(s) > 0 and s € D,. For each such s, it is continuous with respect to «
in R\ {k,}. By the Stirling formula, it satisfies for |s — (1 & it,)| > 1 the estimate

(317 Tyl (0, )T flog ej(o, )L+ [s) 7
We clearly have Z(1, o) = 0, since g-(3) = g:(3) = 0.
Finally we examine Z; = 7, (s, ), which clearly vanishes at s = 2. We have
1-2s

).

jw™ %)

(0, @) (Gm ) = (Gmota)E = [j(v,a) 7 (Om ) (1 \ ST on)

and for z = va + iy, y > 0,

j(v™ 2) icy o
jotva) ~ T Gty )
2
Thus, j](i“,llfoz) =1+ ?y?*j(v, a)? so that

Aly,s) = |j(v, )7 (m2)* = (mo~l) 72
= li(v, )y (U= (14 g (0,0)°) )

< ‘j(v a)2y‘%(5)—% (L4 [s])c?j(v, )?y?,  (y < 1/[cj(v, a)]),
’ 1+ |cj(v, @)y 27 (otherwise).

Inserting this estimate in Z; and using the bound (3.3)), we deduce that Z; = Z;(s, ) is
holomorphic in {Res > —% + py}. By uniform convergence, it is a continuous function
of v in R\ {k,}, and we have

1 d > d
T < / v A / S |A . 5)|
0 1

—Re(s) +p¢+5 Re(s)— 2+p¢+£+| |1 2Re(s 2Re(s)—1

<(1+]s |)|0|2 i (v, )| "+ (v, )
Together with , this provides the claimed bound on R, (¢, s). 0]
Lemma 3.6. Let o, € C(I') \ {oo} with a # 5. Then for Re(s) > 1 we have

Ea (9, 5) = 581(0a,5) Eal@, 5) +i"Es(, 5) + Tap(9, 5),

where To (¢, s) is holomorphic in s on {Re(s) > —% + py}. For each such s, it is
continuous in o, f € R with o # B uniformly in s in compact sets, and for —% +ppte<
Re(s) < 1, it satisfies

o — 87, (jo = B> 1),
(3.18) Ta5(9,5) {1 + o — ﬁ|%(5)—9¢_%_6, (o — Bl < 1).

Proof. From the definition (3.15]) of &, 3(¢, s), it suffices to prove that the difference
(3.19) no(0,5) — 58n(0a,5)" Ea(9, 5)

satisfies the properties claimed on 7, (¢, s) in the lemma, and the same for the difference

E5a(05) —sen(05.0) Es(9, 5).
By symmetry we may focus e.g. on (3.19). We parametrize the arc o — £, g as
2a,5(Y) = a — vap(y) + iy
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for y € (0, |04 5]), where

Vas(y) = das(l — (1= 9*/055)"?),
see [DN26|, eq. (3.5)]. The arc length element is p, 5(y) dy/y with

Hap(y) = (1 —y2/82 5) 7'/

For clarity we drop the indices «, 8 in the foregoing computation. A quick computation
shows that
2

2 3 y W) = BN sy
) <Y/10 )~ 1 e (Fp—a1) —s=@" <u/ldl

We find
& (0, 5) —sgn(6)"Ea(9, s)

a8 B o5V (et i 1 dy
—/0 (<| () |) 1Y) (9(2(y)) — doc(y)) — sgn(6)"((a + iy) %(y)))y :
k . s,,dy
—sgn(d a+iy) — du
)" [ (0l +in) —onlwr i

By (3-3) the second integral is clearly O(1 + [§]%¢()=re=2—<) if |§] < 1 and is O(|6|™)
otherwise, whereas if Re(s) > —% + ps + € using the estimates (3.3)-(3.4) we find

/ " {ts) — tes e +‘ (=5 sl

y7p¢ efy/‘?’

Flu)ll9(=()) — ola + i)y

Y
/|5 { Y2 Po omY/3 N yl=re(1+9) e—y/3} me(s)—1/2—a%
o IVIoT=y  lal/T= /1 y

< 0711+ |8 7Yy ez teate
Since |§| < |a — ], this implies (3.18)). Finally, the continuity in o and 3 follows by the

uniform convergence of the various integrals. O

Proof of Proposition 3.4 Assume PRe(s) > 1. Let ¢ = ¢, be the lower-left entry of ~,
and note that

uy(7) = (sgn¢) " sgn(0,5-100)x (1), and @7 = x(7)¢.
Using Lemmas [3.5 and [3.6] for Re(s) > 1 we have

507 )7 50 (8, 8) = s8n(c) X (V) (Eary100(9:8) + May10(9, 8)) + Ras (6, 5)
= u,(2)E:(9, 5) 4 i*(sgn ¢) X (7)€ -100(9, 5)
+ (Sgn C) kX(’y) (Mz—wfloo(¢v 3) + 7;,7*100(¢7 S)) + Rﬂfﬁ(gba S)'

This identity holds for fRe(s) > 0, s € D, by the same lemmas. Thus, for s outside
of an e-neighbourhood of 1 £ it4, the properties claimed on the holomorphicity in s
and continuity in x follow from the corresponding properties of R and T established in
Lemmas [3.5] and as well as the uniform bound for Re(s) > ¢

Next, using the values given in [DN26, Proof of Proposition 2.3], we compute the
polar part of the Laurent expansion of the map s — hg(x, s) at s = 1 £ ity and see that
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these terms vanish. It follows that h,‘gy(x, s) is in fact holomorphic at these points. The
bound persists by the maximum modulus principle.

By the Cauchy formula and the bound , we deduce the continuity of x — hf(w, s)
at s = 1 & ity, which finishes the proof of the first two points of Proposition [3.4]

If s =1/2, then by Lemma we have R.(¢,1/2) = 0, and so the error term arises
from the upper-bound on 7 given in Lemma |3.6| U

3.4. The period function h¢ at parabolic elements.

Proposition 3.7. Let p € T be a parabolic element with fized point w € C(T') \ {0},
o € SL(2,R) a scaling matriz for w and mg € Z be such that c~'po =+ (1 ™). Then
for any € > 0, there exists ng > 1 such that for n > ng and |x — w| > €, the following
estimates hold.

— For e <fRe(s) < 1, we have

hgn(m, s) <, (1+ |s|)<(1 + |a:|)29%(5)_1{1 + 2Rl nme(s)_%ﬂ’”g}

(3.20) 1
+ 1 + (1 + |x’)9’.e(s)—§+p¢+a>.

— For s = 1/2, we have
(3.21)
hyn (2, 3) = (i580(C0)) Er-100(¢7, 3) + upn (2) (i sg0(2 — w))*E (9, 5)
+ Sgn(ccr)_anmo—l/(cg(r—w))(¢a7 %) + Upn (I) SgH(CL’ - w>kM:c—w(¢a %)
+O0p(n "+ (1 + [z))71).
Proof. First we note that h®_(z,s) = hZ(z, s), so that we may assume o~ 'po = (' "}°).
Suppose Re(s) > 1, and let v = p™, which is also parabolic with fixed point w. By
picking n > ng large enough in terms of e, we may suppose that v~ 'oo is close enough
to w so as to ensure |r — v 1oo| > 1 uniformly in z. We recall that the definition of &
amounts to the conditions coo = w and ', = 6'wo~ . We also note that |co| depends

only on w and thus only on p.
First we use Lemma with v < 0 and a + o~ lvyx, getting

(0,07 92) [P (0, 5)
- Sgn(ccr)_k (50*17:2,0*100(@507 S) + Mafl'yx—afloo(gbgv S)) + Rcrfl'yx,o(gbu S)'

Next we use Lemma with (o, 8) < (67'yz,07'0). A quick computation shows
that sgn(0,-14.0-100) = —580(04z,), thus we find

ga—l'y:c,a—loo(¢a7 S)
= (_ Sgn<5'y:c,w))k€z7*1'ya:(¢aa 3) + iké‘a*loo(qﬁav S) + 7;—17%0—100(@50, S)'

Next, we use Lemma again with v <~ 07'y and a < z. Note that [¢”]0_17(z) =
x(7)é(2), and (67 1y)too = y7lw = w. We obtain

(o™t 2) [ Epm100 (97, 5)

= X(7)sen(co1) " (Erw(D,8) + Muu(0,5)) + R g-14(¢7, 5).
Finally, by Lemma again, with («, 5) < (z,w), we get

(3.25) Erw(9,5) = 580(00.0)" Eu(9, 8) + 10, 5) + Tow(0, 5).

(3.22)

(3.23)

2s—1

(3.24)
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We insert the equality (3.2 D successively in , and , and multipl
y y Yy

throughout by [j(c= 1y, 2)|” " = |i(y,2)/j(0, 0~ vx By the 1dent1ty
Sgn(6y77'7100> - Sgn<cT)jT(y>7 (T S SL( ’ )7 Yy 7& T OO)J
we get
581(0s,0) 580(Com14) = Jo-14(2),  881(0y00) sE(Co) = —o (07 ).

Thus, the term &,(¢, s) arises with a factor of exactly x(7)j,(z)* = u,(z) by the chain
rule, and we get

B (2,8) = 1 (7, 2) | €50 (0, 8) = sy (2) (0, )
= (ssgn(c) i~z D) Eom100(67,5) + 1y (2) (i 580(02.)) €0 (0, 5)
I Sgn Co) T Motyp o100 (07, 8) + () 5g0(0,.0) " Moo (8, 5)
+ 130770 [T Romr00(6,5) + Go(0772) R -1, (67, 5)
+sgn(eo) i v @) o, o te(§7,9) + 10(2) 580 (02.) Touo(6, 5).
Let 7 =07 'po = (' ™). Then v = o7"c~!. Write m = myn, so that o~ 'yo = (1 7).
Using the property coo = w, we deduce
jlo~ y,@) = j(r"o ™ @) = j(o7 ", z),
ctyr—olco=7"ctlr—olco=m+ o' — o oo,
Hence the above simplifies to
By (1,8) = (isn(co)) (07", )| Er100(67, 8) + s (2) (i 581(60.)) " Eul . 9)
(3.26) + ‘j o~ 7x)|28_ sgn(co)*k./\/lmw—lm,a—loo((b",s) + uy (2) 5gn(0p. )" Moy (6, 5)
+ ]j(a_l,x)|23717€m+(,—1x70(q§, 8) + Jo (0 YT) Ry g1 (47, 5)
+580(6o) (07 )7 Tosota0-100(67,8) + () s80(01.0) Toa (6, 5).
By Lemmas [3.2] [3.5] and [3.6] we get that this identity holds for
(z,5) € (R~ {7y 'oo,w}) x ({Re(s) >0} NDy),

and that hzfn (x,s) is continuous in « for each s, and holomorphic in s for each x.
Assume first Re(s) > € and |s — 1 £ity| > e. Since |z — w| > €, we have

lj(e™" )| =p |z — w| > 1, o lr =0(1)
and additionally
‘0‘1$ +m — 0_100‘ = ‘0‘17,% — a_loo| >, min(1, |$ — 7_1oo|) > 1.

Thus, since ¢ing-1 = co-1 =<, 1 and recalling j("c~ ', z) = j(o~ a:) inserting the

bounds (3.5)), (3.12)), (3.16]) and (3.18)) in the expression (3.26)) yields (3.20]). This bound

persists for |s — 1 £ ity| < ¢ by the maximum modulus principle.
In the special case when s = 1/2, the R, terms vanish, and the estimate (3.21)) follows
from , after the elementary computation o~z — o7 too = —1/(c%(x — w)) O

Remark 3.8. When ¢ is cuspidal, a change of variables yields
(3.27) Eo100(07, %) = (isgn(cy)) "E (¢, %)

This identity holds also when ¢ is non-cuspidal, but this requires a more careful treat-
ment of regularized integrals. We will not make use of (3.27)) in either case here.
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3.5. Uniform Holder estimates on Af.

Lemma 3.9. Let p,w be as in Proposition|3.7. For any € > 0, there exists ng > 1 such
that for x,2' € R\ [w —e,w + €| and n > ngy, we have

(328)  [Ha(r3) = (e, )| Koy (L Jal o/l — |77

Proof. To simplify the notation in the following computation, we denote temporar-
ily hé(x) = hf(, %) Since w # oo and w is the unique fixed point of p, we have w #
pJoo forall j > 0. Since |z — w| > &, there exists ng > 0 such that |z — p~"o0| > 1 uni-
formly in n > ng and z, and also that sgn(p"z — p~7/o0) is independent of n > ng, j > 1,
and x. This implies that u,; (p"x) is constant on R \ [w — e,w + €] for all j > 0 and
n > ng.

By the period relation (3.6)), we write

n—1

hgg)n (z) = Upn—ng (pnox)hino (z) + Z Upn—1-¢ (lex)hg (pﬁx)

{=ng
and likewise for 2’. Taking differences and using the fact that the various w,; factors

have the same value for x and 2’ by our choice of ng, we deduce

n—1
(3.29) | (@) = Mg (2] < [Bng () = o ()] + > WS (p"2) — WS (02|

{=ng
By our choice of ng, we have ’:L‘ — p‘zoo} > 1 uniformly for ¢ > ng, and likewise for z’,
therefore

ple — pa!| < 7%z — 2.
By Lemma [3.3] we deduce the bounds
I3 1- —&
1, () = BEn(a')| < (L4 Jo] + /)% — /77, (n = no)

FE(0'0) = RS 010 < ot — a7 e e

)

uniformly in ¢, x and x’. The desired bound follows by picking ¢ small and inserting

in (3:29). 0

3.6. Translation into estimates on the period function of L(¢,s,z). We now
transfer our estimates from £ to the additive twists (2.7). For all v € ', x € C(I")
{00,770} and s € Dy, we denote

(3.30) hE(z,s) = 1j(7,2)[* ' L(¢, 5,72) — uy(z)L(, 5, 2).

Lemma 3.10. For each v € T, the map (x,s) — hi(zx,s) extends to a map on (R~
{vtoo}) x {Re(s) > 0}, which is continuous in x for each s, and holomorphic in s for
each x.

Given e >0, v €T, x € R with |z — v oo| > ¢, and s with e < Re(s) < 1, we have
o5 Im(s)|

(1+ |S|)§Re(s)+%e(s¢)72

‘max(me(s)—%—i-pd)—i-sﬂ %e(s)—l))

(3.31) hl(z,s) <, (14 |z =70

The map x hf/(x ) satisfies the Hélder estimate (3.7)), with h* in place of h®.

2
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Moreover, letting for all ReT > 0,

. (Lgn(fc))kp(ﬂ ﬂ
(3.32) Gi(1,z) = |z 27?(& g o %en(e)% (7—16/2)7 (x #0),
2
Gi(7,0) :=0,

we have the following estimates for |x — v too| > &:
— When ¢ is cuspidal or when s, # 1/2,

(333)  KEoL) = (@) (An(8)Gr(s0. ) + B (6)Ga(l = 50.)) + Oy (1),

— When sy =1/2,
Uy (2) G (5, 2) Aso(6) + O,(1), (Bso(0) = 0),
w, (2)Gi (3, 2) Boo (@) log ] + Oy (1 + []7%), (Buo(0) # 0).

Lemma 3.11. Let p,w, o, mgy,e,x and s be as in Proposition|3.7. Then we have
(3.35)

(3.34)  hi(z,3) = {

o3| m(s)
(1 + |S|>9‘§e(s)+9‘32(5¢)—2

hﬁn(x, 5) <, ) <(1 n |l,|)29’\e(s)—1{1 1 p2%e(s) -1 +nme(s)—%+p¢+a}

F14 (14 |:c|)9%<s>—%+%+f).

Furthermore, the Hélder estimate (3.28)) holds also for h™ for n > ny(e, p).

Moreover we have the following estimates:
— When ¢ is cuspidal or sy # 1/2, we have

hﬁn(x, %) = sgn(cgmon)_k(Aw(¢)Gk(s¢,mon) + B, (¢)Gr(1 — s4,mon))

(3.36) + Uy () (Ao (0)Gi(84, %) + Boo(9)Gr(1 = 54, 7))
+ O,(1).
— When sy =1/2, define for all b € C(I') and x € Ry

Ay(0)Gi(3, ), By(¢) =0),

(3:37) el o) = {Bbicbgeké,x; aglel, (Boid) 20

Then
h]fn(x, %) = sgn(cymon) ¥ D, (¢, mon) + Upn () Do (¢, )
(3.38) . {opm, (B<() = Bu(9) = 0),
O,(|z'? + |n|'"?)  (otherwise).
We note in passing that for all x # 0,
(3.39) (%)2 — 1.

Proofs of Lemmas and[3.11] Assume first that if s, # k/2 (mod 1) then k € {0,1}.
By [DN26}, egs. (5.11) & (5.16)], we have

(3.40)

L(6,5,7) = Nty (5,5) g) (s)Ex(0,8) + g (5)Ex(,8))  (sp # k/2  (mod 1)),
- Z5(5)&2(9,5) (y~*/2¢ holomorphic),
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where ¢ is the weight k + 2 automorphic form obtained from ¢ by the weight-raising
operator Ry, and Z4(s), g (s), and g/ (s) are described in the proof of [DN26, Lemma 5.4]
(there Z4(s) is denoted c¢f(s)), see in particular eqgs. (5.18) and (5.21) ¢bid. for the
values at s = 1/2 and Proposition 5.1 and eq. (5.6) for the definitions of Az and .
Recall that either ¢ is cuspidal or Re(s,) = 1/2, so that by [DEFI02, Corollary 4.4], we
have Re(sy) < 1 whenever s, # k/2 (mod 1)ﬁ Using [GRO7, (9.111)] and Stirling’s
formula, we deduce that for ¢ < Re(s) < 1

Aty (5.5) g5 (s) < D(s + 55 = 1/2)] 71 < 3FmON(1 - [s)1oe(eree)

and the same bounds hold for g in place of g and, by [DN26, eq. (5.20)], for Z4(s).

Thus, the first parts of Lemma [3.10] and Lemma [3.11] follow immediately by linearity
from Propositions and [3.7, and from Lemmas [3.3] and [3.9]

It remains to prove — and —@D. When ¢ is cuspidal, the main
terms on the right-hand side vanish, and the result follows directly from (3.14)) and (3.21))
by linearity. Suppose then that ¢ is non-cuspidal, in particular fRe(s,) = 1/2 by hy-
pothesis, and assume first sy # 1/2. This implies sy # k/2 (mod 1) and thus, as we
temporarily assumed, k € {0,1}. From the values in [DN26, Lemma 5.4], we get

. 7T3/221_k/2 1

+ _

g¢(5 g k3o \P(k o 1=\’
sin(msg) D(5 + 505+ =52)
_13/29-k/2 1

sin(msy) T(L4+ & 42L& 4 172%)'
Furthermore, by [DFI02, eq. (4.29)],
Asc(¥) = (§ + 59)Ac(9),  Boo(¥)) = (§ + 1 = 55) Bo(9).

Thus, by , inserting the definition (3.11)) and using the reflection and duplication
formula for the Gamma function, we obtain (3.33|) with the claimed value of Gy(7, z).

Assume next that s, = 1/2 and £ = 0. Then by similar computations, using the
values [DN26, eq. (4.18)], we obtain

hE (2, 1) = uy ()52 ({Aw(9) — (log 2+ inZ) Boo(0) }7]? + Bu(¢)|7]/ log |7]) + O(1),

1

with T := x — 7y 'oo and 1 = sgn(z). Assume, finally, that s, = 1/2 and k& = 1.
Then sg = k/2, so that by our assumptions y~*/2¢(z) is a holomorphic form; only its
constant term contributes to ¢ (y), in particular B, = 0 for every b. Thus from Z,(3) =
(2m)~ 2 we get

WL (2, 3) = uy ()T 51 A (9)[7]2 + O(1).

This proves the asymptotic estimate .

The estimate is proved along a similar argument, using the expansion (|3.21)
instead of . We check that for s, # 1/2 and ¢ non-cuspidal, the corresponding
contribution of M, n—1/(c2 (z—w)) (. - - ) is

(nsgn cg)k(Aw(¢)Gk(s¢,mon) + B, (9)Gr(1 — sy, mon)) + O(1),

where now 1 = sgn(mgn), since x(7v) = 1 unless w is non-singular in which case A, (¢) =
B,(¢) = 0. Thus, (3.36) follows. The same computation at the terms involving w

gives (3.38) when s, = 1/2.

n [DFI02] the statement restricts to I' being a congruence subgroup, but the implication we need
here follows in general by the same argument.
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It remains to treat the case s, # k/2 (mod 1) and k ¢ {0,1}. If k£ < 0, we replace ¢ by
its weight-raised form ¢ = Ry¢: by [DFI02) eqs. (4.25)—(4.29)] this changes a(n) into its
opposite, and we check that it also turns Ap(¢)Gr(s4, *), Be(¢)Gr(1—s4, %) (if s4 # 1/2)
and Dy(¢,z) (if s, = 1/2) into their opposites as well. Thus proving Lemmas
and for ¢ implies the same statement for ¢. Thus, since they were proved for k €
{0,1}, they hold for all £ < 0. When k£ > 1, we carry out the same argument using the

weight-lowered form ¢ = Ay, with the factor —1 replaced by —(sy — £)(1 — 54 — %)
(see [DFI02, eq. (4.27)]). O

4. ESTIMATION OF A FOURIER INTEGRAL

The case of non-cuspidal forms (Theorem [2.5)) will require the second order estimation
of a Fourier integral, which is the content of the following lemma.

Lemma 4.1. Let xy € R. Let (f,)n and (W,,), be sequences of real-valued measurable
maps on [0, 1] indexed by n > 1, satisfying the following estimates:

— We have 0 < W,,(z) < n™2, with a uniform implied constant.

— For some constant o > 0, we have fol W,(z)dz = an™? + O(n™3).

— For some constants B+ > 0, we have ), W,(z) = B+ + O(Jx — x¢]) for sgn(x —

Assume additionally one of the following hypotheses:

(i) There exist real numbers a,d+ < 1 such that for sgn(x — z9) = £1 one has

fulz) = an'? + di|x — zo| V2 + O(1);
it ere exist a finite set J and real numbers a;,d; 1 < 1, 0;,60; € R and con-

i) Th st te set J and real b > dj, 1, 0;,0; € R and

stants T; € R such that for sgn(z — x¢) = £1 one has
fulz) = Z a;n’? cos(t;logn + ;) + dj +|x — 20| ™2 cos(r; log |z — x| + 0;) + O(1);
jed
(iii) There exist real numbers a,dy < 1 such that for sgn(z — xy) = £1 one has
fulz) = an*?logn + di|z — x| 7V?log(|z — zo|Y) + O(nY? + |z — x| 7V/?).

Then there exist p € R and o > 0 such that uniformly for t in a neighbourhood of 0, we
have

1
57 [ W@ 1) de = it~ S 10g(1/ I + Ol 1/11)5),
n>1v0

where, according to each case, we have

§ »p o
(i)| 1] 1 2alal® + 2 ng:l:OE[O,l] Belds|®
(@)1 1 | > er (0‘|Av’2 + 2 voz0e(0,1] Bﬂ:|Dv,i|2)
(i) |3]1—¢ %a’a‘Q + % ZxoiOE[O,l] ﬁi‘di|2

where the sum over £ selects the sign(s) for which [0,1] contains a right (if £ = +) or
left (if £ = —) neighbourhood of xy. Here, in case (it), we denoted T := {|7;|,j € J},
and forv e T,

. s o o
A, = E a; e 4 E aje ZGJ, D, = E d;+ e + E dj+e 5
Tj=v Tj=—v T;=v Tj=—v



24 SANDRO BETTIN, SARY DRAPPEAU, AND JUNGWON LEE

The implied constant depends at most on «, B+, 7j, € and on the implied constants in
the corresponding hypothesis.

Proof. For simplicity of notation we consider the case xo = 0 only; the general case
follows in the same way. We denote g := 3, and d := d,. Consider first the case .
By conjugatlon we may assume that ¢ > 0. The hypotheses imply the convergence
of p:=5%" fo () dz, and we are left to prove

t*[logt
}:/tv (it qyn:uu—o|f|+ow)

n>1

where o = 2(alal’ + B|d|*). Write f,(z) = an'/? + dz~'/? + g,(z), where by hypothe-
sis gn(x) is uniformly bounded. Let 6; = §;(n, x) be defined as

8y ="t 1, §y 1= et 1 by := (@) _1.

Then we write
tIn(®) 1 = §,6,65 + 255 +Z(5

1<j

Since §; < 1 for each ¢, and moreover §;0; < t2nt/ 23:*1/ 2 whenever i # j (here we
use a,d < 1), we deduce that

eitfn(a:) 1= O<t2nl/2x71/2> + Z(Sz

1/2

Upon integrating over z and summing over n, the first term contributes O(#?), and it
suffices to prove

(4.1) Z/ Wi ( elun!” _1 iatn'/?) dv = — alal*t}logt| + O(t?),
(4.2) Z/ Wn(x)(eidtx—uz 1 idtx_l/Q) de = — Bld*|log | + O(#2),

(4.3) Z/ W, (z) (@ —1 — itg,(z)) dz = O(?).

The estimate (4.3)) is clear by Taylor expansion at order 2 of €?9(*), Regarding —,
by conjugation and rescaling ¢ we reduce to the case a = d = 1 (here again we use the
fact that a,d < 1).

We apply [BD22al Proposition 2.2] (using the variant described in [BD22al Corol-
lary 3.3]) with ¢(z) = 7Y% and du(z) = X, dui/n fo 2(y) dy, with d,-,/, being
the Dirac mass at 1/n, and dp(z) = >, W, (x)dx respectlvely7 and parameters given
by (a,€, ) & (2,1,1)

In case the same argument goes through by applying [BD22al, Proposition 2.2]
with ¢(z) = 272 log(1/z), with parameters (a, &, p) « (2,3,1 — €).

Finally, in case , a similar argument reduces the problem to the analysis of

1
(4.4) Z / I/Vn(x)(eiml/2 225 aj cos(rylogn+6;) _1 _ jypl/2 Z ajcos(tjlogn +6,)) dz,

0 j
and corresponding analogues of and . The sum over j makes it less obvious
to apply [BD22al Proposition 2.2], but since the underlying poles are simple in this
case, an easier argument is as follows. Set N = t~2. For those n > N we bound the
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summand as O(n~2 + tn~%/2), which gives an error O(¢?). For those n < N, expanding
the exponential to degree 2 yields that (4.4) equals

O(t?) — %ﬁ Z %(Z a;j cos(;logn + 9]-))2
J

¢ 1
=0(t?) — a Z aj,aj, Z — cos(j, logn + 6;,) cos(7;, logn + 6;,).
— n

The contribution of those ji, j, for which |75, | # |75, | is again O(#?) since Y5 _yn~' 77 =

O(1) for fixed 7 # 0. The rest contributes

t2|log t
O(t2) « |0g| < Z aj, aj, e ]1 12)+ Z aj, aj, el(9]1+9J2)>
Tj1 =Tjo

v_ T]2

and the real part is seen to coincide with ) . 1A%,
0

Remark 4.2. Taking W, = 0 for all sufficiently large n, we see that the lemma holds,
with a := 0, when (W,,),, (fn)n are finite sequences. Moreover, with obvious modifica-
tions, the lemma remains valid when the integration is taken over any C? curve with
bounded arc-length rather than over [0, 1]. This follows by parametrizing the curve and
applying the lemma to the resulting integral.

5. TRANSLATION TO THE DISK MODEL

To use the results in [BDLD], it will be more convenient to use the disk model for the
hyperbolic plane. Define

- — zZ—1
5.1 H—-D =
(5.1) Pp — W, pp(2) Z+ i
which sends OH to dD. Its inverse is given by
1 +z
5.2
(5.2) pu(z) = e o

With a slight abuse of notation, we indicate by pp and py the matrices in SL(2,C)
corresponding to these Mébius transformations. For z € C U {oo}, we also denote
[zlp = ppz, [2]m = puz,

while for v € SL(2,R) and g € SU(1, 1), we denote

M]D) = PpYPH, [Q]H = PHIPD-

We use the same notation for sets of matrices. Let G := [[']p = ppI'p be the image of T
in the disk model. The group G’ C SU(1, 1) is discrete, finitely generated, and has finite
covolume, since the same is true of I'. Since I' has a cusp at oo of width 1, we deduce
that G has a cusp at 1 of width 1.

5.1. Construction of the subgroup. In order to apply the results of Section[d] it will
be convenient to work with a subgroup of sufficiently large rank.

Lemma 5.1. The group G admits a subgroup G of finite index which is free and of rank
at least 6.
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Proof. By e.g. [Sel60, Lemma 8], G admits a torsion-free subgroup G of finite inde,
which is therefore free [New85, p. 683] of some rank s (see [EEK82, p. 335] for a short
algebraic proof in our non-cocompact case).

If s > 6 then G meets our requirements. Otherwise, if G is freely generated by ¢1, ..., gs,
say, we let G' = ker(mw) where 7 : G — Z/67Z is the homomorphism given by 7(g;) = 1.
Then G’ is a subgroup of G of index 6 in G. Therefore by [MKS04, Corollary 2.9,
Theorem 2.10], it is free of rank > 6. O

In the following we shall fix a G satisfying the properties of Lemma Note that
the group G is discrete, of covolume $[G : G] Vol(G\D) < oo [Kat92, Theorem 3.1.2]. Tt

inherits a cusp at 1 from_@, and thus satisfies all the hypotheses from [BDLb| Section 1.1].
Finally, for G’ € {G,G}, b € C(G’) and @ > 0, we define an analogue of (2.8)) as
Co(GQ) :={z € G'b,0 < ¢F'(z) < Q}
where, following [BDLD, eq. (1.6)], go(z) is defined, for = = ¢'b with ¢’ € G', as

g5 (2) = [Imla+B)[,  g'sy=(29)
where sy € SU(1,1) is a scaling matrix for b in G’, which in this context means [s}]g is
a scaling matrix for [b]y in [G']y, in other words

st (Ml ) | kezy s @ =a),

ki/2 1—ki/2

1+ki/2 —ki/2 - =
sg{j:( J,;/Q/ l_ki//2>’k€Z}s’b1, (G’ = Q).

sp1 =, Gy, =

where 7 is the sign of the trace of a generator of GG,. Note that qg’V (x) depends only on z
(not on ¢'), so that Cy(G"; Q) is well-defined.

A quick computation shows ¢&(gb) = ‘C[Q]H[sb]H|; in particular, for any b € C(I") one
has

(5.3) Co(T3 Q) = [Clogy (G5 Q)i

Lemma 5.2. Let b € C(G) and let (g;); be a set of representatives of G\G/Gy. Then:
— For all j, we have g;b € C(G).
— Let n; = 1[Gy : §]~_1 Gy,09;]- Then for all Q >0, we have

C4(@: Q) = Con(G: Qym)

where the union is disjoint.

Proof. Let b; := g;b. Note that b; € C(G). To prove the first point, let o € G be
parabolic and such that b = b, and 7 = yjayj’l, so that 7b; = b;. Since G : G] < o,
we may find an integer n > 0 such that 7" € G. The equality 7"b; = b; and the fact
that 7" is a parabolic element of G imply that b; € C(G). By definition of n;, we have

G, = G;Fe{(£1)/m5 (14hi/2 —Kif2) | € n;Z} (G, 50) ",

where S, is a scaling matrix for b as a cusp of G. We conjugate by ¢ := ((1+m)/2ym (=1n5)/2ym5 )
which gives the following scaling matrix for b; as a cusp of G,

5The constructions in [Sel60, [EEK82] yield a normal subgroup, but we will not use this property.
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Let now z = gb; = gg,b for some g € G and let (% &) := gg,;5, and (¢7) := gg,5t.
Clearly, (¢7) = (% #')t, which implies o + = (o + §'),/n;. Thus,

ay, (1) = /545 ().
Since we have a disjoint union G = Uijij, the conclusion of the lemma follows. [

5.2. The multiplier system. We also need to transfer the multiplier u.,(z) defined
in (2.1) to the disk setting. For all g € G and = € D ~ {1,g7 "1}, let

Oy(x) == X'(9)7,(y) ",

where y = [z]g, v = [g]m and Xx'(g) := x (7). With this correspondence, we have

Ug(x) = u,(y)
and the period relation

(54) 199192 (ZE) = 1991 (92*77)1992 (ZL‘), (ZE g {1,92_117 (9192)_11})'

which we will use repeatedly. Note that the set of values taken by 9,(z) forms a subgroup
of the roots of unity, namely

O = {Vy(x),9 € G,z € C(G)~{1,g '1}} = {n*x(7), (v, n) € [Glu x {£1}}.
6. TRANSFER OPERATORS

6.1. The inverse branches of the cuspidal acceleration. We now summarize the
set-up of [BDLD|, which builds on [BS79, Mari8]. We let R be a fundamental domain
for G\ID whose sides are geodesics. By [Tuk73, Proposition p. 15] we may pick R having
all its vertices on 0D and, by translating the domain if necessary, we can assume 1 is a
vertex. Each side s is paired with another side of R, say s, by an element g, € G \ {Id},
in such a way that s = ¢,5 and gs = g;'; finally the group G is a free product of the
elements g;.

We label the sides of R according to elements belonging to a finite set X of letters —
which we identify with Z/2mZ for m = rank(G) — proceeding counterclockwise from 1.
Note that m > 6 by Lemma [5.1, For convenience of notation we import the additive
structure of Z/2mZ and in particular, we have that a,b € ¥ are contiguous sides if and
only if a — b = +£1.

Given a word w = a; - - a, with a; € X, we say that w is admissible if a; # a;+; for
all j. We denote by >* the set of admissible (finite) words in . Given w = a; - - - a; € 3*,
we let gy = gay "+~ ga,- We also let @ := ay---ay, so that gz = g,', and we denote by
h,, the Mobius transformation associated to gy, that is hy(2) == gy - 2.

Given ¢ > 1, we say that w = ay---ay € ¥* is a cuspidal cycle if for some direction
d € {£1} one has

(61) CL]‘_H:C/L\J‘—F(S ijl,,g—l, alzc?g—i—é,

see the corresponding definition in [Marl8, Section 3.2]. We say that w; is a non-empty
prefix of w if wy = a;---a; with 1 < j </, and say the cuspidal cycle w is minimal if
there is no proper non-empty prefix of w which is cuspidal with the same direction .
Given a € X, there are exactly two minimal cuspidal cycles with first letter a, one for
each choice of the direction §.

Given a € ¥, let [a] and [a]° be respectively the closed and open arcs in 9D delimited by
the two endpoints of @ and containing no other vertex of R. We have that g,(0D\[a]°) =
[a]. More generally, if w = a; - - - a, € ¥*, then g,,(9D\ [@;]°) is a sub-arc of [a1] which we
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denote by [aq, ..., as] or [w]. Asthe length of w goes to infinity, the arc [ay, . . ., as| shrinks
and determines a unique limiting point indicated by [ai, as,...]. Every element of oD
can be written in this way, although not necessarily in a unique way (see [BS79]). The
Bowen—Series map B is the map that sends [ay, as, . . .] to [ag, as, . ..]. This is well-defined
on JD except on the set V' of vertices of R. Because of the presence of cusps, the map B
is not uniformly expanding. As in [BDLb], we consider two “accelerations” of B: the
induced map Fx introduced in [BS79], and the cuspidal acceleration F, : 0D\ V — 0D
defined in [BDLD], which is related to the cusp acceleration introduced in [AMU16]. We
refer to [BDLDb| Section 3] for the precise definition, and recall first the classification of
the inverse branches H,. of F.. These are Mobius transformations defined on suitable
subsets of JD and can be divided into the following types:

(i) The maps h = h,, for w = a € 3, with domain Dom(h) consisting of the union
of all arcs of the shape [by, by], by # @, which are not contiguous to [a]. This last
condition means that either b; # @ 4 1, or else by # by + (by — a).

[a]

Dom(h,)

(ii) For each triple (wp,wy;,n) with wy a minimal cuspidal cycle, w; a non-empty
prefix of wy, and n € Z>( such that n > 1 if w, is of length 1, the map h = h,,
where w = wjw;. Its domain Dom(h) consists of the union of all arcs [a, + 6, bs]
which are not contiguous to [a,], where a, is the last letter of w; and § is the
direction of wy.

Dom(h,) (if 6 = +1)

[a,]

Dom(h,) (if 06 = —1)

For simplicity of exposition, we shall often also write the index of the inverse branches
of the first kind as w = wjw; with n = 0, w; = a and wy either of the two minimal
cuspidal cycles starting with the letter a. By [BDLD, Corollary 4.6], for h € H. and z €
Dom(h), we have |h/(x)| < 1/(n+1)? where n is determined above. In particular this is
independent of z, and for brevity, we denote |h'| any quantity with

|| =< |h'(x)], (x € Dom(h))

in all estimates where an order of magnitude is sought.
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Notice that the set of possible wy and w; that appear in these decompositions is finite.
We also remark that by [BDLbL Lemma 4.4] the matrix g, is parabolic and generates
the stabilizer of its fixed point w = wy,, = [wo, wo, wy,...]. The fixed points w,, are
vertices of R and, as wy varies, every vertex of R arises in this way. For each vertex w
of R, we let s,, = [0p,),]p be the scaling matrix for w as a cusp of G which corresponds
to (2.2)), and let vy, € Zo, tw, € {0, (£1)*} be defined as

{sgn(vwoc[swm)k w# 1,

—1 _ 1 vy R
(6.2) [Swwogwoswwo]lﬂl == ( 10 ) bwg = 0 w=1

We remark that w,, = wg; and

0
Furthermore, for any h € H,., we let Im(h) := h(Dom(h)). For any h = h,, € H.
with w = ay---a, € ¥*, we have that Im(h,) is contained in the arc [a1]°, and is

bounded away from its endpoints by a constant (depending on w). In particular, for any
w = wyw; as above we have

(6.4) lgwr — 1| >0 1, |gux — 1| > 1, |gu, @ — wy,| > 1 Vo € Dom(hy),
where the second and third bounds hold since Dom(h,,) € Dom(h,, ). This also implies
(6.5) |z —g,' 1 >0 1, |z —g,!1 > 1, gz — gy'1] > 1 Vz € Dom(hy,).

6.2. The operator .Z. Next we recall from [BDLD| the definitions of the map Fp, the
set H of its inverse branches, and its transfer operator .Z. In the present paper we will
only need a few facts on the sets H and the operators .Z.

Let
K= U a, b].

a,bey
[b—a|>1

The set H is a set of smooth maps from subarcs of K to dD, satisfying the following:

— We have min |h/| < max |h/|, which justifies the notation |h’| defined up to a
constant depending on R.
— For some d > 0, we have

S < oo
heH

— Every h € ‘H decomposes as compositions of maps from ., in the way described
in [BDLbl Lemma 3.4].

— The following unions are partitions up to measure zero sets:
oD = | J Im(h) = | J Im(n).
heH heH.

We can now quote from [BDLD, eq. 5.4] the following definition. For all s € C
with QRe(s) > 1 — 9, the operator .%; is defined on maps on 9D x © by

(6.6) Ly 0) = Y NI, 9y),  (y€ K 0 €0),

heH
y€Dom(h)

where for h = h,, € H
Un(y) == g, (y)-
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We also denote
L = 31-
For all (z,9) € K x O, let
(6.7) Fi(@,9) = (Fi(x),004(x)),  (Fk(z) =gz,9 € G).
By definition we have Fx(h(z)) = z, and thus for any fi, fo € L*(K x ©),

(6.8) Llflfa= | LU Fl o Fil = | fie(fao Fr) | Fil ",
Kx© Kx0© Kx©
by [BDLb), eq. (5.8)], where all integrals are with respect to ds(z)dd, the product of the
arc-length measure on 0D and the uniform counting probability measure on ©.
Similarly we quote from [BDLDbl Section 5.2] the definition of the operator acting on
maps [ : D — C by

(6.9) G = Y INWIf(hy).

heHe
y€Dom(h)
and recall the definition [BDLDb| eq. (3.21)] of its invariant density ¢ : 9D — R.y, and
the fact that it is piecewise smooth and continuous at vertices of R.
The properties of %, play a key role in our work. For the most part we will be able
to directly import the required information from [BDLbD, Theorem 1.3]. However, we
shall still need some key facts on % when computing the first and second moments in

Section

Lemma 6.1. There exists § € (0, %) and a compact connected neighbourhood U of [1 —
0/2,2] contained in {Re(s) > 1 — 3} for which the following holds:
(i) For each s € U, the operator s acting on

CHE X O+ [), fllh = 1fllse + 11l

is quasicompact, where the derivative is taken with respect to the first variable
and the norms are taken over K x ©. It has a simple eigenvalue \(s) of largest
modulus. The same holds in the space of Hélder continuous functions H1/6(K X
O, - llase)) defined in [BDLD, Section 1.5].

(ii) There exists a holomorphic family of maps & : K — C, s € U such that (z,9) —
&s(x) is an eigenfunction associated to \(s).

(iii) We have £5(x) = O(1) uniformly for x € K and s € U. The same holds for £.(x).

Proof. (i) For s in a neighbourhood of 1, this is [BDLb, Proposition 7.3] in the
Holder space H'/5. The same proof gives the statement in C' (cf. also [L.S25),
Proposition 7.5]). If s € Ry, then the result follows from [BDLbl Prop. 7.3]. Fi-
nally, by perturbation theory [Kat95, Theorem VII.1.7], we obtain the conclusion
for s € U if U is a small enough neighbourhood of [1 — /2, 2].

(ii) First note that by [Kat95, Theorem VII.1.7], the essential spectral gap of .Z; is
bounded below by a positive constant for s € U. Let &, be the eigenprojection
associated to A(s). Since s — %, is bounded-holomorphic in the sense of bid.,
we deduce that s —  also is, reducing the neighbourhood U if needed. Note
also that the averaging operator A[f] : (z,9;) — [©]7" > veo f(x, 1Y) commutes
with %, for all s, and thus also with &, for s € Y. The claim then follows
with & = ¢Z[1] # 0 for any constant ¢ # 0, since then ||&; < || 2] <
1, and & = ¢ P A[l] = A[&] which only depends on the first variable. We
choose ¢ > 0 such that & = ¢, the map defined in [BDLb (3.19)].
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(iii) The claim follows since the eigenfunction &, just defined satisfies ||&,]|1 < || 2| <
1.
U

7. PROOFS OF THE MAIN STATEMENTS: LIMITING THEOREMS
In this section we begin the proof of Theorems 2.2 and [2.5]

7.1. Estimates on the observable. We translate the estimates of Lemmas[3.10land [3.11]
in terms of the disk model. For xz € C(G) and g € G, recalling the notation (5.2)), we let

gy ME) =@ LG - Ll €€ @

by(,5) := V(x) L(gz,s) — |¢' ()" Lz, ), (¢ {1.g7'1}).

We warn the reader about the shift in the parameter s, so that the additive twists Ly (z)
now correspond to s = 1. This choice is more natural with respect to the normalization
in [BV05, BDLD]. We stress the difference in notation between the automorphic form ¢,
and the observable ¢, (in bold, indexed by elements of ), which will also be clear from

the context.
The quantities (7.1)) are initially defined for 9e(s) > 3/2, in which domain we have

1-s s—1
(7.2) bg(,5) = [p(@)| 19" (@) Iy ()] ([2]m, s — 3), (v = [glw),
with hl defined in (3.30). Thus, by Lemma [3.10}, the map ¢, extends to a function
on (OD~A1, g7 11}) x {Re(s) > 1/2} which is continuous in z for every s, and holomorphic
in s for every z.
For s = 1 we drop the s-dependence on the notation and let

L(z) := L(x,1) = Ly([z]u),
by(1) = py(x, 1) = Jy(x) L(gx) — L(x).
With a slight abuse of notation, for an inverse branch h = h,, € H. (or h € H) associated

to a matrix g = g, € G, we write ¢, := ¢y.
The following lemma translates the conclusion of Lemmas and to the maps ¢y,.

Lemma 7.1. For all h € H., we have the following bounds:
(1) For all e > 0, we have

(T4 @) = gn(@) < (W17 max |y =170 le — o/
yel{r,r

(7.3)

uniformly for h € H. and x,x’ € Dom(h) ~ {1}.
(2) If ¢ is cuspidal, then

(7.5) on(r) < 1 (h € He,x € Dom(h) N {1}).
(8) If ¢ is not cuspidal, then writing h in the form h = hypw, and letting w = wy,
and Ly, , Uy, be as defined in , we have for sy # 1/2
dn(7) = Aso(0)Gr(54, [T]1) + Boo(9)Gr(1 — 54, [2]n)
+ Ly On(2) (A () Gi(S, Vuwyn) + Bu(9)Gr(1 — 54, v,n)) 4+ O(1),
uniformly in © € Dom(h) \ {1} and n > 0. For s, = 1/2 we have
&n(2) = Doo(0, [x]1) + twePn(x) Dy (@, Uyyn)

. {ou), (Bx(9) = Bu(6) = 0).
O(lz — 1|7* +n'2)  (otherwise)

(7.6)
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with the same uniformity.
(4) For 1/2 +¢ < Re(s) < 1 and x € Dom(h) \ {1} we have

(7.7)
o El9m(s)

s)— 20 QR 1—p—
Pule8) < (1+ [s)Croa3 <’h/|m) o = P72 g — g e 4

14 ’h/‘me(s)q X |h/|(9%e(s)flfp¢f€)/2)

Proof. Write h = h,,, with w = w{w; as in the statement. By , the estimate
follows from Lemma for each fixed n. Thus we may assume that n > ng for
any fixed ng. As a consequence, we have that h is an inverse branch of kind (ii) and
thus Dom(h) is contained in some arc [a], a € X. By the analogue of for ¢, we
have

(7.8) Dn(w,5) = Vg, (2) By, (9017, 5) + |9up (90 2)" By, (2, 5)
for all z € Dom(h). Also, recall ¢y = 0 if wy, = 1. By Lemma and (/6.5]), we have

By, () = by, (a') < minfz — 1], |o’ — 1)) |[e)ss — o] "

< min(|z — 1], |x' — 1|)*(2*2p¢)|x . x/’k%ig

whereas by Lemma and (6.4)-(6.5)), we have
‘qbgﬂ,o (gUJlx) - d)gﬂ,o (gwrx/)

since Dom(h) C Dom(h,, ) and so |g,,y — 1| > 1 for y € Dom(h). Also, as implied by
Lemma (9.2 below, the map z + 9, (z) is constant in Dom(h) ~\ {1}. Thus, using the
bound !ﬁgwl (:L‘)‘ < 1 and taking finite differences, we get

én() — dp(a’) < (n° +min(|z — 1|, |2/ — 1)"C2)) |z — o/|' P77,

which implies the bound (7.4) since |h/| < (14 n)~2.
Next assume that ¢ is cuspidal. Then, the bound ([7.5) follows as above by the

bounds (33)-@30) and (-1)-53).

We focus next on ([7.6). By Lemma with p = [gu,Ju, and (6.4), we get
Pyoip (91 %) = tug Vg, (9un @) (Au(0)Gr(56, Vugn) + Bu(9)Gr(l — 54, vuen)) + O(1).
On the other hand, by Lemma with v = [gu, |m and —, we obtain
By, (2) = Asc(@) G (59, [2]1) + Boo(9)Gr(1 — 54, [2]a) + O(1).

Inserting these estimates in -) he Clalmed estimate ) follows.
Finally, (7.7) follows from as above We remark that we also have to
—s

account for the extra factors ]pH n ([7.2), which can be dealt with by
using that by (6.4)-(6.5) for = € Dom(h) We have

(@)l = |z =17 Iply(gw@)l <1, g0, (@) <1, gy (guy (2)) < (1+n)7% O

Remark 7.2. In the non-cuspidal case, the bound could be slightly refined, by using
the log-factor in instead of bounding it by arbitrarily small powers of y. Assuming
for simplicity |Re(s—1)| < 1/2—¢ and recalling , this allows to replace the factors
|R/|7%/2 and |z — 1]|7¢ in the bound by log(2+|’|~1)P=1/2 and log(2 + |z — 1]|71)Ps—1)/2
respectively.

L nlr — m'|1_p¢_€
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We are now able to verify the main conditions in [BDLb|] on the norm of the period
functions at parabolic elements. As in [BDLD], we let

flz) — f(a
Flaox =swplf @ Il = sup LTI,
zeX r.x'eX |SC - ‘
oA’

Corollary 7.3. We have

foralla >0 (¢ cuspidal),
7.9 R || ks < <
(7.9) h1h22€7-l [Pl l Pl ngnay < 00 {f0r0§a<2 (otherwise),
(7.10) Y IR n loc.tmha) | Dnalloc tinghay < 00
hi,ho,h3€H,
1) Y Il Ty <00 Jor0<A<3/2
hi,ho€H,

Proof. By [BDLE, eqs. (4.10) and (4.13)] we have dist(1, Im(hy)) > |h}|"/? and diam(Im(hy)) <
|h%|. Then, using ((7.4))-(7.6]) we deduce that for each hy, he € H,. with Im(hy) C Dom(h;)
we have

sty < 17+ 5]~

for any € > 0. Thus, for £ small enough and A < 3/2
1-\ 1-X/3-X
> R bn ey < D2 G RTT <

hi,ho€H, hi,ho€H,

since, by [BDLD, Lemma 5.3] we have >_, ;, |I/|” < oo for all o > 3. This proves (7.11]).
Similarly, when ¢ is non-cuspidal, eq. (|7.6) yields

L L C e e U B R B U
z€lm(hg)
Thus, we deduce as above that the left-hand side of is finite when v < 2, by taking
small enough.

When ¢ is cuspidal, by (7.5) we have ||@p, [|oo,im(ny) < 1 independently of hy, hy, and
thus the left-hand side of (|7.9) is finite for all o > 0.

Finally, we move to ([7.10]) for which a trivial application of does not suffice, and
we need to be more precise. Given h = hwgw1 € H., denote wy, = wy, and iy, = Ly,
so that ¢, = 0 if wy, = 1 and || = 1 otherwise. Since dist(1,Im(h)) > 1 for wy, # 1,
we have, in any case, dist(1,Im(h)) > |ts| + ||/, Recalling also the factor v, in the
second line of , we then have

—1/4—¢

I TP )| e S W)

||¢hj||0071m(hj+1) <1+ |thHh;’
Thus, since (1 — |ep,|)|thy| = 0, we deduce
1600 lloo 1 o) Dl s tinray < (IR IIRE]) 472 + (I RS2 4 (o [ )~

and the result follows by summing over hy, ho and hs. O

In the rest of the proof, given z € C we let 27 = ((gini((g )) € R% Also, we let

(7.12) (z,w) := Re(2W) (z,w e C)

denote the usual scalar product of 2" and .
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7.2. Cuspidal case.

First part of the proof of Theorem[2.3. Let t € C. We wish to estimate the characteris-
tic function

XQ(t) == Eqrp(e"®He()).

By Lemma [5.2] and (5.3]), we have
XQu(t) = EjEq my63,00
where now z € C(G), L(z) is defined in (7.3]), and E; denotes a sum over j weighted by

(ei<t7L(w)>)

Y

ercgj[[,]D(G;Q\/TTj) Y([z]m)
> eon, @) V()

By Proposition below, and since the fundamental domain R has at least 8 sides,
the multiplier system 9,(z) satisfies the stability and mixing hypothesis from [BDLb)
Section 5.1]. We also have the bounds and from Corollary [7.3] By [BDLD,
Theorem 1.3], we deduce the existence of t, > 0 such that for |t| < ¢, and any j,

(7.13) Eq a6 (€)= exp { (log Q) (i(t, ) — 3£ TSt +O([t*)) +O(Q~°+1¢]) },

where

(7.14) m = /K E)dsly), 0= /K log | Fle(y)]
1

_ ole—p £(y) ds(y)
(7.15) o= QGT{}/K‘I)K(?J)T,

and X is a 2 X 2 symmetric positive semi-definite matrix which is defined in [BDLD,
Lemma 8.6]; in particular, it is independent of j. Here we used the fact that ), o9 =
lo—{1} in the present case. The map ®g is defined from ¢, as in [BDLD, eq. (5.9)],
and £ : K — R, is the Fi-invariant density [BDLD, Proposition 3.8], which is smooth
and positive on K. We recall also that A(s) was defined in Lemma and that ds(y)
denotes the arc-length measure on 0D.

Since p and X are independent of j, x¢ also satisfies the asymptotic relation .
By the Berry—Esseen theorem (see e.g. [BD22b, Section 9]) along with the Portmanteau
theorem, the convergence to a Gaussian law (possibly degenerate) follows, and to com-
plete the proof of Theorem it remains only to show that g = 0 and X is a positive
multiple of the identity, which will be done in Section [§ 0

§(y)ds(y) _ (1),

7.3. Non-cuspidal case.

Proof of Theorem [2.5. For the proof, we will focus on the case when s, = 1/2 and By(¢)
0 for all b € C(I"), and will explain afterwards the modifications required to treat the
complementary cases. The proof of Theorem is similar to that of the cuspidal case,
except that now holds for a < 2 only. By [BDLb, Theorem 1.3], we deduce

(7.16) Yau(®) = exp { (108 Q) (1(8) + O(It") + O(Q ™ + [¢)) },
where, in view of [BDLD, Lemma 8.4] and ,
M) =2 [ (o) gy L
0 IDx O m

(7.17) = i(t, ) +o([¢)),
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with g defined in ([7.15)). Here ¢ is a positive piecewise smooth function on 0D which
is smooth at vertices of R, see [BDLD, (3.21)], and the map ®. is defined for almost
every x € 0D by

(7.18) Co(r) =Un(y) dn(y), (v =h(y).heMt)

The sets Im(h), for h € H,, partition the circle D into intervals, and by changing
variables (note that ds[h(y)] = |h'(y)| ds(y)), we get

(7.19)
o S0, (0= [ () )as() a0

heH,

Recall the classification of elements of H, in Section [6.1] Accordingly, we divide the
sum over inverse branches as

(7.20) 16) = - (S i)+ 3 Y hiy, )

wo, w1 N

where n is summed over Zs; if w; has length 1 and over Z>( otherwise. Also, we recall
that for inverse branches of the second kind we have that Dom(hunw, ) = Dom (Auwgw, ) is
independent of n.

We wish to apply Lemmad.T|to estimate these integrals. By Lemmal[7.1], the map ¢y, is
continuous on Dom(h), with the exception of a possible blow-up at 1 if 1 € Dom(h). This
has the shape z — Ao (@)Gr(3, [2]n) = A (9)Gi(%, F2)|z — 172 40(1) as 0D 5 = — 1
with sgn(Jmz) = £1 and with Gy, defined in . Note that the coefficients here are
independent of h.

Let us first assume that © C {1,—1}. We abbreviate

(7.21) Aoo(£) 1= Axc(0)Gr(5,F2),  Mwo) = Loy 2140, (0)Gr(3, V).
Combining the facts above, we apply Lemma 4.1/ to > [hwgwl (t), where the integration

is taken over the arc Dom (A, ) (cf. Remark 4.2)). We let ¢ := |t| # 0 and zy = 1. By
Lemma and [BDLD, Lemma 4.5], the hypotheses |(i)| of Lemma are satisfied with
the quantities a and [ given by

R / (g (1)
DOm(thwl)

g ()] ds(y)

n—oo

n—oo

— (i) Jim n? [ W ()] (1),
Dom(hwowl)
where w,, is the fixed point of g,

(7.22) Buown £ = 116WZS@ Mg, (1% 00)) [P, (1)1,

with f(1 £ i0) := limgpse—1 sen(am(z))=+1 f (), and Guwgw, s dwg,w,,+ satisfying
2 2
|a’w0,w1| = |<t/|t|7 /\(w0)>| )
2 2
|dw0,w1,:‘:‘ = |<t/|t‘7 AOO(ZE)H )
where we used the assumption © C {1, —1}. We deduce that

(7.24) th pn () = 10, Buuy) — (K5, (8) + K5, (0))[8log [¢]] + O(¢?),

(7.23)
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for some fay, ., € C and
K () = g | (E/]8, A(w0)>’27
K2, 0= 3 [/ o)) g, (1% i0)) [, (D]

n 1di0€Dom (hwgw, )

Regarding the first summand in (7.20)), by applying Lemma [4.1|as above to I, (t) (with
ap =0, cf. Remark , we obtain

(7.25) I, (t) = i(t, ) — K (t)[t[*[log [t]| + O([t[*),
for some p;, and
Ep(t) = Y @lho(1 £i0))[hy(1)][(#/]E], Ao (£))]
1+30€Dom/(hy)

We will first show that >, KW, (t) is a non-negative constant independent of ¢.
We start by rewriting av,, ., in a more suitable shape. By [BDLD, Lemma 4.5], we have

| Clu)ll, )
| Py ()]~ —— 2’
n? dist (A, (Y), Wy )

where C'(wg) > 0 satisfies C(wg) = C'(wp) and dist is the Euclidean distance. It follows
that

(n — 00)

Qg = SO(WUJo)C(wU)J(wOawl)a
with
! d d
(7.26)  J(wo,w) ::/ ‘ i (®)] d5(9) = = / —_— ut) =
Dom (hwgw, ) dlSt(hwl (y)7 wwo) haw, (Dom(h ) dlSt<y7 wwo)

after the change of variables y < hy, (y). Since g, (ww,) = 1, a quick computation
reveals that for all y € 0D \ {w., },

g 1
dist (Guo (¥), wuo)?  dist(y, wu,)
thus, after a further change of variables, y — ¢,,y, we have
ds
(7.27) J(Ub7w1)=:j[ afz——gﬁ——g.
g (haw, (Dom(hgyy ))) SE(Y, W)

Write wg = by ---bp and wy = by ---b, with 1 <r < /. If r </ — 3, we check that
Gao (g (DOM (g ))) = Py (Do (B ))

where w] = l;;l;_?g is a prefix of wg. If £ —2 <r < /{and (r,0) &€ {(1,1),(2,2)}, by
iterating the change of variables we get instead

wowy)

27

ds
(7.28) T (wo, w;) = / d‘—<y>2
922 (huw, (Dom Ry, ))) DSE(Y, W)

and we check that
G (Do Py ))) = hay (Dom(hagg )

now with w] = l;; e [)g/+1_\r/ and ' = 20 — r — 2. A similar argument takes care of the
remaining cases r = £ € {1,2}.
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Since wy,, = wag, (7-26)-(7.28) imply J(wo, w1) = J(wy, w}) with the values of w] just
defined. The map (wy, wl) — (wo, w}) is a permutation among the admissible indices,
thus we obtain

(7.29)
> K0 = > (K )+ K 0)
-3 Z (000 C 00 T a0, 10) (| /18], Mwoo)) P+ [68/18], AT ).

As observed after its definition (6.2)), we have vg; = —vy,. By (3.39) and (7.21)), this
implies that A(wg) = +i\(wp) and so, recalling ((7.12)),

/181 Aon)I? + (/e MG = [t/ X = [\
Thus,
(7.30) Z wo 'w1 ; Z ‘P(wwo)c(wo)J(wmwl)}Awwo (¢)Gk(%>vwo)‘2 = C(l)a
wo,wy 53;1;11

say. Notice that all factors in the sum other than !Awwo(qﬁ)}Z are strictly positive; also,
as wy varies, w,, spans the set of vertices of the fundamental domain. Thus ¢ > 0,
unless Aw(gb) = 0 for every vertexs w # 1, in which case ¢ = 0.

We now explain a similar property for the combined contributions of Kfui),wl and K.
By ((7.20) and the parametrization of inverse branches in Section , their contribution
to I(t) is proportional to

ZKb(t) + ) KRL®)

Wo,W1

:Z Y e(h(L 0N (L £i0)[[(/]8], Aoo(£))[*

h€H . 1+i0€Dom(h)

(7.31)
_ ch 1(1 £ 40)|(t/[t], Ao (£))]?

_ ng (1= 00)|(/[t], Ao (£))]7,
+

by invariance of ¢ [BDLD, (3.21)]. Moreover, ¢ is continuous at 1, since 1 is a vertex

of R, so that by (3.39) and ((7.21]) again the above is simply

2
P [/ 1] Ao (D 4 [/t Ao () = ()] A (9)Gi (5, 2)[” =2 ¢,
sayﬁ Also, ¢@ > 0 if A (¢) # 0 and ¢ = 0 otherwise. Recalling (7.30]), we deduce
(7.32) Z Ky(t) + Y (KG),, () + K3, () =c
wo, W1
where ¢ := M) 4 ¢ > 0 since, by assumption, ¢ is non-cuspidal with B, (¢) = 0 for all

w, and thus we must have A, (¢) # 0 for some cusp w'.

6The manipulation in (7.31]) was suggested by an LLM; in an earlier version of the manuscript, we
had shown this by an alternate argument which relied on certain symmetries of I, which are true for
Hecke congruence subgroups but false generically.
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Gathering ([7.20]), (7.24), (7.32)) and ([7.25)) and by (7.17)), we then have

(7.33) I(t) = it, ) — %Itlzllog!t\l +O([t),

with o < y/c # 0. Inserting this estimate in (7.16)), we conclude using the Berry—Esseen
theorem (see [BD22D| Section 9]) that (2.11) holds with o, = ¢/+/2, modulo the fact
that u = 0.

The case |©| > 3 is similar and in fact simpler. Indeed, we can apply Lemma as
above with the difference that now ([7.23)) is to be replaced by

|@wgan | = 18/ [E], 9Vt M) 7,
(gl = [/ [E], A (),

where ¥ is the variable of integration over © in (7.19) and 9,, is the value taken
by ﬁgwgwl () in the interior of Dom(hyyw,) (see Lemma [9.2f below). Since © has or-

der at least 3, then a quick computation shows that for any ¢, x € C,

/@ (6,0 - )20 = Lit2s .

Thus, performing the integration over v}, we obtain ([7.33) with a positive o without
using the symmetry above.

This concludes the proof of Theorem [2.5] save for the equality g = 0, in the case
when sy = % and By, = 0 for all b.

In the case when s, = % but By # 0 for some b, the previous arguments are adapted
with the only changes that Lemma is applied with the hypotheses the logarith-
mic terms being due to the shape of . This setting is identical to [BD22b], and
leads to an asymptotic estimate of the shape

2
. o £
(734) 1(8) = i{t, ) — T-|tPllog [¢]]° + O(Jt o ]

instead of . The rest of the proof is identical to the previous case with standard
deviation oy = 0/(2v/2).

Finally, let us focus on the case when s, = 3 + it, # 3. We split I(t) as in (7.20).
For h = hypw, € H, and ¥ € O, Lemma yields for (t/|t|,J¢(z)) an expansion of
type

(ajn'’? cos(t;logn + 6;) + d; +|Im x| 72 cos(—7; log |Jmz| + 6})) + O(1)

2
=1

J
as x — 1 £0 and n — oo, where 7; = (—=1)’*'t, and 6;,6) could depend on t,?. The
coefficients a;, d; > 0 and the phases 0, ¢ are determined by the relations

11 €% = B Ay () Cil56,00) 026" = 1905, B, (8)Gi(1 — 50,0,),

dl,:l: ew/l = iq?Aoo(¢)Gk(s¢, :FQ), dgd: ei0’2 = iﬁBm((ﬁ)Gk(l — S¢, :FQ)

ot -1

Note that the moduli a;, d; do not depend on t (contrary to the earlier case (7.23])). We
apply Lemma with hypotheses and obtain

ST T, (8) = it ) — et log(e])] + O(1t]?),

wo, w1 N
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for some p’ and for ¢ given by

1 , .
(7.35) c=3 > <<p(wwO)C’(w0)J(w0,w1)|a1 e [...])
wo,w1
where [---] represents the corresponding contribution from the possible pole at x —

1 +¢0. We focus on the n contribution written above. We expand the modulus squared
and first consider the cross-product contribution. It is the real part of

(7.36)
( Z (W) C (wo) J (wo, wr )ay € ag €™

= (%)2192 Z @(wwo)bigﬁfuoc(w())‘](wm wl)Awwo (¢)wa0 <¢>Gk(5¢> Uwo)Gk(l — S¢, Uwg)-

wo,w1

We proceed with the change of variables (wg,w;) « (wg,w}) which we used above
in (7.29). This change of variables preserves the fixed point w,, = wg and the val-
ues C'(wp) and J(wp,wr). On the other hand, we have vy = —vy, by (6.3), and we
check that
Gk(8¢, —1)Gk(1 — S¢, —1)
Gk(8¢, 1)Gk(1 — S¢, 1)

Thus the cross-term is zero. The remaining contribution from the squares in ([7.35))
can then be handled in the exact same way as above. The contribution from the
singularity at x — 1 140 in (7.35)) is analyzed by the same method: the corresponding
cross-term is shown to vanish, after the manipulation in , by matching opposite £+
signs. This leads to an expansion of type , hence Theorem , also in this case. [

_ (_1)1: em’(l—k)

= 1.

8. COMPUTATION OF THE FIRST AND SECOND MOMENTS

8.1. Overview. In order to complete the proof of Theorems 2.2 and [2.5] we are left to
prove:

— that in both the cuspidal and non-cuspidal cases, the mean-value u is zero,
— that in the cuspidal case, the covariance matrix X is equal to 03) Id where Id is
the identity and oy is given by .

In the modular group case I' = SL(2,Z) treated in [BD22b|, this was done by com-
puting the empirical expectations Eq[L(z)], Eg[L(x)? and Eq[|L(z)|’] directly. The
computations made crucial use of the existence, for I' = SL(2,7Z), of an explicit expres-
sion for sums

(8.1) > eltx),  (tez)

Z‘EQQ

in terms of Ramanujan sums. The Ramanujan sums enjoy a large amount of cancellation
and a multiplicative behaviour, related to the existence of Hecke operators, which was
crucial in the arguments in [BD22b|. In contrast, for arbitrary groups I', existing results
on the estimation of rely on the analytic properties of Selberg’s Kloosterman zeta
function (see [PR18, eq. (3.9)]), and the available uniformity in ¢ is insufficient.

The dynamical systems approach naturally yields the expressions for the mean-
value, and an analogous expression for the variance. However they involve the period
functions ¢, whose definition in , as the continuous extension of a map initially
defined on the countable set C(I'), is of little use by itself.
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We solve this issue by approximating the function ¢4 by the non-central L-values
with s = 1+ ¢ for € > 0. This is inspired by the construction in [DN26], see equa-
tion (3.13) there. The main point regarding our argument here is that the maps L(z, s)
are now continuous in z by uniform convergence. We insert the expression into the
definition for i, separate the contributions of L(gx, s) and L(x, s), and recombine
them using the invariance of £&. We essentially arrive at an equality of the shape

(8.2) p= 2 tim (s — 1) /K Ly, 5)¢(y) ds(y),

m s—1+

where the factor s — 1 arises from the effect of the factor |¢/(z)[*" in (7.1). The
equality can be thought of as a continuous analogue of the empirical expecta-
tion limg_,eo @EQ [L(z)]. In a way, the dynamical systems argument took care of
replacing the discrete average over C'(I') by a continuous average over dD. The con-
tinuous average is easily estimated by inserting the Fourier expansion stemming
from (2.7), using a rough bound on a(n) and on the Fourier coefficients of ¢, and this
leads to the value pu = 0.

Regarding the covariance 3, although the computations are more involved, we even-
tually find that the same idea leads to the expression

£= 2 tms-1) /K Ly, )Ly, 5)"€(y) dsty).

m s—1+

Expanding the product leads to sums of the shape ) a(n)a(n + h), which are handled
by means of Rankin—Selberg theory. Contrary to the mean-value, the diagonal terms
h = 0 survive the integration over y and give the main contribution.

8.2. Approximation lemmas.

8.2.1. Approzimating ¢n(y) by non-central L-values. Recall the definition of the non-
central L-values L(z, s) and period functions ¢, (z, s) in (7.1)). Recall also the definition
of & and U in Lemma , of the maps py, pp in (5.1)), and that H denotes the set of
inverse branches of Fy (cf. Section . From the proof of Lemma , we have & = &.

Lemma 8.1. (i) For all g € G and x € 0D \ {1,g "1}, the map s — ¢4(x,s)
extends to an analytic function on Re(s) > 1/2.
(1t) For Re(s) > 1+ py, the map x — L(x,s) is continuous and bounded on OD.
(iii) Uniformly for s € U, we have

(8.3) Z 17|60+, 8)| || so.Dom(n) < 1, (a < min(ﬁ, )
heM

Proof. The first point is proven in Section [7.1. The second point follows from the
bound ([2.6) in the non-cuspidal case, and from Wilton’s bound (3.8) in the cuspidal
case. The third point follows from [BDLb, Lemma 6.1] and (7.7)). O

8.2.2. Leading eigenparameters. For s e U, x € R, we let

(84) Cs($) = €5<i T z) (£B2 T 1)81:136[1(]11-117

where we recall [K]g = pu(K). Note that, by a change of variable, for all n € Z we have
85 L= [ Gla)etna) o= [ bl 76 e(-npa) ds(o)
K

Lemma 8.2. We have Qs(n) < |n|™" uniformly for n € Zsy and for s € U,
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Proof. Note that [K] is a finite union of bounded intervals. By Lemmal[6.1]we have |(;(z)|, | (z)] <

1 uniformly for s € U and z € [K]g, whence by partial summation we deduce (s(n) <
1/|n| with the same uniformity. O

8.3. First moment. We recall the expression
lo—{1) / §(y) ds(y)
=2—"> & s
I > . x(y)

for the mean-value, where ? and m are defined in (|7.14]).
Proposition 8.3. We have p = 0.
Proof. We may assume © = {1}. For all s € U, define

(8.6) i) =3 / O EI )]sty

heH

and note that by Lemma and (8.3) we have
S [ 19 )] () < 1
Dom

heH

Note also that the maps &, are defined on K. By Lemmas . and , we deduce
that the map s — p(s) is analytic in U, and
2

n= ﬁﬂ(l)-

Assume next Re(s) > 3/2. We insert the explicit expression from ([7.1]), and separate
both contributions to the integral. Note that ¥ (y) = 1 since we assumed © = {1}. We
find for all Re(s) > 3/2

uls) = My(s) — My(s),

where

Mis)= 3 / oy HR G )] 05,

heH

Myfs) = 3 / ) ) ds).

=
Since J, 5 Im(h) is a partition of D up to a countable set, after a change of vari-

ables M;(s) becomes
=3 [ e s = [ L 96w a6

heM
Concerning Ms(s), by definition we have for all y € K

> IH@IE(hy) = L&l W) = As)é(y)

heH, yeDom(h)

with A(s) as in Lemma [6.1] We deduce
Mals) = A(s) | Do, 5)6(0) ).

We conclude that

(8.7) u(s) = (1— A(s) /K Ly, 5)6.(y) ds(y).
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We insert the definition
(8.8) L(y,s) = pa(y)] ") a(n) e(npu(y))n'~,
n>1
which is allowed by the bound (2.6]), since Re(s) > 3/2. We obtain
(8.9) p(s) = (1=A(s)) D a(mn'—C(=n),  (Re(s) > 3/2),

n>1

where ES() is defined in (8.5). By Lemma , the sum over n on the right-hand side
converges uniformly for s € U. Therefore, we conclude by analytic continuation that
the identity holds for all s € U. Since A(1) = 1, the proof is concluded by
setting s = 1. 0

8.4. Second moment in the cuspidal case. In the remainder of this section, we
restrict s to a real neighbourhood of 1. Let 6 > 0 be fixed and

V:.=11,144].
For s € V, v € K and ¥ € ©, we define g, by
(810) (bK,s(xv 19) = 1919h(y)71¢h<y7 8)7 (h € Ha T = h(y))7
in analogy with ([7.18]). We let
1
(8.11) X = E(Id — N )TLL[DKE()),

where A4 = ¢ — &, with & the spectral projection onto the eigenspace spanned by &.

Lemma 8.4. (i) The map x belongs to H/*(K x ©).
(ii) We have

(8.12) x§ — Zx¢| = Z[Pxg]-
(iii) For s €V, s # 1, we have
(8.13) / £, )| dste) < 1/(s - 1),
K
(8.14) (2 = Z)[X¢]ll o,k x0 < 5 — 1,
(8.15) / ‘(I)K'S — (I)K,SSZSfl‘JT_'}{‘l_S i dv < (s —1)%
Kx0©
Proof. From the definition of . in (6.6)), we have
(8.16) LPr&l(y,01) =01 Y [N W)|dnw)é(h(y)).
heH
y€Dom(h)

By Lemma and (8.3, uniformly in y € K we have
Y I @enly DER)] < Y 11 nlloopomeny < 1.

heH heH
y€Dom(h)

Let h € H and ¥ be fixed. For y;,y> € Dom(h), we have
|7 (y)| = 7 (w2)| < [P] X [y1 — w2
by the bounded distortion property [BDLD| eq. (4.1)]. We also have

(€ (R (1)) — E(h(y2))] < W' % [y1 — w2l
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by Lemma [6.1] (iii). Therefore, we get that the map
y = |1 (y)|@nly, DE(R(Y))

is %—H(’jlder continuous on Dom(h), with Holder constant bounded by

W[ (I @n || so,Dom(n) + |98l 1/6),Dom(r)) < B |(|Dn o, Domn) + |Pnl(1/3),Dom(n)),

by [BDLD), eq. (6.4)]. By and in conjunction with [BDLbl, Lemma 6.1] we have
that >, o [V [(||@nllsc + || @l (1/3)) < 1 and thus the map belongs to HY/%(K x ©)
as claimed, and therefore so does x. The identity follows from the definition (8.11]
since ZN =0, L =P and P[Dr&] = cué = 0 for some constant ¢ > 0.

We turn to the bounds —8.15. First, by partial summation and the hypothe-
sised upper-bound , for all s > 1 we have

AQL@z@F@@o«3ﬂumummﬂ%u¢s—1ﬂwﬂmfda@<<A|Lw»—4/zwfdy

since [K |y is bounded. Let M (s) denote the right-hand side. By the Wilton bound (i3.8]),
the map s — L(¢,s — 1/2,y) is holomorphic and uniformly bounded in compacta
of {Re(s) > 1}. By Parseval’s identity, we get

Z|a 2 n2(1=s)

n>1

We conclude using and partial summation that M (s) < 1/(s—1), which gives .
The bound follows immediately from [BDLDB, Lemma 7.6] since [|x¢|[,, x < oc.
To prove the bound , we use the holomorphicity in s € U of the maps

along the Cauchy formula on a rectangle R C U around V. We obtain for the left-hand

side of (8.15)) an upper-bound of

_ du 2
s =1 o1 f TtV Ty |

2
<K |S—1|2/ / ‘®K7u§2u_l|‘/—_-;(|1—u dudu
Kx0 JR

after Cauchy-Schwarz’s inequality. Inverting the integrals, we are left to bound

2
/ )@KU&MF;{P‘“ dv
Kx0©

uniformly in v € Y. By Lemma [6.1](iii) and since Re(u) > 1 — 4, using we
upper-bound this by

gﬂﬁe HCDKU»' dl/ < Z |h/ 29% ||¢h( )Hgo,Dom(h)v
Kx0© heH

and this is seen to be uniformly bounded whenever ¢ is small enough by the same
argument as for (8.3]), by using [BDLD, Lemma 6.1] and ((7.7]). O

The covariance matrix in ([7.13)), which we seek to evaluate, is given explicitly in [BDLD,
Lemma 8.6]. An alternative expression, more useful for our purpose, is given in [BDLD,
eq. (8.12)] and states

(8.17) »== / (PP + XP% + Prx”)Edv,
Kx0©

where dv = m~! ds(z) d9.
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Proposition 8.5. We have X = o} 1d, with o4 given in (2.9).

Remark 8.6. It is instructive to compare with the value obtained by Nordentoft in [Nor21]
in the case when k is even and ¢ is associated to a cuspidal holomorphic form f(z) =
y~*2¢(2). We then have s, = k/2 and ||¢|| = || f||» the Petersson k-norm, therefore

/1%
(k — 1)! Vol(T\H)

which recovers the value obtained in [Nor2l, eq. (1.4)]. Note that the factor (4m)*
in [Nor21] is due to a difference in normalization originating from the Whittaker func-

tion Wk/g}(kfl)/z(zlﬂ'y).
Proof of Proposition [8.5. We start from the expression (8.17). By Lemmas , , ,

and dominated convergence, we get

2 _
U¢—

2= lip 50)
where
(8.18) X(s) = % /K . (q?K,séﬁ,ssgs,l + (XL, + <I3K7S>2T)§> dv.
Recall the definition (6.7)), and for s > 1, let
(8.19) L(x,9) :=9L(x,s)
which is continuous in x by Lemma . Thus, by and , we may write
(8.20) pes(,0) = Ly(,9) = | Fie(@)] " (Ls 0 Fic) (., 9),
whence

/ DieaXEdv = / (Ls — |Fj| ™ (Ly 0 Fi)) X" € dv
Kx0©

Kx0©

= / Es()?f - Dg/’z[XfDT dV,
Kx0©
by (6.8). Using (8.12) and (6.8)), this becomes

/ Sp X Edy = / L, Z®x€" dv + E,
Kx0© Kx0©

= / (I_;S e} ./—'-K)(iﬁg dv + E1
Kx0©

- / (B, 0 Fi)BL o s|Fil ™ dv + By + B,
Kx0©

where

|E11s/ L] (2 - Z)xe]| v,
(8.21) Kx®

By < / Lo Ficl - | D son | L™ — Bree| v
Kx0©
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By Cauchy-Schwarz and (8.13)(8.14), we get Ey < [s — 1|( [0 ]L5]2dy)1/2 <L |s — 1|1/2.
Similarly, using (8.15]) we get Ey < [s — 1|( [ |Ls © Fr?dv)¥? <« |s — 1|2, We have
therefore obtained as s — 1

/ 5[(75)2715 dv = / (ES o ./T"K)(I_))qlgsgzsfl‘f;(’l_s dv + 0(1)
Kx0©

Kx0©
A similar identity holds for [ )ZCI3£75§ . We deduce

2 — — — — —s =g =g —S
3(s) = N /K . (Br @k (Lo F )k | Frel ™+ @ (Lo Fi) | Fre|' ™) nsmr dvto(1).
X

Inserting the expression (8.20]) and simplifying, we get
(s) = 2 /K @(ESEST — (Ly 0 Fre)(Ly o F) V| Fe | )01 dv + 0(1),
X
and finally, since %, 1&25_1 = A\(2s — 1)&s,_1 and using once again, we arrive at
2M/ ESEZSZS—]. dl/, (S — 1+)
0 Kx06

By definition of d [BDLD, eq. (8.3)], we have 1 — A(2s — 1) ~ 2(s —1)d as s — 1*. Thus,
we are left to show that
2

(8.22) / LI 6 1 dv~—"% 1d
Kx© T 4(8_ 1)
as s — 1. The asymptotic behaviour (8.22) is equivalent to the limits
o2 1
L% 1dy ~ —2 / L6, 1 dv =0 ,
/Kx@’ ’ 52 ' 2(‘9_1) Kx0© 852 ! (5_1)

where here L¢(z) is interpreted as a complex number. Recall the definition (8.19)).
Note that in the first integral, the © integral trivially evaluates to 1 (the integrand is
independent of 1)), while in the second integral, we have [,9U? = lgcit1}. Changing
variables and using the definition ([7.1]), we obtain that it suffices to show

2

(8.23) /R (6,5 1/2,0)Gaua(a) da ~ (:f o

1
3—1)7

(8.24) /RL(Qﬁ, s —1/2,2)*Cos1(x) dz = o

where we recall (o5_1(z) is as defined in ({8.4)).
Let H > 1 be a parameter. By Vaaler approximation [Vaa85, Theorem 11] (choos-
ing & < H), there exist two maps ¢},_, and ¢}, , whose Fourier transforms satisfy

&s—l(()) - fCZs—la

Ge1(0) < 1/H,

Gaa (), Gua(h) <1 (hEZ,s €[1,2)),
5e1(R) =G ((R) =0 (|h] > H),

and

‘CQS—l(x) - C;s—l(x” S Cgs—l(x)
for all x € R except at the finitely many discontinuities of (55_1. We insert this inequality
in the integral [, [L(¢®,s — 1/2,2)[*Cos1(x) dzz, replace L(¢,s — 1/2,z) by its Fourier
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expansion (2.7) and interchange sums and integral, which is allowed for s > 1 by the
Wilton bound (3.8]). We thus obtain

(8.25)
/\L(¢,s_1/2,x)y2¢251(x) do = (/<281+0<H1))15(0)+o( 3 yls(h)\>,
R R 0<|h|<H
where
(8.26) L(h)= Y a(m)a(n)(mn)'~*.
e

Note that [ (o1 = [p |pﬁH|2(175)§23_1 — [ =mas s — 1. Letting H — oo sufficiently
slowly as s — 17, we see that to prove the asymptotic behaviour (8.23) it suffices to
show that

(8.27) 1,(0) ~ —22

(8.28) [s(h) < 1,
where the second bound is uniform in s € (1, 1+6]. We first focus on the case when s, #
k/2 (mod 1), which implies (since ¢ is cuspidal) that s, € [1/2,1) U (5 + iR).
For h = 0 we have ,
ja(n)]
L5(0) = Z n26—1)"

n>1

We apply the Rankin-Selberg method [Iwa93, eq. (8.10)]. Define

sgn(n)=+ n
so that I4(0) = I'*(s). Define further, for all ¢ € Z,
(5.29) Cr(s) 1= [ Waman (s Y.
By the Rankin—Selberg method, we have
(8.30) Cr(8)IF(5) + C_i(s)I (s) = (4m)*CV Iy (s)

where Lo
X
Io(s) = [ foBes -1, %
I\H Y

and FE(-,z) is the standard Eisenstein series at co. On the other hand, let ¢ = Ry¢ be
the weight-raised form obtained from ¢. It is of weight k+2 and has a Fourier expansion

V(z) =D ap(n) e(nRe(2))W, g 2 i, (40| Im(2)),
n#0

ay(n) = {—a(n) (n>1),

(56 +5)(1 =56+ 5)a(n) (n < -1).
By the Rankin—Selberg method again, we find

(8:31)  Crsals)I*(s) + |(s + £)(1 = 55+ B CLisal()I(s) = (4m)2 I (s).

where
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The maps Cy are regular at s = 1, since Wyp1,(y) < yt~Re(s0)=¢ in the neighbourhood
of 0. The value Cy(1) is computed using the formula in [GRO7, (7.611.4)]] We obtain

- () U(l) =vp(sy —/2) —¢p(l — 55 — £/2)
832) )= Fam) GO {G(ﬁ) (s, /201 — 5y — 1))

where ¢ is the Euler psi function [GRO7, Section 8.36]; this is valid as written for s, # 1,
and is extended by continuity at s, = 1

Let pu, = (s¢ + 5)(1 — 54 + £). We solve the equations (8.30) and (8.31]) for I (s
This is possible if we prove that the determinant

Ak(s) = piCi(s)Cr—a(s) — C—i(s)Crsa(s)
1.

is non-zero. By continuity it suffices to prove this at s =
2)/G(—k) = G(k)/G(k + 2), we get
m M
= —k—=2) =V (—k)W(k+2

and since U(k +2) — W(k) = (254 — 1)/, = —¥(—k — 2) + V(—k), we deduce

Using p, = G(—k —

(1= 2s,) U(k) + U(—k)
Ak(l) - sin(27rs¢)¢2 G(k)G(—k) )
and finally, since
S = —sinlr(s, + §)sin(a(s, — ) (cotln(ss + ) + cotlalss ~ £))

= —Lsin(2msy),

we conclude

7T(28¢ — 1)
: Ap(l) = ——=
(8.33) #(1) sin(27s,)
independently of k. We deduce
+ (47")2(571) 2
(.3) 17(5) = L RCa(5) ) - Cale) (o)
By [Iwa02, Proposition 6.13], we have
1 ]”

(8.35) Jo(s) ~

2(s — 1) Vol(T'\H)’
and similarly for ¢. Therefore

P m — L ROl — O
20s — 1) Aw(1) Vol(T\H) '

By [DFI02, eq. (4.3)], we have ||¢||*> = u||¢[/?, and thus

b (e Cp—a(1) — C(1)) |92
2(s — 1) A(1) Vol(I'\H)

"The related formula [DFI02, eq. (19.6)] should be corrected by a non-constant factor when k # 0.
This is due to the fact that [GROT, (3.384.9)], which is used there, is not immediately applicable
when Re(sy) = 1/2 due to lack of absolute convergence. We use instead [GRO7, (7.611.4)] which is
proven with the arguments described in [Buch3l, pp. 112-116].
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Finally, we compute, by a method similar to (8.33)),
e (prCop—2(1) = Ck(1)) e W(=k) = V(-k—2) 1

Ak(1) (25— 1) G(—F) - G(=k)
which is (I'(sy + £)I'(1 — sy + %)) as required. This shows (8.27) with the claimed
value of o7

We next upper-bound Is(h) for h # 0. By conjugation we may assume h > 0. We
start by considering

where for m,n € Zg, we let

h Camhy 2o 1)
bi(m, n) = / Wegn(mk/2.it, (47 [1]y) Wogn(yk 21, (4 [n]y) €27 2 1>?
0

For n — m = h, we have

2(s-1) y—2rhy/ln| 1Y

1 o m
bp(m,n) = W/U Wegn(myk/2its (47| 2 9) Wagn(nyk2,it, (479 y

> 1 dy 1 1
= < / ngn(m)k/2,it¢ (47TZ/) ngn(n)k/2,it¢ (47Ty)92( 2 ; + Oh ( ) ) —)
0

W |n|2(871

> pnd 1 1
830 = ([ Wantmpraie, (7)) Womopra, () Vo))
0

W |mn|371'

Here in the second line we used the expression [DFI02] eq. (4.24)] to bound the derivative
of the Whittaker function. We deduce that by, (m,n) <, 1. Also, if sgn(m) = sgn(n) =
+1 by the definition (8.29) the integral in (8.36]) can be expressed in terms of Cy;, giving

(8.37) bh(m,n):<0ik(s)+0h<i>> L (4my20-9),

|n‘ ’mn‘sfl

Since there are finitely many indices m,n with sgn(m) # sgn(n) (depending on h), the

contribution to I,(h) of these terms is O, (1). Thus, using (8-37) for the remaining terms,
we obtain

(8.38) L,(h) = (4= (Cu(s) I (h) + C_r(s)I; (h)) + On(1),
with
I5(h) = > a(m)a(n)[mn|'~*
sgmmg%ijg):ﬂ

since the contribution of the term Oy(1/|n|) is bounded by a constant times

S Y Jatm) < X }ZTI{’ <1
n#0

n—m=h n#0

by the trivial bound |a(m)| < m® and (2.6)).
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We can also give a different expression for j;(h) by inserting the definition of b, and
exchanging the order of summation and integration. We obtain

I ) ~2mhy , 2(s-1) 1Y
Li(h) = / Z a(m)a(n)Wagn(myr/2.it, (47 m|y) Wagn(nyk 2.t (4 [nly) e 727 3 1)?
0 m,n

n—m=h

dzd
= [ As- DY
I\H Y

where Pj,(z,2s — 1) is the Poincaré series
Py(z,2s — 1) = Z (Jm~2)* Le(hyz).
YEL\T
It is known [Sel65, [GS83| that s — P, (z,2s5—1) for h # 0 extends to an analytic function
in a neighbourhood of {MRe(s) > 1} and satisfies fF\H |Py(2,2s — D))*dzdy/y? <5 1
uniformly for s € V. Since ¢(z) < 1, we deduce by Cauchy—-Schwarz that

dzd
T.(h) = / Pu(z,25 — D]o(2) P2 < 1,
I\H )

so that, by ,
Cr(s)I (h) + C_i(s)I; (h) = On(1)

as s — 17. We carry out a similar argument for the weight-raised form v = Ry¢, and
deduce by Cramer’s rule as above that

IJ(h) =0n(1),  (s—17).
This proves (8.28)), and completes the proof of (8.23]).

A similar argument allows us to estimate [, L(¢, s—1/2,2)*Co5—1(x) dz. The analogue

of is now
[ H6.s =120  r) e < HOLO) + X (LB + 1.0,

0<|h|<H

where

a(m)a(n)

Js(h) = —
( ) Z (mn)s—l
m,n>1

m~+n=h

In this sum, since m,n have the same sign, they are obviously bounded in terms of h,

so that Js(h) <, 1 for all h. Letting H — oo slowly enough as s — 17 gives ({8.24]) as

claimed, and concludes the proof of Proposition [8.5]
Finally we discuss the case when y~*/2¢(z) is holomorphic, which implies s4 = k/2
and a(n) = 0 for n < 0. We then have Wi 2 (—1),2(y) = y*/?>e7%/? and thus Cj(s) =

['(k+2(s —1)). The analogue of (8.34) is simply
4 2(s—1)
o (o)
Fk+2(s—1))
Inserting the estimate (8.35)) we obtain (8.27)) also with the required value. A similar

argument shows that I;(h) = Op(1) for h # 0 and Js(h) = Op(1) for all h, concluding
the proof.

I'(s) =

U
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9. TOPOLOGICAL IRREDUCIBILITY WITH MULTIPLIER SYSTEMS

We recall our assumptions on I' and G, which follow from our setting in Section [2.1
as well as Lemma : G is a free subgroup of [['|p, it is discrete, finitely generated
with finitely many cusps; it has a cusp at 1, and has rank at least 6. Recall that 9,
was defined in Section [5.2] and recall also the choice of fundamental domain made in
Section [6]

We quote from [BDLD, eq. (3.2)] the notion of K-length {x. If w = a;---a, € ¥* with
¢ > 1, then

The goal of this section is to prove the following proposition, which shows that the
multiplier system 9,(z) satisfies the stability and mixing hypothesis from [BDLD, Sec-
tion 5.1], or in other words, that ¥,(x) is irreducible with respect to the induced map
Fk (see [BDLD, Section 3.1]). We shall use the fact that the fundamental domain R has
at least 8 sides, as implied by Lemma [5.1}

Proposition 9.1. Suppose || > 8. For any admissible non-empty words wy, w3 € 3%,
and any ¥y € O, there exists by > 1 such that for all £ > {y, we may find wy € X* with
the following properties:

— The word wiwows is admissible, and Cx(wiwows) = .

— We have 9 () = for all x € [ws]°.

Jwy we

We first need some lemmas. In the following we denote by a, the side of R which
precedes 1 proceeding counter-clockwise, and a_ the side which follows 1.

[a+]

Lemma 9.2. Let w =ay---a, € ¥* with £ > 1. Then the map
z =y, ()
is constant on each arc [b]°, for b # ay. Denote by
Dul®) = Uy (), (e )
the associated common value. The following properties hold.

(i) The quantity 9 (b) is independent of b for b # a_.
(ii) Whenever ay,ay # ay and gy, - 1 # 1, we have Uy, (ay) = (—=1)Fdg(ay )™t

Proof. First we observe that if g,, fixes 1 (i.e. [g,]m fixes 00), then ¥, (z) = d¥ x'(g.) for
some d,, € {£1} and all the claimed results follow immediately. Thus we can assume
gw - 1 # 1. In particular, we can write ¥,, as 9, () = "X (gu) sg,(z)* for some
cw € {£1} satisfying ¢, = —cg and where sg,, (r) = sgn([z]m — [gu]z 00). Notice that
sg, () = 1if gt - 1 precedes z proceeding counter-clockwise from 1 and sg,(z) = —1
otherwise.

Since 1 is a vertex of R, and thus is not in [a;]°, we have g ' -1 € [a)]. Thus
for x € [b]° and b # ay we have that sg,(x) depends only on b and not on z. This
justifies the definition of 9,,(b).
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(i) If g;:l -1 =1, then gz~ fixes 1 and the claim is clear as above. Now, assume
g—+1+#1. Since 1 is a vertex of R, we have g1 -1 =g, -1 € [a_]. This implies
that sg~(z) =1 for all z ¢ [a_]| and the claim follows.

(ii) We have g;;' - 1 € [ay] and thus, by hypothesis, g;' - 1 & [a;]° so that sg,(z) =1
for all z € [ay]°. In the same way, sg;(z) = 1 for all € [a;]° and the result

follows since ¢, = —cg.

O

Given wy € X* we extend the definition of ¥, also to words wy € ¥*, with wyw, ad-
missible, by letting ¥, (ws) := ¥4, (a) where a is the first letter of ws. The relation ([5.4])
then reads

(91) 7971}1“}2 (’LU3> = ﬁw1(w2)ﬁw2 (U)3)

whenever wiwows € X* with w; not empty.

We need some further notation. For any s;,s, € ¥ with s; adjacent to S5, we let
P, s, € ¥* be a (fixed) cuspidal cycle — as defined in — with first letter s; and
last letter so. Upon replacing P, 5, by a concatenation power Py . if necessary, we can
impose that x'(gp, ., ) = 1.

For by, by € 3, we denote

bAl neither equal nor adjacent to b,
B(b,b) = {pew, }
and b neither equal nor adjacent to b,.

the set of letters b for which both transitions b6 and bb, are admissible and counted
by (k. Note that since we assumed |X| > 8 we have |E(by,bo)] > 8—-3—-3 > 2. In
particular, E(by,by) is never empty.

In the rest of the section we will repeatedly make use of the following simple facts
about the function ¢x: let w; and wy be two non-empty admissible words. Assume that
the last letter ¢; of wy, and the first letter ¢y of ws, are such that ¢; and ¢, are neither
equal nor contiguous. Then

(92) EK(wlwg) = KK(wl) -+ EK(’LUQ).

Also, for s1, 52 as above we have lx (P, 5,) = 1.

Lemma 9.3. There exists b € 3 such that for any non-empty ws € 3%, there is vy € O
such that for any choice of n € {(£1)7%}, we may find uy € X* with buyws admissible
and

(93) /l9bu2 (U)g,) =y, gK(bUng) = £K<IU3) + 4.
Proof. We pick u € X distinct from the letters
{a+ - 2a a+ — ]-7 A, A, Q- + 1}

—

Since we assumed |X| > 8 > 5, there is at least one such choice of u. Let v = u+ 1,
so that there is a cuspidal cycle P, ,. Let

P € {Puu Pua}
and fix b’ € E(ay,c) with ¢ denoting the first letter of ws. Let
b:=a_, uy = Pab € X"
By the period relation (9.1 we have
Din (1) = D= (PYOp s ), ()0 () = Vo0p(a)
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where by Lemma . the number ¥y € © is independent of our choice of P. By
Lemma we have

Op(ay) = (1) p(ay),
thus picking appropriately P, we find a corresponding word uy with Jy,, (ws) = ni.
Moreover, a quick computation using the hypothesis on « and &' shows that

EK(bUQQUg) = EK(C/LtPa_;,_b/wg) =4 + EK(wg)
This proves (9.3)). O

Lemma 9.4. For any non-empty wy, € X%, any letter b € %, and any Yy € O, there
exists £, € N such that for any 0’ > {f, we may find a word u; € ¥* with wyub admissible
and

D (0) € {(ED 00}, Lrc(wrunb) = .

Proof. By the definition of © there exists g € G such that x'(gu,9) € {(£1)*o}. Since G
is generated by {gq4,d € X} (see Section , we may write g = gq, - - - gq, for some non-
negative integer ¢ and d; € ¥. We may assume d; # cjj for all 7 # j, since such pairs can
be removed without altering x’(¢g). Then, denoting by by the last letter of wy, we define
T € ¥* as follows:
— If ¢ = 0 or if there exists j with d; # l;;), in which case by reordering we may
assume j =1, we let T'=d; - - - d,,.
— Otherwise we have ¢ > 1 and g = gzs. We then pick e € X ~\ {bo,bAo} and
let T = el;)qa
Note that T' is the empty word if ¢ = 0. In any case, the word w;T is admissible
and X' (guw,97) € {(£1)*9}. We let €} := lx(w,T) + 2, and consider £ > ¢} arbitrary.
We let r := 0/ — U (w1 T) — 1 > 1 and we pick aq,...,a, € X subject to the following
constraints:
— aq is neither equal nor adjacent to ¢, where c is the last letter of w7,
— for all j € {2,...,7r}, a; is neither equal nor adjacent to a;_; + 1,
— b is neither equal nor adjacent to a, + 1.
The condition on a; excludes 6 letters for j = r and 3 letters for j < r, so that [¥] > 8

ensures the existence of ay,...,a,. For each j, we consider the cuspidal cycles P; :
P —. We let

aj,ajJrl °

UIZT.Pl"'PT EZ*.
By construction, we have X'(gu,u,) € {(£1)¥9}, and therefore

Duwyun (b) € {(E1)*0}.
Moreover, we have

EK(wlulb) = gK(U)lTpl e Prb) = KK(wlT) +7r+ 1= gl,

as claimed. 0
Proof of Proposition[9.1 Let wy, ws be two given admissible words. We apply Lemmal[9.3
for ws, and let b and vy be the quantities whose existence is asserted. We then apply
Lemmafor the triple (w1, b, o7 '). Note that £, depends on wy, b and Yo7 . Since ¥
and © are finite, we can pick ¢y = {y(w, ws) large enough so that €y > ¢ + (i (w3) + 3.

Then, Lemma applied to ¢ = { — (g (w3) — 3 > {; yields the existence of a word
u; € ¥* with wyu,b admissible and a sign 1 € {(£1)*} such that

19w1U1(b) = 77190191_17 EK(w1U1b> =(— KK(wg) - 3.
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Since b and ¥ are as given in Lemma [9.3] by the conclusion of the lemma we may
find uy € ¥* for which busws is admissible and

Dpuy (w3) =y, Ui (busws) = Lg (ws3) + 4.

We let we = uibuy. The word wyiwqws is admissible since wiub and busws both are. We
readily get by
Dy on (W3) = Dapyuy (0) W, (w3) = Yy,
and check that
Cg (wwows) = L (wiurh) + L (bugws) — 1 = ¢,

as required. O

Remark 9.5. The condition |X| > 8 in Proposition cannot be completely removed,
as the example of the group I' = T1(4) = {7y = ({ %) (mod 4)} shows: using the disk

model as in Section |5 we may choose the following fundamental domain for [['|p\D:

pD(—%)

o [a]

-1 1
o]

po(3) [a]

It is easily seen that for any non-empty word w = a; ---a, € ¥*, {x(w) is the number
of blocks in an alternating decomposition of w into subwords from {a,/b\}* and {a,b}*.
This implies, for instance, that any word v € ¥* with aua admissible must have ¢k (aua)
odd, so the conclusion of Proposition does not hold for w; = w3 = a and ¢ even.
Numerically, it seems that there is no such objection when |¥| = 6, which leaves open
the question as to whether |X| > 6 is a sufficient condition in Proposition [9.1]

Remark 9.6. Consider the group I' = I'1(4) equipped with the multiplier system given
by u.(z) = sgn(cz + d). We have observed numerically that the conclusion of Proposi-
tion[9.1]holds for the first few values of ¢, provided that we replace Fx by F., the cuspidal
acceleration defined in [BDLD, Section 3.2 (for which % in is the transfer opera-
tor). The analogue of ¢k is the number of cuspidal flips ¢., defined in [BDLD| eq. (3.7)].
This provides evidence that the cuspidal acceleration F, is topologically mixing in this
case.

10. THETA SERIES

In this section we explain the changes needed to the above argument to prove Theo-
rem [1.9

Let x be a primitive Dirichlet character modulo N and let v € {0, 1} be such that
x(—=1) = (=1)". Let 0, be defined by

(10.1) 0, (z) = yIT2)/4 Z n’x(n)e(n’z), z € H.

ne”
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For each v = ((2¢ %)) € [o(4N?) and z € H we let

(102 us(2) = £ (5 )X ()3 ()2,

where x(7v) := x(d), () is the Kronecker symbol,

. _(—_1)1/2_ 1 d=1 mod 4,
1= \dq i d=-1 mod 4,

and where the square root takes its principal value, i.e. its argument is in (—m/2,7/2].
Then, by [Shi73 Proposition 2.2] we have that 6, is a Maa$§ form of weight k = % +v
for To(4N?), that is

(10.3) 0, (72) = u(2)0,(2) Yy € Ty(4N?).

Also, by [SS77, p. 36] and [Iwa97, (10.54) and Corollary 10.7] we have that if x is not
totally even, then 6, is cuspidal, whereas if x is totally even, then the constant term in
the Fourier expansion of 6, at a cusp b is of the shape 6, ,(y) = Apy*/* (and in particular
By = 0 at all cusps). Thus, we set

__]1/4 x totally even,
Po = Px = 0 otherwise,

1+2v

7. We warn that for v = 0 this choice deviates from the choice of s,

as well as sy, =
made in

We also need to extend the definition of u., to real arguments. Given z € R~ {y oo}
and v ¢ 'y, we let

(10.4)  uy(2) =y <§)X(7) sgn(c)”"/ 2*”(

Notice that if ¢ < 0 and x > v~ 1oo this differs by a minus sign from what one obtains by
simply setting y = 0, but ensures that the cocycle condition still holds at real arguments.

The bounds (3.3)-(3.4) and [DN26, eq. (2.11)]ﬂ hold also for ¢ = 6,, as the same
proofs still work in this case. In particular, we can replicate the arguments in Section
obtaining the analogues of Lemmas [3.2] 3.5, [3.6) and [3.9] for #, with the only changes
that

— Dy, := C~ {1/4,3/4} for x totally even and otherwise Dy, = C.

— The last (harmless) error term in is to be multiplied by |¢j(v, a)|P+.
As a consequence, Lemma |3.3| and Propositions and hold with the caveat that
hi has a possible pole at s = % — 5y = }1 if x is totally even (in particular, in this case
we need to add the condition s —1/4 > 1 in the bounds and (3.20)) and that
the asymptotics (3.14)) and ([3.21]) need to be slightly adapted in a straightforward way.
In any case the bounds ({3.13) and (3.20)) suffice for our purpose. The proof is again
essentially identical with very minor changes. We signal in particular that

— Mg(¢, s) can still be absorbed in the bounds (3.13)) and (3.20)), since B, = 0 at

all cusps;

—~1 1/24v
u) = lim u,(z + 1y).

|z — v~ Too| y—0+

—1/2—¢ €

8As usual y is to be replaced by y~Pox "¢,

9We took care throughout Section [3[{to choose the sign in the exponent in expressions such as (-1)
in such a way that the claimed estimates hold true for k € 1Z with the choice (—1)* = e™*. Also, x(7)
in Section [3[ should be replaced by X(v) = ¢! (5)x()-

+k
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— in the notation of Proposition [3.7], we have
[¢"]”717(z) = ( lim jy-1.(2 + it)™* - lim jo (o ty(z + it))’k)uv(xM(z)
t—0t+ t—0+

= sgn(c,-14) " sgn(z — w) Fsgn(c, ) sgn(o vz — o7 oo) Fu, (1) ¢(2)
and with this value the term &,(¢, s) in (3.26)) arises again with the factor u.(x).
Finally, the identity (3.40]) is replaced by the classical Mellin formula

(10.5) &.(8y,s) = (4m)*2(2m) =2 (s — (1 — 2v) /4) L(b,, s, x) Re(s) > 3/4

where L(0y, s,z) = 2(47)"*/2L,(2s — 1/2,z), with L, defined in (L.3).

The rest of the argument then follows essentially identically, With items (1), (2) and
(4) of Lemma holding unchanged, whereas could either be slightly adapted or
more simply replaced by the bound

on(r) < n'/* + |z — 1|_1/4

which ensures that L(6,,1/2,x) = 2(4m)~*2L,(1/2,2) has moments of any order less
than 4.

In order to obtain Theorem [1.9] it is then sufficient to verify that also the multiplier
system corresponding to u., is irreducible with respect to the induced map Fg, and to
show that p =0 and ¥ = % Id.

Regarding the irreducibility, we use the smaller group I'(4N?). We then have © =
{#1,+i} and the arguments of Section @ are easily adapted (we warn that v — (§) is
no longer multiplicative in this situation).

As for the mean and variance, one option would be to replicate the arguments of
Section [ However, in this case, we can also apply the approach of [BD22D, p. 1416]
and [DN26, Section 7.2], using standard analytic methods (the approximate functional
equation for the Hurwitz zeta function), which gives Eg[L,(1/2, z)] = o(v/1og Q), Eg[L,(1/2,x)?] =
o(log Q) and Eq[|L,(1/2,2)|*] ~ % log @. In conjunction with the convergence of the
third momen@, this yields the claim.

Remark 10.1. If f : Z — C is non-zero, N-periodic and odd or even then Theorem
holds also for L¢(s,x) := > -, f(n )e(n ) with variance 07 = 5% dom (mod &) | f (7 )|

ns

To see this, we express f in terms of primitive characters of conductor dividing N and
deduce that for z € H

a0g = Oty n f(n) =3 3T Y awhdi),

nez dIN xmodd (¢|N/d

x(=D=(-1)"7
for some a, , € C, where >_" indicates the sum is restricted to primitive characters,
and where vy = 0 if f is even, and vy = 1 if f is odd. Since d¢|N, the old forms
05 (¢*-) are also Maafl forms of weight k = £ + vy for ['((4N?). Although the multi-
plier system does depend on Y, this is bypassed by passing to the smaller subgroup
['1(4N?), where the characters become trivial. Consequently, 6(z) is a Maafl form of
weight k for T';(4N?). By linearity we obtain the required properties and bounds for
the period function associated to ¢;. Thus, the central limit theorem follows as above
from the moment estimates Eg[L;(1/2,z)] = o(v/1og Q), Eg[L(1/2,2)?] = o(log Q) and
Eql|Ls(1/2, )] ~ 207 1og Q.

01 [BD225)] the fourth moment (9.6) is used. This is not available in this case when Y is totally
even, but the third absolute moment can easily be bounded, and this suffices here.
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Remark 10.2. The parity assumption in the previous remark is superficial, and could
be removed by defining a variant of the operator .Z, keeping track of the actions of the

multiplier systems v\ (z) defined in of both weights k = 1/2 and k = 3/2. While
proofreading a preliminary version of this paper, an LLM observed that the two multi-
pliers are actually conjugate of each other, and this leads to a simplification, since with
the notation (10.6), the values Ly, (1/2,2)+ Ly,(1/2, ) satisty the period relation (2.13)

with the single multiplier ugl/ 2)(x) for every N-periodic functions f; : Z — C with f;
even and fy odd. Then the CLT in Theorem[1.9 holds for these values. Now given z € C,
a non-zero N-periodic function f : Z — C and writing f,, f_ its even and odd parts,
decompose

Re(zLs(1/2,x)) = Re(zLy, (1/2,2) +ZL; (1/2,2)).

The (real-valued) CLT for the right-hand side is a consequence of the above discussion
with fi = zf; and fo = zf_. One then concludes with the Cramér-Wold device [CW36].
We refer to [BCDI18, Section 11.5] and [DN26, Section 3.3] for earlier occurrences of
using conjugation to alter the weight, and [Mar07, Section 5.3] for an alternative way of
handling even and odd parts by altering the group instead.
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