High moments of the Estermann function

Sandro Bettin

Abstract

For a/q € Q the Estermann function is defined as D(s,a/q) :=}_,>; d(n)n”"e(ng)
if ®(s) > 1 and by meromorphic continuation otherwise. For ¢ prime, we compute the
moments of D(s,a/q) at the central point s = 1/2, when averaging over 1 < a < g.

As a consequence we deduce the asymptotic for the iterated moment of Dirichlet L-
functions 3\, (med o [L(3 X0 [L(5, xi) 212 xa -+ xu)|?, obtaining a power
saving error term.

Also, we compute the moments of certain functions defined in terms of continued
fractions. For example, writing fi(a/q) = Z;ZO(:tl)jbj where [0;b,...,b] is the
continued fraction expansion of a/q we prove that for k¥ > 2 and ¢ primes one has

— 2
1) Fe(a/q)t ~ 285545 as g — oo,

1 Introduction

Since the pioneering work of Hardy and Littlewood [HL], the study of moments of families
of L-functions has gained a central role in number theory. This is mostly due their numerous
applications on, e.g., non-vanishing (see [IS], [Sou00]) and sub-convexity estimates (cf. [CI]).
Moreover, moments are also important as they highlight clearly the symmetry of each family.

In this paper we consider the moments of the Estermann function at the central point
and, as a consequence, we obtain new results for moments of Dirichlet L-functions. We will
describe the Estermann function in Section 1.1.2, we now focus on the the family of Dirichlet
L-functions. For this family only the second and fourth moments have been computed. The
asymptotic for the second moment was obtained by Paley [Pal], whereas Heath-Brown [H-B81]
considered the fourth moment and showed

. Z !L(1/2,X)\4~2%2 %(logﬁ, (1.1)

v (q) x (mod q) plg
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provided that ¢ doesn’t have “too many prime divisors”, a restriction that was later removed
by Soundararajan [Sou07]. As usual, Y " indicates that the sum is restricted to primitive
characters and ¢*(q) denotes the number of such characters. The problem of computing the
full asymptotic expansion for the fourth moment was later solved by Young [Youllb] in the
case when ¢ is prime. He proved

1 *

=) > L1/2,x))" =) clogg) + O(q’s%“> (1.2)

x (mod gq) =0

for some absolute constants ¢; with ¢y = (27%)~1. Recently, Blomer, Fouvry, Kowalski, Michel
and Mili¢evi¢ [BFKMM] introduced several improvements in Young’s work improving the error
term in (1.2) to O(g~52+%).

In this paper, we consider a variation of this problem and compute the asymptotic of

1 *
Mio)= Zoser 2o (E20)P - 1L0/206-) PILA/2 0P (13)
X155 Xk—1 (mod q)

where the sum has the extra restriction that xq--- xx_1 is primitive. If £ = 2, this coincides
with the usual 4-th moment of Dirichlet L-functions as computed by Young, whereas if k£ > 2
then My (q) should be thought of as an iterated 4-th moment, since each character appears 4
times in the above expression. We shall prove the following theorem.

Theorem 1. Let k > 3 and let q be prime. Then, there exists an absolute constant A > 0
such that

> 9v(n)
Mi(q) = Z —((log #)k + (—7r)’“) + O, (kAkq*(Skﬁe),
n=1 T?
where v(n) is the number of different prime factors of n, 6 = 55222 with © = & being the

best bound towards Selberg’s eigenvalue conjecture. Also, the implicit constant depends on e
only.

Remark 1. Notice that 6y is a decreasing sequence such that o, — % as k — oo. For ¥ = L

64
the first few values of 6y, are 3 = %, 04 = %, 05 = %.

Theorem 1 yields an asymptotic formula for My (q) for k < nlog’i éq with n > 0 sufficiently

small. Larger values of k are easier to deal with and one obtains the following corollary.
Corollary 1. Let g be prime. Then as ¢ — oo we have

¢(5)°
¢(k)

uniformly in 3 < k = o(q% log q). Moreover this range is optimal, meaning that (1.4) is false
if k> q% log q.

Mi(q) ~ (log(q/87) + )", (1.4)



A moment somewhat similar to (1.3) was previously considered by Chinta [Chi] who used a
multiple Dirichlet series approach to compute the asymptotic of the first moment of (roughly)

L(1/27Xdl)L<]‘/27XdQ)L(]‘/27Xd1Xd2)7 (15)

where x4 denotes the quadratic character associated to the extension Q(v/d) of Q. We remark
there is a big difference between (1.3) and this case. Indeed, if y1, x2 are characters modulo
q then so is x1x2, Whereas if d;,ds ~ X then x4, x4, is typically a character with conductor
~ X2. This means that (1.3) roughly correspond to an iterated 4-th moment, whereas the
second moment of (1.5) roughly correspond to an iterated 6-th moment of quadratic Dirichlet
L-functions, and thus it doesn’t seem to be attackable with the current technology. (As a
comparison, the first moment computed by Chinta roughly correspond to an iterated 3-rd
moment).

1.1 Twisted moments, the Estermann function, and continued frac-
tions

A nice feature of Theorem 1 is that it can be essentially rephrased in terms of high moments
of other functions appearing naturally in Number Theory. Indeed, the same computations
give also the asymptotic for moments of twisted moments of Dirichlet L-functions, of the
Estermann function, and of certain functions defined in terms of continued fractions. We now
briefly describe each of this objects and give the corresponding version of Theorem 1.

1.1.1 Moments of twisted moments

Several classical methods to investigate the central values of Dirichlet L-functions pass through
the study of the second moment of L(s, x) times a Dirichlet polynomial Py(s, ) := >

x(n)n=*:

n<g? dn"

*

—5 X L20R(0208 (1.6)

(mod q)

For example, Iwaniec and Sarnak proved that 1/3 of the Dirichlet L-functions do not vanish
at the central point via proving the asymptotic for such average for § < 1/2 (and choosing Py
to be a mollifier). Moreover, it is easy to see that if one could extend such asymptotic to all
polynomials of length 6 < 1, then the Lindeldf hypothesis would follow.

Expanding the square, using the multiplicativity of Dirichlet characters, and renormaliz-
ing, one immediately sees that (1.6) can be reduced to an average of twisted moments of the
form

Maq) =2 37 130,

x (mod q)



for (a,q) = 1. By the orthogonality of Dirichlet characters one can immediately rewrite
Theorem 1 (and (1.1)) in terms of M(a,q). In particular, one has

a ¢(5)° T
> M(a,q)* = ¢ Mi(q) ~ { <) (log(q/8m) +7)" if 3 < k = o(g> logq), (L)
5=z (log q)* i k=2,

a=1

as ¢ — oo with ¢ prime.

1.1.2 Moments of the Estermann function

For (a,q) =1,¢ >0, o, € C and R(s) > 1 — min(R(«), R(H)), the Estermann function is
defined as

oo

Do s(s,a,a/q) == Ze(na/q)Ta’B(n) = Deosiap(S,0/q) + 1 Dsina p(s,a/q), (1.8)

nS

n=1

where Do and Dy, have the same definition of D, but with e(na/q) replaced by cos(2mna/q)
and sin(2mna/q) respectively. As usual, e(z) := 2™ and 7,5(n) == >, , _, di%dy".

D, s(s,a/q) was first introduced (with o = = 0) by Estermann who proved that it
extends to a meromorphic function on C satisfying a functional equation relating D, (s, a/q)
with D_, (1 — s, £a/q), where @ denotes the inverse of @ modulo ¢ (and similarly for Dy,
and D..s which satisfy a more symmetric functional equation given by (3.2) below).

Since the work of Estermann [Est30, Est32] on the number of representations of an integer
as a sum of two or more products, the Estermann function has proved itself as a valuable tool
when studying additive problems of similar flavor (see e.g. [Mot80, Mot94]) and in problems
related to moments of L-functions (see e.g. [H-B79, Youllb] and [CGG]). These applications
mainly use the functional equation for D as it encodes Voronoi’s summation in an analytic
fashion, allowing for a simpler computation of the main terms. However, the Estermann
function is an interesting object by its own right, due to its surprising symmetries (see [Bet16])

and to the connections with some interesting objects in analytic number theory. For example,
by the work of Ishibashi [Ish] (see also [BC13b]) one has

Dsin;l,O(Ov a/Q) =T S(CL, Q), Dsin;O,O(Oa a’/Q) = % CO(a/Q)a

where s(a, q) is the classical Dedekind sum and co(a/q) is a cotangent sum, related to the
Nymann-Beurling criterion for the Riemann hypothesis, which has been object of intensive
studies in recent years (see, for example, [BC13a, MR, Bet15]). Ishibashi obtained similar
identities also for other values of «, 5, and in particular if « is a positive odd integer one obtains
that Dgin.a0(0,a/q) is related to certain Dedekind cotangent sums studied by Beck [Bec]. All
these functions satisfy certain reciprocity relations and provide examples of “quantum modular
forms” (cf. [Zag]).



Moreover, one can also obtain formulae relating the Estermann function to twisted mo-
ments of Dirichlet L-function (see [Betl6] and [CG|) and in particular for ¢ prime and
(a,q) = 1, one has

DCOS;O,O(%? a/q) + Dsin;O,O(%? a/Q) = M(a7 q) + —C(%)Q (19)
By this formula and (1.7), it is clear that Theorem 1 gives an asymptotic formula for the high
moments of Deos00(1/2,a/q) + Dsinoo(1/2,a/q). The method however allows one to obtain
the asymptotic for the joint moments of Deos.00(1/2, a/q) and Dgino0(1/2,a/q). We shall state
this in Theorem 4 below where shifts are also included (all our results will be derived from
this theorem). Here we content ourselves with giving the asymptotic for the high moments of
the Estermann function:

Theorem 2. Let q be prime. Then,

1 & g6 C(E) mi _mip\F
— y ~q %%((e%log%—l—’y)—e 4§>>

as ¢ — oo, uniformly in 3 < k = o(q% logq). In particular, if 3 < k < 1 then

g—1 k)2
2 Doalh. 2" ~ gt 12t Cc(&)) (cos(8F) toga)* = 3 sin(tF) (og )"~
a=1
as q — Q.

Theorem 2 should be compared with Theorem 1.2 of [FGKM] which gives the asymptotic
for the moments of

Y. dn)f(n/X) = Mi(X,q),

n>1,
n=a (mod q)

(1.10)

where M (X, q) is a certain main term, f € C°(R™), and X = ¢*/®(q) with ®(x) — oo and
O(z) < 2° as x — oo (see also [LY] the case of sharp cut-offs). For comparison, Theorem 2
should be thought of roughly computing the moments of

> d(n)e(na/q)f(n/X) — Ma(X, q) (1.11)

n>1

with X =& ¢ and another main term My (X, q). Despite some superficial similarities, the two
problems are very different in nature (and have very different proofs). For example, a first
important difference is that the range of the summation in (1.10) is twice as long as that
of (1.11) in the logarithmic scale.



1.1.3 Moments of certain functions defined in terms of continued fractions

Finally, we discuss the relation with continued fractions. In [Betl16] (see also [Youllal), it
was observed that M (a,q), and more generally, D..s and Dygy,, can be written in terms of
the continued fraction expansion of a/q. Indeed, if a,q € Zo and [bo; by, - ,bg, 1] is the
continued fraction expansion of %, then for ¢ prime one has

M(a Zb (log & + ) — Z b2 + O(log q). (1.12)
jjoéd ] even

It is therefore not surprising that Theorem 1 have an incarnation also in terms of moments
for functions of the rationals defined as

K

frsla/q) ==Y (E1Y02,

=1
where r € Z>;.

Theorem 3. Le g be prime and let k,r € Z>y with 3 < kr = o( 989 ) " Then

loglog q
kry2 Ekr

as q — oo.

Starting with the work of Heilbronn [Hei], who considered the average value of f ;, there
have been a very large number of papers computing the mean values of functions defined in
terms of the continued fraction expansion. In particular, we cite the works [Por, Ton| on
fo+ and [YK] where the asymptotic for the first moment of f, was given. However, to the
knowledge of the author, Theorem 3 is the first result giving asymptotic formulae for k-th
moments with £ > 3 without exploiting an extra average over ¢ (as in [Hen, BV]). For k = 2
the only cases previously known where obtained by Bykovskii [Byk] (considering the second
moment of fy ;) and by the author [Bet16] (considering the second moment of a variation of
fa+). By combining the techniques employed in [Bet16] and in this paper it seems possible
to extend Theorem 3 to more general functions of similar shape.

1.2 Brief outline of the proof

The approximate functional equation allows one to express My(q) roughly in the form

1 1 )
+nita--Ene=0 (mod gq), n12 ce TL]? (113)
n1---nk<<qk




so that the problem of estimating M (q) reduces to that of computing the asymptotic for this
quadratic divisor problem. The diagonal terms (i.e. the terms with +n; £+ .-+ £ n;, = 0)
are a bit easier to study and give a main term; the main difficulties then lie in obtaining
an asymptotic for the off-diagonal terms and in assembling the various main terms. In his
proof of (1.2), which corresponds to (1.13) with k£ = 2, Young used a combination of several
techniques each effective for some range of the variables nq,no. In particular, when n; ~ ns
(in the logarithmic scale) he followed an approach a la Motohashi [Mot97] using Kuznetsov
formula, whereas when one variable is much larger than the other one, he used (new) estimates
for the average value of the divisor function in arithmetic progressions.

Our approach is similar to that of Young, however there are several substantial differences
which we will now discuss in some detail. First, the larger number of variables gives us the
advantage of having to deal with more “flexible” sums enlarging the ranges where the various
estimates are effective. For this reason, we can afford to use slightly weaker bounds employing
the spectral theory only indirectly, through the bounds of Deshouilliers and Iwaniec [DI] (to-
gether with Kim and Sarnak’s bound for the exceptional eigenvalues [Kim]). It seems likely
that one could use spectral methods in a more direct and efficient way, however the general-
ization of the methods in [Youllb] (or [BFKMM]) to the & > 3 case is not straightforward
and so we choose a simpler route as this is still sufficient for our purposes.

The larger number of variables has also a cost. Indeed, it introduces several new compli-
cations in the extraction and in the combination of the main terms, a process that requires
a rather careful analysis and constitutes the central part of this paper. One of the causes of
the complicated shape of the main terms (cf. (6.1)-(6.2)) is that with more than two variables
the dichotomy “either one variable is much bigger than the other or the variables have the
same size” doesn’t hold for £ > 2 and one has to (implicitly) deal also with cases such as
n A~ ~ ¢"Y* and ng ~ 1.

Another difference with Young’s work arises when studying the diagonal terms. If & = 2,
then one can handle these terms easily thanks to Ramanujan’s formula Y ., d(n)?/n® =
C(s)*/¢(2s). If k > 3, we don’t have such a nice exact formula, and we are left with the
problem of showing that the series

d(ny)---d(ng
3 (na) - - - d(ny)

j:’nlj:j:nk:o (nl .« nk)s

can be meromorphically continued past the line (s) = 1 — 1/k which is the boundary of
convergence. We shall leave this problem to a different paper, [Bet], where with similar (but
a bit simpler) techniques we prove that this series admits meromorphic continuation to the
region R(s) > 1—2/(k+1).

Last, we mention a more technical problem. One of the steps in Young’s proof requires
separating ni,n9 in expressions of the form (n; 4 n9)™* when R(z) ~ 0. This can be easily
obtained by using some classical Mellin formulae; however, whereas the Mellin integral cor-
responding to (1 4+ )% converges absolutely, the Mellin integral corresponding to (1 — z)~*

7



converges only conditionally so that the terms containing (n; — ny)~* demand some caution.
In our case this problem becomes rather more subtle as we need to apply these formulae iter-
atively in order to handle expressions such as (n; £ -+ £ ng)~°. We overcome this difficulties
by using a modification of the resulting “iterated” Mellin formula allowing us to write such
expressions in terms of absolutely convergent integrals (see Section 10 for the details).

1.3 The structure of the paper

The paper is organized as follow. In Section 2 we state Theorem 4, a more general version
of Theorem 2 providing the asymptotic for the mixed moments of D..s and Dy, (as well as
allowing for some small shifts). We then use this result to deduce Theorem 1, 2 and 3. In
Section 3 we give some lemmas on the Estermann function which we shall need later on. It is
in this lemmas that the spectral theory comes (indirectly) into play. The proof of Theorem 4
is carried out in Sections 5-9, after introducing some notation in Section 4, and constitutes
the main body of the paper. Finally, in Section 10 we will prove the Mellin formula mentioned
at the end of the previous section as well as some technical Lemmas needed in order to use
this formula effectively.
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2 Mixed moments of D, and D, and the deduction of

the main theorems

Let k > 1, ¢ be aprime and let ay, ..., ag, f1,..., Bk € C. Then, for any subset T C {1,...,k}
let M~ be the mixed shifted moment

My = % Z H D;.q, 8; (%,

'

=}

)

SRS

a=1 i=1



where D;.o, 8, '= Dsinsa,p, if © € T and D; := Deos.q, 5, Otherwise. Also, let

l . .
Ii(s) = (3 +s) leE'Ij, 2.1)
I'(s) otherwise.

Since Deinsa,p,(8: —¢) = —Dsinia,,5,(5, §), then My is identically zero if [Y] is odd. If [T] is
even the asymptotic for My is given by the following theorem, provided that k& > 3 (the
corresponding theorem for k = 2 is essentially implicit in [Youllb], whereas the case k =1 is
trivial).

Theorem 4. Let Y C {1,...,k} with || even. Let k > 3 and let ¢ be a prime. Let
a=(ay,...,q), B:= (61,...,5k) e Ck with |ol, |8 < ], 18i] < 1/10 and o; # B;

10 ’
foralli=1,...,k. Then, there exists an absolute constant jq> 0 such that for any € > 0 we
have
k
{a}.Bi}={ai.Bi}
where 0y, = k2,f+5319,
1((‘_2 1O‘> <§+Zk:1ﬁi> [i(L— ) —a;
1= (2 i q 7
,ﬂa”@ = 2k 1 H F(i i i> (}) C(l —o; + Bz) (23)
C(k - Zi:l(ai - @)) i=1 " "\4 | 2

and where the implicit constant in the error term depends on € only.

Remark 2. If a; = B; for some i =1,...k, then Mq g has to be interpreted as the limit for
a; — B (cf. (2.4) below).

As mentioned in Section 1.3, we will prove Theorem 4 in Sections 5-9. We will now deduce
Theorem 1, 2, 3 from Theorem 4.

2.1 Proof of Theorem 1, 2 and 3 and of Corollary 1

We start by observing that if | Y| is even then from Theorem 4 one has

-1 k koo k i
HD“)O( ) - Z E H (log gz +7 — @) + O: (k/““ 27 5”5), (2.4)

a=1 i=1 n=1 12 ;4
where a; = —% if1 e and a; = % otherwise. Indeed, if o and 3 satisfy the hypothesis of

Theorem 4, then by contour integration the main term on the right hand side of (2.2) can be

9



rewritten as

> Mo e

{ajBiy={i.Bi}

3 j{ C(% + Zf=1(3i — oy — @))C(% + Zle sl-)

i lskl=1 C<k: 38 (28 —a; — @))

l\D
|
>—‘ =
—~
[\&)
| =
3
SN—
Eal
e
=

(2.5)
k 1 s—ai—fi ,
Fi(_ + ) q si—o;—fB;
XHF.(i s— a% 5)( > C(L+si — a;)C(L+ s; — Bi)dsi,
i=1 - i\g

where the circles are integrated counter-clockwise . Thus, taking the limit for o, 3 — 0 and
expanding ((s)?/((2s) as a Dirichlet series (see [Tit], (1.2.8)), we obtain

{of, B8} ={cu,B:}

g_loo v(n) (1 Si
D N S IS e
Si|=— 4

by the residue theorem. Equation (2.4) then follows
To prove Theorem 1 we observe that by (2.4) we have (remember that if |Y| is odd then
MY,k = 0)
q—1

Z(DCOS;O,D(%a %) + DSiH;O,O(% %))k

E E 1 a -r 1 a\r
) 7" ' DcosOO 5 E Dsin;0,0<§7 a)
a=1 0

r=
5

2k n% Z k=) 108;8m+7 5) T (log g + v+ 5) + &
7" even
ﬁz —((2log g 4+ 29) + (=1)") + &
n=1 "2
k
for some & <. k**q27°*" Thus, using (1.9) one obtains Theorem 1. One easily verifies
that as ¢ — oo

kY2
(o8 5 +)" + (=) ~ L2 (log & )

uniformly in & > 3. If k = o(log)i <) the error term & is smaller than the above main term
and so Corollary 1 follows on this range

10



Now assume k > log’lgo .. First, we observe that by (1.12) for a # 1 we have

|M(a,q)| < (q/n)?logq (2.6)

for any fixed 1 < n < 2 and ¢ sufficiently large. Indeed, this is obvious if a = —1 whereas
if a # +1 then max;b; < (¢ — 1)/2 and so the above bound follows since b ---b, < g.
Furthermore, from the second moment estimate Y .?_ |M(a,q)|? < (logg)?* it follows that
for every C' > 0 there are at most O(g(logq)*/C?) values of @ in 1 < a < ¢ such that
|M(a,q)| > C. Thus, by (2.6) we have

q q q
> M, < Y M9+ D M(a,q)"
a=2 2<a<q, 2<a<q,
[M(a,q)|<C |M(a,q)|>C

E—&-l k44 E+L
q>" (loggq g2
(g™ — (log ¢)"*?

< CFqg+
1 77%02 nz

for C' = n’%q%_k}r

log q. Note that if k& > loggo‘éq, then the error term is < qgn’g(log Q)F =

o(qg(log(q/Sﬂ) +7)*) as ¢ — oo, uniformly in k. Finally, we have (cf. [H-B81])

M(1,q) = g2 (log(q/87) +7) +2¢(2)? + O(q )
so that

k
2

M(1,0)" = o (losla/5m) +9)* exp (20051 (1-+ 01/ log))

for g large enough. Thus, if log’igq < k = 0(q"?1og q) we have

k2
2

(log(q/87) + )"

Vi) = 7 3 M(as0)* ~ (oga/sm) + )"~ o

as ¢ — 0o, whereas this asymptotic is false if k& > ¢'/?

Corollary 1.
The proof of Theorem 2 is analogous to those of Theorem 1 and Corollary 1, with the

logg. This concludes the proof of

k
difference that in this case we use (1.8) rather than (1.9). Indeed for some & < kg2 %<

11



E D l a) k=rir D) 1 ayr
’I"' —’f" cosOO 2 q sm00(27q>

9
I=)
—~
N |
< e
I
> Mw

:2k 12 nE 7“']{— 10g8n7r+/y )krr(10g8mr+7+ 2+ &

3
,_.
i
<:>

n=1 n
& ov(n) i N\ K
=<q/2>22m<z (e log gt +7) — e T5) )+51,
n=1
2 N
21_ka/ (6410g8w+7)_6_4ﬂ>)

as ¢ — oo with 3 < k = o(blgol%). One then obtains Theorem 2 on the range 3 < k =

o(q% log q) by proceeding as in the proof of Corollary 1.

2.2 Proof of Theorem 3

We compute the moments of f,. only, the case of f,._ being analogous (using (2.8) instead
of (2.7)).

We start by noticing that Corollary 11 of [Bet16] gives

J RESANY ‘
Deosno(3: ) = 5 ) _b; (log & +7 = §) + O(log ), (2.7)
j=1
1 & 1 ,
Dsin;O,O(%a %) = 5 Z(_l)Jb]Q (log g_;— + Y + %) + O(lOg Q)7 (28)
j=1

where [0; b1, ... by, 1] is the continued fraction expansion of a/q. Moreover, since by - - - b; < g,
then if one among by, . . ., b;, say b;s, satisfies b;= > ¢/(log ¢)'” (and thus in particular log b;. =
log ¢ + O(loglogq)), then b; < (logq)'® for j # j*. In particular, if max;b; > q/(log q)'*

12



and 1 <r = o(logq/loglog q), then

1
—)( max. 62 log q) + O((log ¢)™ 1)

5 3 50r+1
froa (8 Zb = max b +0((logg)"™) = g

(logq) <( S b]% (log & & TV~ —)> (14 O(loglog g/ log q)))r +O((log q)** 1)

(log q)"

Deos(3, )" (1 + O(rloglog ¢/ log q)). (2.9)

Moreover, from (2.7) it follows easily that
Z bf S Dcos;0,0<%7 g) + Blogq
for all a/q and some B > 0. In particular, if max; b; < ¢/(log ¢)'* and ¢ large enough, then
b(r-1) k
a q2
fT’JF(E) (log ¢)30K(r=1) (Z bz) =

1 a 2
< (log q)0k(r—1)+47(k—2) (Deosi0.0(3 @)+ Blog q)

qg(T_l) 1 a k
W (Dcos;0,0(§ —) + B log q)
(2.10)

for k > 2, since max; b; < ¢/(log ¢)'®

enough. Now, we have

Z;fr,+<g>’“= Yoo R DT (O (2.11)

1<a<q, 1<a<q,
max; b;>q/(log )% max; bj<q/(log q)'%°

implies | Deos(5, )| + Blogg < q2 /(log q)* for q large

By (2.10) the second summand is bounded by

kr -1
k 1 a
Z f?",‘f‘(a'/q) (log q)50k(r 1 +48(k 2) Z Ccos 5 - + B log q)
1<a<q, 1<a<
max; b;<q/ (?Og Q' !
q% qkr/2

< (log ¢)50k(r—1)+48(k—2)—4 < log ¢

for kr > 3 (if k£ = 1 one needs to modify slightly the argument, but the final bound still
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holds). By (2.9) the first summand of (2.11) can be written as

4 (2Dcos;0,0 % %))k
)

(
2 (logq

1<a<q,
max; b;>q/(log q)*°°

- Z 2DcosOO % %))k
)H

(1 4+ O(krloglogq/logq))

(14 O(krloglogg/logq)) + O(¢"*/log q)

1<a<q logq
k kr
— 2%(;)) q7(1 + O(/ﬂ” log log q/ log Q))
2

by (2.4) for 3 <rk = O(bEﬁ,éq) and where one can complete the sum by proceeding as in the

previous computation. Theorem 3 then follows.

3 The Estermann function and bounds for sums of Kloost-
erman sums

In this Section we give some results for the Estermann function and for the periodic zeta-
function which will be needed in the proof of Theorem 4. In particular, in Section 3.1 we give
the functional equation for both these functions, whereas in Section 3.2 we give a version of
the approximate functional equation for the Estermann function. Finally, in Section 3.3 we
give some estimates for products of the Estermann function and the periodic zeta-function,
using the bounds of [DI] for sums of Kloosterman sums.

3.1 The functional equations

We start by giving the functional equation for the Estermann function.

Lemma 2. For (a,q) =1, ¢ >0 and o € C, Dap(s, ) — g P72 (s + a)((s + B) can be
extended to an entire function of s. Moreover, D, (s, g) satisfies the functional equation

Daﬁ(s, g) = —2(27r)2 Zoman BF(l —s—a)l'(1—s—p)x

_ o (31)
 (cos(52s + 0t ) Dona(1 = 5 =5) = cos X2 Doa(1 - 5,7) ).

where, here and in the following, @ denotes the multiplicative inverse of a modulo the denom-
mator q.

14



Proof. The lemma follows easily from the analytic continuation and the functional equation
for the Hurwitz zeta function ((s,x) (see [Apo], Theorem 12.8) and from the decomposition

Dog(s, &) =g P2 i e(m;a)g(s + a, %)C(s + B, g) O

m,n=

+8

Corollary 3. Let
A a) .— p(ste\T s+ q s+ D a
can(5:2) =DE)NE) ()7 Deas(s4),

ba(s8) = 252 (2)

™

s_i_L‘Hj

2
Ds;a,ﬂ (S, %) .

Then, we have the functional equations

Ac;a’/g (8, %) = Ac;fa,fﬁ (1 — S, %), As;a,ﬁ (S, %) = As;,a’,5<1 — S, %) . (32)

Proof. These functional equations follow from (3.1), using the reflection and the duplication
formulas for the I'-function. O

We also need the basic properties of the periodic zeta-function which, for x € R and
R(s) > 1, is defined as

x) = Z e(:::) (3.3)

n=1
Notice that if z = 1, then F(s,z) = ((s).
Lemma 4. Let h,l € Z with (h,¢) = 1 and { > 0, then F(s,h/l) extends to an entire

function of s with the exception of a simple pole at s =1 if { = 1. Moreover, F(s,z) satisfies
the functional equation

4
F(1—s,h/0) =73 e hb/€ 3y (e’%sF(s,b/é)+eWTiSF(s,—b/€)>. (3.4)
b=1

Finally, for {1 h we have

F(0,h/l) = —% + % cot(wh /). (3.5)
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Proof. If R(s) < 0, then splitting the series defining F'(s, h/l) according to the congruence
class of n modulo ¢ we obtain

¢
F(1—s,h/t)=07" " e(hb/0)((1 - s,b/0),
b=1
where ((s,z) the Hurwitz zeta-function. Thus the analytic continuation of F'(s, h/¢) follows

from that of ((s,z) since ((s,x) is holomorphic on C with the exception of a simple pole of
residue 1 at s = 1. The functional equation (3.4) follows immediately from the identity

C(1—s,2) = (27)°T(s)(e” = F(s,2) + e F(s,—)) (3.6)

(see [Apo], Theorem 12.6), whereas (3.5) follows from (3.6), the Laurent expansion for ((s, x)
(cf. [WW], p. 271)

1
s—1

((s,2) = —¢(x) + O(ls = 1)),

where ¥ (x) is the digamma function, and the identity ¥(1 — z) — ¢ (z) = 7 cot (7z). O

3.2 The approximate functional equation

Next, we give an approximate functional equation allowing us to express a product of k
Estermann functions as a sum of total length about ¢2. In this Lemma and in the rest of the
paper we will often omit to indicate the dependencies on Y.

Lemma 5. Let k > 1 and Y C {1,...,k}. Let Gop(s) be an entire function satisfying
Gap(—s) = G_a-8(5), Gap(0) =1 and Gaﬁ(% — ) = Ga,@(% —Bi)=0fori=1,... )k

and decaying faster than any power of s on vertical strips. Let

kT < %—l—z—&-ai > T, < %+S2+6i)

. __—ks
ga,ﬁ(s) =T H Fi<%+ai>ri<%+ﬁi>

2

(3.7)

and for any cs > 0 let



where, as usual, f( ds indicates that the integral is taken along the vertical line from ¢ —i00
to ¢+ ico. Then for a,q € Z, with ¢ > 1 and (a,q) = 1 we have

H Dl 4,84 % % = Saﬂ(a7 Q) + Xa,BS—a,—ﬁ(av Q)’ (38)

where @ is the inverse of a modulo q and

;17

Sepla,®)i= g D > el el T )

1
e=(%11,0, 1) E{E 1}k N1, mp>1 (na - my)2

+ 4o+
< e G( 1M T2 knk> A Ny« Mg 7
q s q*

with py(€) == [[;er(Fil).

Proof. By contour integration and the functional equation, we have

k

ds
Aza - la' 'l 72 ‘Ga -
[ (32) = 5 /2) A 2)) b+ 5.2) - Gag(s)

S
ds
271—2 / H A7f al?ﬁl S, _) ’ Gavﬁ(s)_

S

- ds
271-2/ H i—a,— B % g) G*a ﬁ( )

Now, expanding the Estermann functions into their Dirichlet series, we see that

k

Ao, 8 (l +s 9)

1 30,84 ’ d
/ | | 1 12 ! 1, a;+8; 'Ga:ﬁ(s>_8
270 J gy iy I‘i<§';ai>]:\i<§';ﬁi> (g)§+712 i s

;17

Ta1751(|”1|)  Ta, i ([7k]) (a(nl +---+nk)>
Sgn nZ
w2 sl q

nLme€Z\O0} €T ny - g2
1 ‘nl"'nk| _st
g = Gog(5)gag(s) [ T T

i 8(5)g ,ﬁ(3>( " ;

2)

and the lemma follows.
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3.3 Estimates for the Estermann function

In this section we give two bounds for certain averages of products the Estermann function
and the periodic zeta-function. Both bounds depend on estimates for Kloosterman sums,
more specifically on Weil’s bound and on (a minor modification of) a bound by Deshouilliers
and Iwaniec [DI]. We recall that the classical Kloosterman sum is defined as

Somm0) = S e(chm)

¢ (mod ¢)

for any ¢,m,n € Z,c > 1, where Z* indicates that the sum is over ¢ (mod /) such that
(c,¢) = 1. Also, we recall that Weil’s bound gives S(m,n; () < d(ﬁ)(m,n,ﬁ)%fé. Using this
bound we obtain the following Lemma.

Lemma 6. Letr >0,0< 6 <1, C>2,1n #0 and (m,...,n) € {£1}". Let |a|] < 2C0,
bl < C6 and |a;l,|bj| <& forj=1,...,r. Then, for some A >0 we have

T

> o > FO+Cs =342 [] D, (5.2

>1 (mod ©) =1 (3.9)
<5 (AC«/6>A(T+C)(1 + ’8|)A(T’+C)

i the strip

1 r+3
_'_—
2 CHr—

1
T+ 85 < R(s) < = —24.
3 2
Moreover, the left hand side of (3.9) is meromorphic in the half plane R(s) > ——+ 1 +8§

with poles ats:%—aj ands:%—bj forg=1,...r andSZ%—b/C and these poles are

simple if ai, ... ,a.,by,...,b. and b/C are all distinct.
Proof. For L > 1, let

1 * j
Hy(s):= ) (C+a Y. FU+Cs—5) +0.5) [] Doy, (5 +5.5),

L<e<2L h (mod ¢) 7=1

K(s):=]](s = 3 +a;)(s = +b).

Jj=1

Notice that if £ # 1 and (h,¢) = 1 then F(x,h/{) is entire and thus so is Hy(s)K(s) for all
L > 1. Now, if R(s) = 3 + 26, then a trivial bound gives

H(s)K (s) < (1+[s]*")(A/0)* L7220, (3.10)
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where, here and in the following, A denotes a sufficiently large positive constant, which might
change from line to line.

Next, take R(s) = —3 — 2. Then, applying the functional equations (3.1) and (3.4) to
D and F', expanding D and F' into their Dirichlet series, and using Stirling’s formula in the
crude form

(o +it) < c (14 Ao I(1+ [t 25 o >e>0, (3.11)

we see that

l
Hy(s)K (s) < ATCAC(L 4 [s) A0+ O L1460+ 5™ N (L - 5) — byu/0)|
L<t<2L u=1

Z [T—ay, —bi(|ny]) - - 'T—ar,—br<|nr|

)|
|n1+25 . n1+25| ’5(770%711 +ooe 4+ nk7€)|7

N1, nr€L2o

and thus by Weil’s bound we obtain
HL(S)K(S) < (A/5)2r+5CAC(1 + |S|)A(T+C’)Lr+%+6(r+0)6’ (312)

when R(s) = —4 —26. Thus, by (3.10), (3.12) and the Phragmén-Lindelof principle, if
—3—20 <R(s) < 1426 we have

HL<S)K<S) < (A/6>2r+5CAC<1 + |8‘)A(T+C)LT+%*(C+7‘77)(§?(S)+ )+55(7‘+C)'

Moreover, if |s — 3| > 26 then K (s) > 6% and thus, if —5 — 26 < R(s) < 3 — 2§, we have

1
2
HL(S) < (A/5)47"+50AC(1 + |S|)A(’I‘+C)LT+§—(C+T—%)(%(S)+%)+55(T+C)‘

It follows that if

1 r+2+60(r+C) 1
—= < <=-=2 1
2+ C’+r—% _?R(S)_Q J (3.13)
then
ih
Z (C+a Z F(1+0C(s b?#)HD%bJ(%—FSﬂT)
>1 h (mod ¢) j=1

<5 (A/6)4T+GCAC(1 + |S|)A(T+C).
Finally, the contribution of the ¢ = 1 term to the left hand side of (3.9) is
CA+C(s =) +0) [JCG +s+a)¢(5 +5+by) < (A)6)"HCA9(1 + [s) A+
j=1
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when s satisfies (3.13) and thus (3.9) follows. We conclude by remarking that the above

computations also give the meromorphicity of the left hand side of (3.9) on R(s) > —1 +
r+3+55(r+C) 0
C+rf%

We now states a variation of a bound by Deshouilliers-Iwaniec for sums of Kloosterman
sums (cf. Theorem 9 and (1.52) of [DI}), which is essentially implicit in [BHM] and [HWW]|
(cf. Theorem 1.4 of [Wat]).

Lemma 7. Let W be a smooth function supported in [1,2] and satisfying W@ (z) < C* for

1 =0,1,2 and some C > 1. Let a,,,b, < 1 be sequences of complex numbers supported in
[M,2M] and [N, 2N] respectively. Then, for ¢ > 1 and n € {+1} we have

S W/L)anb,S(gm, qn; €) <. ¢ CH LY + g5)MN, (3.14)
m,n,0>1

_
where ¥ = 61

Proof. After splitting the sum over m according to the common factor of m with ¢, one can
repeat the arguments used in the proof of Theorem 9 of [DI] but using the multiplicativity
of Hecke-eigenvalues (which holds since we are in the case of level 1, for which there are only
new-forms) just before applying the spectral large sieve. Kim-Sarnak’s bound [Kim]| for Hecke
eigenvalues then gives (3.14).

The above argument was carried out in detail (sorting out also the delicate issues arising
when considering a level different from 1) in [BHM], Theorem 4. We remark that the factor
(1 + C/VMN)? appearing there can be removed when the level is D = 1 since Selberg’s
eigenvalue conjecture is known in the case of SL(2,7Z). O

Remark 3. Using the variation of the spectral large sieve given by Blomer and Milicevic in
Theorem 8 of [BM], one obtains a bound which improves upon (3.14) when the parameters
are in certain ranges. It is likely that the use of such bound in combination with (3.14) would
lead to a better bound for the error term in Theorem 4. However for simplicity we choose to
use (3.14) in all ranges, since this is sufficient for our purposes.

Using Lemma 7 we obtain the following result.

Lemma 8. Forr > 1, let ty, -+ ,t, € R, (n1,...,n.) € {£1}", and let ny # 0. Furthermore,
let |a;],|bj] < & for j =1,...,7 and some 0 < 6 < 1. Finally, let L > 0 and let W(z) be a
function supported on [1,2] with W@ (z) < 1 fori=0,1,2. Then, if w € C and o > 25, we
have

WAE/L) ) ; - )
=Y it > FQtotitn 3Dy (-o it %)

£2>1 h (mod ¢) j=1
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18 bounded by

w Ar(a—H)

. 1
GS<<5lf@a+n—%() 0W+5 if L > [mol2,

I
52 KT(O',w,tl,...,tj) X {‘n0|é+§+5

(3.15)
always,

for some absolute A > 0 and where

Ko(s,w, by, 1) = (140D (1 [w)* T+ |s] + [t;)
7j=1

Proof. Applying the functional equation (3.1), expanding D and F into their Dirichlet series,
and using (3.11) we obtain

& <5 A"(1+ Ag)> (@it (H(1 + [t]) 2ot +1)

Z Z Z ml+o’+zt0 n0m7 n; E) 5

£>1 m>1 nez

where

Wo(l’) — W(I/L)xT(20+1)717’u)72;:1(tj+aj+bj) < (2L)r(3o+1)717%(w)7
—ay,— —Qp,— T r 1
e Y T Tl o (0

1+s—ity 1+s—it 1+5/2°
. 1 nk r |n|1+o/
1, M €2L2o,
Nyt +ne=n

Splitting the sums over n and m into diadic blocks and applying (3.14) one easily gets the
bound

Ar(a—l—l)

o Keow byt ll (0 /L), (316)

S <5 Lr(30+1)—%(w)

which gives (3.15) in the case L > |170|%. Applying Weil’s bound rather than (3.14), one
obtains

r(30+1)—R(w) ATt 3 3.17)

S <5 L TKT(J,w,tl, o t)L2, (3.
and taking the minimum between (3.16) and (3.17) one gets (3.15) also in the case L <
7ol 0

4 Some assumptions

In this section we set up some notation and make some simplifying assumptions, which we
will use throughout the rest of the paper.
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First, ¢ will always denote a prime, k an integer greater than 2, and T a subset of {1, ..., k}
with even cardinality. Moreover we shall use the convention that A and € denote a sufficiently
large and arbitrarily small positive constants on which the implicit bounds are allowed to
depend and whose values might change from line to line.

Also, we assume & = (v, ..., 1) € S, B=(B1,...,5) € A’é/Q for some constant C' > 0
(with 4C/logq < 1/10), where A, denotes the annulus {s € C | C'/logq < |s| < 2C/logq}.
This assumption can then be removed by analytic continuation and the maximum modulus
principle, since both the left hand side and, by (2.5), the main term on the right hand side
of (2.2) are analytic functions of the shifts in |o],|5;] < 4C/logq. We remark in particular,
that with the above assumption, we have |a|, |5, |o; — 8i] < 1/ logq.

Moreover, for the rest of the paper we fix an entire function G4 g(s) as follow:

 Qapls) &2 +5)
- Qap0) &(3)
where £(s) := £s(s — 1)m™/2I'(35)((s) is the Riemann ¢-function and

k

Qap(s) == H(32 — (i = B))?).

=1

Gap(s) (4.1)

By the functional equation for the Riemann zeta-function we have Gog(—s) = G_qa,_g(s)
and so G g(s) satisfies the hypothesis of Lemma 5. Moreover, using Stirling’s formula (3.11)
we also obtain

Gapls) < (logg)e (1 4 o)A, (4.2)
for all s = 0 + 1t € C and some C; > 0.
Finally, we notice that from the functional equations (3.2), for ¢ = 1,..., k, we have the

convexity bound
Dz(% + i, — By, %) < q%(IOgQ)Q
and so trivially My, < (Aqz (log ¢)%)*. Also, from (2.5) it is easy to see that one also has
k
k_

Z Mo 3 < g2 (Alog q)".
{ef.8i}={ci,Bi}

It follows that Theorem 4 is trivial if & > logq/loglogq since in this case (Ak)4* > ¢4/2.
Thus, we will assume k& = o(logq/loglogq). In particular, for ¢ large enough we have
i, |Bi| < 1/logq < 1/(kloglogq) < 5 and a fortiori

on |+ aw + 8o+ + Bl <&

Moreover, notice that under these assumptions we also have the inequality (k/e)4* < (log ¢)* <
¢° which we shall often use.
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5 Dividing into diagonal and off-diagonal terms and
structure of the proof

By the approximate functional equation (3.8) and the orthogonality of additive characters,
we can decompose My, into diagonal and off-diagonal terms:

1 qg—1 k
MT’k = Z H Di§ai7,8i(%7 %) = DOL,B + Xa,ﬁpfohfﬂ + OanB + Xa7ﬁ(97a77ﬁ’
(P(Q) a=1 i=1
where
'|’r| DY . .
¢ Ta n Ta n n n
'Daﬂ = o Z pr(e) Z 1,,31( 1) kiﬁk( k) Va,ﬂ 1 _ k ’
2 (’]’L e )2 q
ec{x1}* +1n1+FFEne=0 1 k
;1Y /
Oa7ﬂ = ? Z pT(E)OQa,ﬁ?
ec{x1}*
Oropi= Y alits 3 sl sl (nl—' g nk)
o ()0<Q) (nl P nk)§ q
dlq dl(F1n1+-+Epn),
+in1+-+EEnEF#0
and the sum over € is a sum over € = {£;1,..., 4,1} € {1, —1}*.

The diagonal term D, g will be treated in Section 6, using the results of [Bet]. The terms
with d =11in O, g could be easily dealt with in a simple way, however it is more convenient
to keep them together with the other off-diagonal terms.

Lemma 9. We have
E—Lk—ke
'Daﬂ = @a,ﬁ + O(q2 k+1 ), (51)

where

Deup = > > -

ZUT={1,...k}, InT=0, {c,B;}={ci,B:} Vi€L,
L1517 141, 0T even (o)) =(as.6;) VieT
and 91, 5 s as defined in (6.2).

For the off-diagonal terms we introduce partitions of unity. We need a function P : R>o —
R, satistying

ZTP(ZL’/N) =1, Vz>0,

N
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where by Y7 we mean that the index runs through the elements of a certain (fixed) set
of positive real numbers such that ETx—lgNgX 1 < log X. Also, we require that P(z) is

supported on 1 < x < 2 and PY(z) < j4 for some A > 0. It is not difficult to construct
such a partition.! Notice that under these conditions, the Mellin transform of P(z),

P(s) := /00 P(z)x* 'dx,
0
is entire and satisfies
Plo+it) < (1+j+|o)VAClQ+t)~7  Vvj>o. (5.2)
Using partitions of unity we can decompose O’Q’ g nto
Ocap : Z Olap(Ni, - Ni),
Ny, N

where O , 5(N1,- -+, Ni) is defined as O , 5, with the only difference that the summands
are multiplied by P(ny/Ny) -+ P(ng/Ng). In the following we will often omit to indicate the

dependencies from Ny, ... N, for ease of notation.
The following two Lemmas summarize our results on the off-diagonal terms. The first
Lemma, which is effective when Ny, ---, Ny are close together, uses the spectral theory of

automorphic forms (via the bounds proven in Section 3.3) and is proven in Section 7. The
second lemma, which is effective when one of the N; is quite larger than the others, uses
the bounds for sums of Kloosterman sums proven by Young in [Youllb] and is proven in
Section 9.

Lemma 10. Let Ny be the maximum among Ny, ..., Ni. Then
Z pT<E) eaﬁ(Nla T 7Nk) = Ma,ﬂ(Nla T 7Nk) + El;a,ﬂ<N17 o aNk)a
ee{£1}k
where

E 1 1
Now (_0'NiE g H NG SOV N (N N
51;047[‘3 < —max < 4 + q( + a ( - k) + ( : k) <5‘3)

qi—c (Nl . Nk)% Nk)% Niax NII%laX

and Mgq g(Ny, -+, Ng) is defined in (7.38). Moreover,

Mag(Ny, -+ Ni) < g°(Np--- Ng)2 2 N-lte, (5.4)

max

LFor example take the set of indexes in 3.' to be {(3)" | n € Z} and P(x f1 —, where n(z) =

1
Ce 1-(az-17)2

for [z — 1| < 1 and n(z) = 0 otherwise, and where C'is such that fRn 7 =1.
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Lemma 11. Let Ny, be the maximum among Ny, ..., Ny. Then

i _ 1 3 1
. Np---Np\2 261 qi (NlNk>§
a0 < ((S22) T () <)

Notice that in the crucial case Ny--- N, =< ¢* Lemma 10 is non-trivial for Np., <
9+1
q272k7¢175 for any fixed § > 0, whereas Lemma 11 is non-trivial as long as Ny > q%”. In

particular, in order to have a non-trivial bound for all ranges we need v < % and so for
k:3vveneed0<%.

The following lemma, which we shall prove in Section 8, allows us to combine the various
main terms.

Lemma 12. We have

;17 t
- Z (Mag(Ni, -+ Ny) + XgaM_g o(Ni, -, Ni))

2k
Ni,...,Ng,
Nl...Nk<<qk+€

= ~(Zap+XpaDpoa) v D, Mag 0PI,
{a}.Bi}={ai,Bi}
where Mg 5 is as defined in (2.3) and v, = = if k =4 and v, = 0 otherwise.

We conclude the section with the deduction of Theorem 4 from the above lemmas.

Proof of Theorem /. First we remark that by (5.4), we can rewrite Lemma 11 as

Z 'OT(G) é/vO‘va(Nl"“ ’Nk) = Ma:ﬁ<N17"' 7Nk) +€2;a75(N17"' 7Nk)7

ee{*1}*x

1__ 1 3
. Np---Np\2 26D q: (Nl R Nk)
Eras <4 <( Niax > <N1/2 - 1) + N3/ :

max max

where

D=

Moreover, we also have

> pr(€)0!, s(N1, -+ Np) = Mag(Ny, -+ Ni) + Esa(N1, -+, Ny),
ee{£1}x

With Es,q5(Ny, - -+, Ni) < ¢~ (Ny - - Ny,)2, since both 0!, 5 and M, 5 satisfy trivially such
a bound. Thus, by Lemma 12 (and adding the condition Nj--- N, < ¢"*¢ at a negligible
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cost) we have

il f
Oup="3 D () D (Oap(Ni++ Ni) + XgaO-pa(Ni, -+ Ni)) +O(1)

Ee{il}k Nl,...,Nk,
N1“'Nk<<qk+5

k_3.,
— —(@a,ﬂ + X57a@_57_a) + Z Ma’,ﬁ’ —+ éaaﬁ —+ O(q§ 5+ k+€)’
{a},8;}={i,Bi}

where

ga,ﬂ < max (min(éal, 52, gg))
N1,y Ni,
Nl...Nk<<qk+€

Thus, since the term —(Za g + Xg.aZ-p.—a) cancels out with the main term of the diagonal
term given by (5.1), to conclude the proof of Theorem 4 we just need to show that &, 5 <
q§_1 Ote  Writing Npax = ¢* and Ny - - - N, = ¢° (and considering only the contribution from
the first summand in (5.3), since it easy to see the other terms produce a contribution which
is O(q2~27%)), we have that it is sufficient to show that

3, 3(3+29) _ &
-3t 2(2k+5) 2 1=,

(k—Ha _1+197Lz(a7b)ag_1):

N[

max max min
1=1,2,3 a<b<lk,
ka>b

for k > 3, where
Lia,b) =3 = §+ (b= a)(5 — gzy),  La(a,b) = (b= 0)(3 — 5z),  Ls(a,b) = § = fa.
If the maximum is attained at the interior of {a < b < k,ka > b}, then it must occur when

k“a— —1=12 5 — 1= Li(a,b) for i =1,2, or3andsoitw0uldbe —9 E_2and k—%
respectlvely Along the lines a = b, ka = b and b = k we have

nax, max min(fa — 1+ 9, Li(a,a), % — 1) = Jnax min(L;(a,a),% —1) =0,
max max min(% — 149, Li(a, ka), % — 1) < -1 +9 <0

i=1,2,30<a<1
o k41 k

max max min a—L—1+9 Lila k), E—1

i=1,2,3 1<a<k (55 2 Li(a, k), 5 )

8k(249)—19-120 k 3 + 2(k+9)—5—49
4(k2+2k—4) 2 2 2(k?+k-3)

=max(f — T4

|
I
NG
+

N
~

N

ESS

+

ot
Z

for k > 3 and ¥ < z. Theorem 4 then follows. O

1
3
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6 The diagonal terms

In this section we prove Lemma 9 deducing it from the following Lemma in [Bet]. We recall

that in Section 4 we assumed |ozz| |Bi] < 57 foralli=1,... k.
Lemma 13. For R(s) > 1— 1 — ¢ LS min(R(e,), R(6:)), let
Wa.s Zm Z pr(e) Z Tay,8 (M) - .Tak:ﬁk(nk>‘
se{il}k +ing+-Fdng=0 (nl o nk)s
Also, let
a/. 1+51‘a’
ol I+17 5 -1 Li(=% + —7~)
Wials)= > Hm—awm
6 _ , K3 7 a; 1+8 ;OL/
A G 1>+SI;°‘ MRV Li(z + 3 — —3)
Hsrar 1 I h
XD Z g\I|Zlez(a— HD (I+af — =7 0 = i, )
£>1 h (mod ¢) 1¢7T
where sz.qr 7=y .7 & and

TC{l,...k}, [Z| > ||+ 1, |ZN Y] even,
{aivﬁz/} = {a’hﬁi} VZ S I? (a;7ﬁz) (Oélaﬁl) V’L ¢ I

Then for any e > 0 Wy 5(s) —WLB(S) extends to an holomorphic function on R(s) > 1 - 25¢
and in such half plane it satisfies W, g(s) — Wlﬁ(s) < (E(1+]s]))*.

Sap = {(I, o, B)

Proof. Theorem 3 of [Bet] gives the meromorphic continuation and the bound for each e.
Thus, one obtains the Lemma by summing over € (for the simplification of the polar term one
proceeds as in Lemma 19; cf. also Remark 2 of [Bet]). O

Proof of Lemma 9. Writing V, g in terms of it’s Mellin transform we have

1 Jds

Dop = Go,8(5)9a8(s)Was(: + s)¢"—

27T'L (2)

We write W, 5(5 + ) as Wlﬁ(% +8) + Waps(s +s) — wi 5(1 —|— s)). For the second term we
move the line of integration to R(s) = é 2k+1 (4.2) obtaining an
error of size O(/{;Akqgfk%gl“) = O(qffm“). For the first term we move the line of integration
to R(s) = —% picking up the residues from the poles. We obtain

Daﬁ = Z Z @Za’ Ve + O( gi

TUT={1,...k}, INT=0, {o},B8}={a;,B:} Vi€T, (6.1)
IZ[>|71+1, [Z0| even (a’,87)=(ay,8;) VieT

2k +8>

)
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where

Gap(5T:0) 72((1 — oy + B;) Ti(E — 252
@ P 2k a,B ;X o STon kST, ? ? 4 2 %

i = 20y vzt | = R

(6.2)
x Z Z €|I\ Zzez a;—p;) (HD ‘I—O[] +SIa7aJ BJ’ ]E))
(mod £) JjeTJ
with 7.6 := D ;e 4 O
7 The terms close to the diagonal

In this section we prove Lemma 10. First, we assume that N; is the maximum of Ny,..., N,

as we can do since both the main term and the error terms in Lemma 10 are symmetric in
the indexes. Moreover, since we assumed that || is even, then we have

D (0 s=2 Y pr(0)0las,

ec{£1}* eie{lil}kl
1l=—

where here and in the following € = (+11, +21, .. k1). We split e op further, depending
on the sign and the size of +, f := —ny +5 1y :l:g . j:k ng (with f > O) introducing another
partition of unity controlling the size of f:

Z 'OT(E)O;/,(X,B =2 Z Z pr Z ICE Ea,a,8
(7.1)

ee{£1}k N.<kNigs/* ee{ﬂ}k +.le{£1}
+1=-1

where

q
d d Tay,p1 (nl) * Toy, B (nk‘)
ei*, a,B 1 X
(a) f>1, N1, >1, (ny - )2
f=0 (mod d) n1= Tonots- tpngtsf

ny -y n4 N /
Vag( N p( ) op( ) p( L),
. ﬁ( q* ) (Nl) (Nk) (N*)
Notice that in (7.1) we truncated the sum over N, at N, < kNi¢/*, as we clearly could.

7.1 Separating the variables arithmetically

We wish to separate the variables in 7., g,(n1) = 7o, g, (F2n2 £5 -+ £ ng £ f). One can
achieve this goal by using Ramanujan’s identity

Tap(n) =n Top—a(n) =n"°C(1 —a+10b) Z Ecle—((:?b’ (7.2)
=1
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which holds for n # 0 and R(a — b) < 0. The coefficient ¢;(n) denotes the Ramanujan sum
* nh
co(n) == Z e(7>.
h (mod ¢)

However, since (7.2) doesn’t hold in a neighborhood of a = b = 0, it is more convenient to
follow Young’s approach and use the following Lemma, which rephrase (7.2) as an approximate
functional equation for 7,4(n).

Lemma 14. Let n € Z~q and let a,b € C. Then,

where

where ¢, > |R(a — b)| and G g(w) is as defined in (4.1).
Proof. See Lemma 5.4 of Young [Youllb]. O

Applying (7.3) and splitting the resulting sum over ¢ using another partition of unity (and
adding the restriction L > 1 as we can do since P is supported on [1,2]), we rewrite K 1.8
as

+
ICe,:t*;a,,B - Z Z Ea’,ﬁ’7 (74)

{of,B1}={on,p1}, L>1
(o,85)=(aj,B5) Vi#1

where o' == (af,...,a}), B = (B,...,05;) and

. Cg(:l:gng :|:3 e Zl:k T :l:* f) 62
Lop = Z Z Z {1—a+tB Vai=-p1 - X

N1y, 21, £ h (mod £)
ni=xonots-trngtf

Tay—p(12) -+ - Oy, (k) ny - n ny, f ¢
gl —— Pl —=— ) --P|— )P P{—|.
x n%+a1+s o n%+ak+s V s qk N, Nk N, L

1 k

Notice that we have omitted to indicate the dependency of L4 g from € and %, in order to
save notation.
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Expressing P, vo,-p, and V in terms of their Mellin transform and making the change of
variables u; — w; — s, for i = 1,..., k, we see that L, g can be written as

B n(d)d 1 N 6
ﬁa,ﬁ—z o(q) Z Z Z (2mi)k 3 Jigocusy fue P\z
dlq N1y, f2>1, d|f, £ h (mod ¢)
tonots--drngtsf>0

Nlmis te N;:kis Tag,Bs (n2) © T, Br (nk)cf(j:Qn? :t3 - :l:k "k j:* f) (75)
fl—oa+pitw

1
3 Tuk

1 _w l—i—ug
(j:2n2 +3 - £ N f)§+a1+u1 En22 ceng

S, D k Haﬁ(was)

X P(u,)P(uy — s) -+ Pluy — 5)¢* dwdsdudu,,

ws

where du := du, - - - duy, ¢, denotes the lines of integration ¢,,, ..., c,, and

Hop(w,s) == ((1+w—a; + £1)Ga,p(5)Gas(W)gas(s)

Notice that, by the definitions (4.1) and (3.7) of Ga.g(s) and ga.s(s), Hag(w, s) is entire and
decays rapidly in both variables w and s:

Ha’ﬂ<w73) < 6—02(\%(5)\+\%(w)\(1 + m( )’ + m( )|) R(s)[+|R(w )|+/<r)7 (7.6)

for some C5 > 0. As lines of integration, we take

1
Cs ;:g/k‘, cu1:—3/€—§_a1+757 Cu*:Cuzz"':CUk:4k7 o = 10e.

7.2 Separating the variables analytically

To complete the separation of the variables, we need also to deal with the factor (£ons 3

4y ng £, f)2Tt=E in (7.5). In order to do so, we use Lemma 23, in Section 10. We
apply the lemma with x := k+1, B := 3k and v; = £ —a; —u; +%, so that R(vy) = B+1—2¢.
We get

Bl ,
Lap =Y s (N M) &

vl
where the sum is over v = (1, ..., v, v.) € Z5, satisfying

Vo+ -+ 1+ v, =B, v, =0if &, = —1, v, =0if £, = -1
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and N,.q g is defined by
3 p@d 3 P(¢/L) / Gl by bk f)
(27T'L')2k+3 (Cé»cwécu7) fU*+u**l/* *

dlq SD(Q) N1 yees g €1,
=1, d|f
w DN 7.8

ks pnyui1—s
g N 5 _
P( Ul S (H/c n2+ul+vl—yl

fl-a +B814+w

NI/;aﬁ =

H
X ‘Ife*,B(% —ap —u + 3,0, v*) %dsdwdudvdu*dv*,

v = €/k, and N, 5 is defined in the same way with lines of
, Cops Co - Also, in (7.8) we used the

with ¢,, = -+ = ¢, =
integrations ¢, = --- = ¢, = ¢, = 3 in place of ¢,
notation v := (vg, ..., vg), dv := dvy - - - dvy, and €* := (:|:11 el Ei1).
The contrlbutlon of N vap CALL be bounded by moving the lines of integration c,, to

k and ¢,, to c,, = —|— v, + € and bounding trivially. We obtain

LiAe 4426 2
2 N*z * N;2+ e ...

Cy, =26+, fori=2,...,
Nyk+2€L_€
k

N/ 5<<q_1+6N

and thus
q71+A€N1A€L7€7

B!
— N _ <
Z vyl -l vie

v

since N; is the maximum among Ny, ..., N, and N, < kNy¢*/*.
Next, we open the Ramanujan sum in (7.8) and we execute the sums over n, ..., ng, f as
we can do since the integrals and sums are absolutely convergent. We obtain

B M(%) P(g/L) * dl—v*—u*—l—u* dh ks
Noap =2 v(a) 4 2 (2m0) 2643 [ cscw cas 2 Tarare LWt — v £ g
d|q ( Cuy sCox ) h (mod K)
X N“* (H D%Bl + u; + v; — v, iéh)f’(ui — S)Nfi_‘g)
H, ,
Mdsdwdudvdu*dv*,

X N7 P(uy — s)\I’€*7B(% —a —u + 2,v,v,) s

Cuy» Cu,, We have

where, after moving the lines of integration c,,,
cw = 10g,
(7.9)

=—B—1—-R(ay) + e,

cs = ¢e/k, Cuy
=Ltvy+elk fori=2,.. .k

and ¢,, = 3
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Remark 4. Thanks to (7.6) and to Lemma 24 in Section 10, the integrals in N,.qp are all
absolutely convergent when the line of integration are chosen so that R(vy) = -+ = R(vg) =
R(v.) = e/k and R(vy) :==R(3 —aq —uy + %) = B+ 1— 2 (and even if an extra factor of
T, (1 + Jus| + |vi)1 % is introduced inside the integrals, as will be relevant later on in the
argument). In the following computations, until Remark 6, we will (almost) always arrange
the lines of integration in a way such that R(vy) is kept equal to B + 1 — 2e.2 This ensures

the absolute convergence of the integrals in all the bounds we give.

Remark 5. We also observe that, by the definition (10.5), the poles of Ve p(vi,v,v,) are
contained in the set

{(vi,v,0.) € CF™ | v; € Zg for some i € {1,...,k} or vy + -+ vy + v, = B+ 1},

7.3 Picking up the residues of the Estermann function

For each @ = 2, ..., k we move the line of integration c,, to ¢,, = —% +v; — 2¢, passing through
the poles of the Estermann function at u; = % —a; —v; +v; and u; = % — B —v; +v;. By
Lemma 2 and the residue theorem, we obtain

Nu;a,ﬁ = Z Z p[;l/;a’,,@’7

IUJ:{Q,A..,]C}, {a;,ﬂlf}:{ai,ﬁi} Viel,
InJ=0 (a},ﬁ}):(aj,ﬁj) VjEJU{l}

(7.10)

where, for TUJ ={2,...,k}, INJ =0,

*

n(d) P((/L) gredl e dh
e = F * * = Vs, :i:*_
Priap Z ©(q) Ze: (2mi)> Jesscweury p2icroqy(-aitBi)tw Z (ve + 1 = r)

dlq Cusx ,Cux h (mod ¥¢)
1 b\ 5 Uj—S$
X (HW/ Daj”gj <%+’LL]'+’U]'—I/]',T>P(’LL]'—S>NJ' du])
jeJ (eujscv;)
1 ~ 1 _a;—vi4v—s ~ ~
* (H%/ , P(% —a;—v v —s)N? o )Nf*P(“*)Nfl_sP(ul —5)
i€l (ev;)
H,  s(w,s
XU (53— a1 —ui + 2,v,0,) wdsdwduldvdu*dv*
ws
and
Hi o 5(w, ) = Go p(5)Ga,(w)ga,a(s)C(1+w —az + 1) [ [ ¢(1 = i + B), (7.11)
iel

2The only exception is in the proof of (7.19), where we need to take R(v;) = B — 2¢. One can easily verify
however that the integrals are all absolutely convergent also in that case.
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so that
H};a,ﬁ(w7 5) < (Alog q)\l\efcg(\%(s)HI%(w)\(1 + |R(s)| + m(w)’)A(\%(s)Hléﬁ(w)Hk)_ (7.12)

We remind also that the lines of integrations are given by (7.9) and

J

1
Cus :—§+Vj—2€, VJ e J. (713)

7.4 Applying the bounds on sums of Kloosterman sums

In this section, we apply Lemma 8 to give a bound for P;,.q g under certain conditions.
Lemma 15. Let I C{2,...,k} and let J :={2,...,k}\ I. Then, if |I| < |J| we have
Proes < G TENI(QIN, T 4 g5 FENE) (N - N TRLE (7.14)
whereas if |I| > |J| and v; > 0 for some j € J, then
Proas < q—§+§+AsN1—1+Ae<N1 . Nk)%L_‘f. (7.15)

Proof. First, we bound the sums over h and ¢ by Lemma 8 and we bound trivially the integrals
which are all convergent by (5.2), (7.12) and (10.6) when the lines of integrations are given
by (7.9) and (7.13). Doing so, we obtain

_B-144 1 ) 1 ]
PI,V;Ot,ﬂ < q_%+g+AaN1 B-5+ EN*1+V*+E<HN1'2+VZ> (HN] 2+VJ>L|J\—|I\—6X

icl jeJ
X

Cs,Cw,Cuy s

( Cuug rCu

(I / (L bl ) 1P s = ) )
(H/C Ui+Vi—3)\)!15(u*)Hp(U1—5)|

jeJ

el
H,  s(w,s
X Ve (3 — g —ug + 2,0,0,) %Wsdwduldvdu*dvﬁ
ws
CBoliAe 1., 1,
< q_%+g+A€N1 B-3+A Nj+y*<HNi2+ 1) (HNJ 3+ J)L\J|—|I|—5' (716)
iel jeJ

If |I| — |J| > 0 and at least one of the v; is greater than zero, then this is bounded by

NV*-‘,-l

1 NiV NJ -1 .
e N’“)<HN1><H Ny )
i€l jeJ

< q_%-f%—l—Ale—l-i-AE(Nl . Nk)%L_E,

Plyaﬁ <<q 6+ JFAEJ\/’IA6



since B=uv; +---+ v, and Na, ..., Ny < Ny, N, < ENy¢°/*.
Now assume |I| — |J| < 0 and let L < ¢z. In this case (7.16) gives

v 1+v; Vi
- 1+4e N ~1 N Ny (1J1=[1)—¢
PIVaB<<q 6+ +AN2+ V (N Nk) 2( ,,)( ]>q2

NI
s

< q g+ﬂ (|J‘ |I‘)+AEN2+|II+AE(N1...Nk)_

<<q_§+§+A5<N1§+AE -1 gh 1]\72)(]\[1...]\7k)—%7 (7.17)

since |[I| =k —1—|J| and 52 < |J| <k — 1.
Finally, if || — |.J| < 0 and L > ¢z, then we move the lines of integration ¢,, and ¢,, to

=|J| = I+ 10e =k — 1 —2|I| + 10¢, Cuy = —1—B+E—R(ay) — |I]| + 7e.

Then, we use Lemma 8 and bound trivially the integrals (using (5.2), (7.12) and (10.6)) and
we obtain

11— k_ s —14y;
’PI’waﬁ < q71+ﬁ+AEN1 1-B+35 \I|+A6N:+u* <HNi2+ z) <H Nj 5+ ])L*E

il jeJ
SlHOHAs g Nt k *%JFW 71+19+A5N§+%+A5
<« nite u+1<H )(H e ) « 4 L (7.18)
Le Ny~ N/ Ny (Ny---Ny)zLf

k
bt

N|=

Thus, since N"’q 'L 1N2 + ¢ 'NZ "2, we have that (7.17) and (7.18) imply (7.14). O

7.5 Reassembling the sum over v and further manipulations

By the previous section, we only need to consider the Pr.,.o g with |I| > |J| and v; = 0 for
all j € J (and lines of integration given (7.9) and (7.13)). For each j € J, we move c,; to
%—{—I/j —2¢ and contextually ¢,; to ¢,; = —1+¢/k, passing through the pole of ¥« 5 at v; = 0.
The contribution of the integral on the new line of integration can be bounded by

& g T NI A (N LN B (7.19)

as can be see by moving ¢,, to ¢,, = —B — % — a1 + 7¢ and bounding the sums and integrals
as in the proof of (7.15). Thus we only need to consider the residue at v; =0 for all j € J.
In the same way, we move the line of integration ¢,, to ¢,, = 1+ ¢/k and ¢,, to ¢,, =
Vi + 2¢ — €/k, passing through the pole of U g at v, = B4+ 1 — (% —op —u ) =Y e Vi
The contribution of the new line of integration can be bounded by (7.19) in a similar way,
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so again we only need to consider the contribution of the residue. Thus, summarizing (and
recalling (7.7) and (7.10)), we arrive to

B!
Eaﬂ - Z Z Z m Ql;y;a,ﬁ

TuJ={2,...k}, {ca},B]}={c,B:} Vi€l, v

INJ=0, [I[>|J]| (,8))=(cj,B;) VieJU{1} (7_20)
—1+A5NA€ k4l 1
+ O a —L 1 (qﬁN1 © 4+ q§—§+§N12 +q%+%N2 o Np) L7 |,
(Nl ce Nk)a
where the sum over v is now over v = (o, ..., Vg, V) € Z’go satisfying

Vo+ -+ +v, =B, v;=0if f;1=—1orie J, v, =0if +£,1 = —1,

and where
OQlvap = Z ) Z Z* M/ dl—(B‘Jr§+a1+i1—'Zj)fu*+u*
dlq #la) ¢ h (mod ¢) (2mi) (o s, co Vi€ (2iervqy(1—aitfi)+w
x ¢**F(B+ % +ar+u - % > ot u - V*,i*%)w
iel ws
. (H] QLM /(c | Doy 5, <% + U, #)p(uj - S)N;Lj_sduj) (7.21)
je uj

X N P(ug) NP Pluy — )W (3 — 01—y + %,v7)
~ L i—vitvi—s .
X (H P(% —o; — v+ Y — S)Ni2 i dvldvi) dlUdUldeU*,
iel
for vy := (vi)ier, € = (Fil)ierugsy and

DB+1—v =, v) Hielu{l} I'(v;)
I(Vasie, (01, v))D(B 41 = Vg, (v1,01))

\II/I;e’j,B(UlJ vy) =

7.22
Vi (v1,0p) = Z v;. (7.22)
iefu{1},
+i1==+1
We also remind that the line of integrations are
cs :=¢lk, c,=10e, ¢, =14v,+2—¢c/k,
L , £ ... (7.23)
Cyy = —5 +Vj —2e V] EJ, Cvi:EWEI

and ¢,, = —B — 3 — R(oy) + Te.
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Remark 6. Notice that the integrand in (7.21) decays rapidly along vertical strip in each of
the variables of integration. In particular, in the following computations we will always be
able to bound the integrals trivially.

At this point, we wish to execute the sum over the partitions of unity N,. However, first
we need to remove the truncation N, < kN;¢®/*. This can be done at a negligible cost, as it
is shown in the following lemma.

Lemma 16. For N, > kN,q¢° we have

f f — € € Lo ¢
Z Qrviap = Z Qrvia,s + O(q 2 Nf4 (Ny -+ N)2L7™°). (7.24)
N.<kNyge/k Ny
Proof. Given a large positive integer A, we move ¢,, to ¢,, = —Ak+ % for all € I. Doing so,

we pass through the poles of \II'I;E?,B(% —o] —uy + %,v;) at v; € Sa i ={-r|rez 0<r<
Ak}, so that we have to deal with a sum of (Ak + 1)/l terms coming from the contribution
of the residues and of the integrals in the new line of integrations.®> Then, for each of these
terms, we move the line of integration ¢,, to ¢,, = Ak. This can be done without crossing
any pole of \IJ’I;E? p if the term was coming from picking up a residue in each of the variables
v; for all ¢ € I, since in this case the I' factor in the denominator of \I"I;G; p cancel the poles

of D(v1) =T(3 — au — uy +%). Otherwise, we also have to consider the residues of ¥ er.i At
% —op—up+ 5 € Sa. In all cases, however, all the terms will still have at least one integral
left (besides the w and w, integrals) with line of integration c¢,, = —Ak + % or ¢, = Ak.
Finally, for each of these terms we place the line of integration ¢,, so that the real part of the
argument of the function F' in (7.21) is still 1 + (4 — |I|/k)e (we can do this without crossing
poles).

Thus, bounding these terms by using Lemma 8 and the estimates (5.2), (7.12) and (10.6),

we obtain

N§+r1+AsNr2+§+u2 Nrk+%+uk
| e

~54+2 4 4 Z 2 k H -1
6" 3 .
Qv <4 NBTE i veH (4l R)e e Ny
1, 7k€({0,1,...,A—1}U{Ak—1}), * JjEJ
ri:Akfé for some i € ({1} U 1),
7’1':0 ifiedJ

e V(N N2

-1 —€ —24-Ae nTAe 1. ¢
<q Ao (HNj )L < g PHAENAS(N - N)BLE
jeJ
if A is large enough with respect to €. Equation (7.24) then follows. [

3In total there are (Ak + 1)'1 | terms because for each v; we have the possibility of taking the residue at
v, = —1; € Sa or to take the integral at ¢,, = —Ak + %
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We now move the line of integration c,, to ¢,, =

% + 3¢ and then execute the sum over
N,., which we do by using the following Lemma whose (simple) proof is left to the reader

Lemma 17. Let K(s) be a function which is analytic and grows at most polynomially on a
strip |R(s)| < ¢ for some ¢ > 0. Then, for any —c < ¢, < ¢ we have

Z zm K (u) P(u)N*du = K(0).

We move the line of integration c,, to ¢,, = % + 3¢ without crossing poles and apply the
above lemma obtaining

+ M(ﬂ) * P(g/L) qksdl—(B—‘r%-l—al—&-ul—f)—i—y*
ORIV STLCD S S iy
Ny dlq ¢ h (mod (e, cv;Viel)

SD(Q) 0 (27Ti)3+|1| (2 ieruqny(1-aitBi)+w

1 w h
XF(B+§+041+U1—§—Ze;vi—V*,i*f)

1 . ~ u S
‘ (H2 [ D (b4 5 Plag — )N duj)
jes 7T J(ewy)

X NI~ P(uy — 5)‘11/1;6;,3(% -

(7.25)

—u + 5 ’01) —H};a’ﬁ(m il
27

ws
. 1t
X H (P(% —o; — v+ —s)N2 e d”’dvi> dwdu;ds,

el

with lines of integrations that we can take to be given by (7.23) and ¢,

1
=5+ 3e.
2
We are finally ready to execute the sum over v. We do this in the following Lemma, which
also summarizes the previous computations.

Lemma 18. We have

Z pT ea,B_QZ Z Z Z pT(E) Z RIEE*QQ,,B
ee{£1}k

L 1uj= {27 7k}7 {aivﬁi}:{ahﬁz}vzelly Ee{il}k,

+.le{£1}
INJ=0, [I[>|J] (a},8))=(a;,8;)Vie] F1l=—1 (7.26)
—1+A5NA€ k41 1
Lol -4 L ("N,7 + @33N £ 35N, - ) |
(Ny--- N2 LF
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where I, := I U{1} and

Rppi= 3 )32 3o PO b N
e 1) 5 (2mi)* 1 Jegewn e, viery  (enUimortBore

d|q SO( h (mod ¢) Uy
1 +-h\ & w;—s
x (Hg_m Da; 5, (%*’uﬂ”%)P(uﬁ —s)N;’ duj)
jed (cu;)
. w
Pluy —s) X F(5 + o1 +uy — 57 Zvi,i*%)‘lﬂl;e’;,o(% — a1~ + 5, vr)
iel
. 1 g Hi., 5(w,s)
x [ TT PG — s —vi— o) N2~ " aiduy; | =L gy d
(TPt v ) Fet D

il
and lines of integrations given by (7.23) and ¢,, = % + 3e.
Proof. Using (7.1), (7.4), (7.20) and (7.24) we obtain (7.26), with R g replaced by

, B! 'Y
LetaB - E T E Iv;a,B
€ienB Vol -l

v *

and 31 Qr..a.p as in (7.25). Thus, the Lemma reduces to showing that Ry.c-.q8 = Tt
This is an immediate consequence of Lemma 25 below, which is applicable since the pole of
F' is canceled by the sum over d. O

7.6 Reassembling the sum over ¢

Now, we can also get rid of the integral over w. To do this, first we move the lines of integration
cu, and ¢, for j € J (without passing through poles), so that we have

1
Cuy, = —R(o) +7e, ¢y = . R(aj) —2eVjed csi=c/k, ¢, = % Viel (7.27)
and then we move ¢, to ¢, = —1 + 10¢e passing through a pole at w = 0. The contribution of

the new line of integration is trivially bounded by

L. (7.28)

[SIE

1
< q—l-l-Ae]\/'1 2+AE(N1 . Nk)
since we have the convexity bound D(1 —2e +it, a; — 35, %) < €3(1+[t[)* and |I| > 2 (since

|I| > |J| and k > 3). Thus, we only need to consider the contribution from the residue at
w = 0.

38



By the convexity bound F (3 4 7e — [I|e/k +it, %) < ¢2(1+|t|)2, the contribution of the
d = 1 term is also bounded by (7.28). Thus, using also that ¢(q)™! = ¢! + O(¢?) for ¢
prime, we have

RI;E*;aﬂ = Sl;e*;a,ﬁ + O<q_1+A€N;§+AE(N1 T Nk)%L_8> (7'29)

with

E/L qkS—%_Oél_ul wi—s
Sretiaf = Z Z (2mi)2 I / (Zero 1—aitB) NP (un = )
(mod ) (e, eusViED)

1 +;h Uj—$
X (H%/( )Da].”g]< + uj, £, >P(uj—s)Nj duj)
jeJ Cuj

XF(3+o+u — ZU"’ %)‘I’};e;,o(% —ay — ug,vp)

el

1 i Hi ., 50s
(I_IP——(%Z —s)N2 " q”idvi)%()dulds

el

and lines of integration given by (7.27). Notice that we made the change of variable h — +,h.

We are ready to reassemble the sum over €. To do this, first we split € into €, and €, where
€s ‘= (£41);es; in particular, py(e) = pr(er,)pr(€s) where, with a slight abuse of notation,
we write py(es) := [ [;crng(F:il). Then, we observe that

Z pr(€s HD% B; <Sﬂvi*ieh> = 2 HDj;aa'ﬁf (55 %)-

cseft1}l7] jeJ jed

Thus,

ksflfalful
— olJl;ItnJ| P(/L) g 2
Z pT(E) Z Sf;e* 2 Z Z (27TZ)2+|I| gzielu{l}(l—ai‘f‘ﬁi)

ec{£1}*, +.le{£1} (mod £)
£11=—1
1 ) U;—S8
X/ < —/ Djiay; (5 + 1y, §) P(uj — s)N,” duj)
(&7 euViED) ]13 2mi Jee,y T ’ (7.30)
X Nlul_sp(ul — S)F( + o +up — ZU“ VI XI(— — U — aq,vy)
el
= 1 a;—vi—s H}.05(0,5)
X (1} P(% —a; —v; — S)N? q“ldvi) %dulds,
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with

X)) = > (&N (e )W (0, 00),

+.1e{+1} E]le{j:l}lll‘,
+11=-1
—1(1-Yw) [Irw) > @
€L €L +.1€{£1}
—1
X Z pT(€I1)<F< Z Uz')F(l— Z vl>) 7
Ellfjlj:yf" ile:]%l iillezla:’*l

by the definition (7.22) of W/ .. ; and since (£, D)0 = (£,1)TNUUEN] for |T| even (as we
have assumed). Also, we remind that we defined €} := (£;1)iciug and I; := T U {1}.

We will now give a ['-function identity, which we will use to give a symmetric expression
for X[(Ul, ’U[).

Lemma 19. Letr > 1,0 C{1,...,r} and (s1,...,8,) € C". Fore, = (&1,...,+,1) € {£1}"
let po(€) == [l;co(£il). Then,*

Er(si) Sy p@(e)(r< > si>F<1— *lsi)>1

:l:*lé{:l:l} Ee{il}r, +;1=F.1 +;,1=F
+11==1
e rg+ D) (T2 Y (5 r
= —r 5 =~ e S1n (—($1++57«>——|®|>
Proof. First, we observe that, by analytic continuation, we can assume that sq,...,s, € R\ Z.

Thus, using the reflection formula for the Gamma function to have

(f( X (- X s)) =ran(r X s)=rs(ew(n X )

+i1=F41 +i1=Fx1 +i1=Fx1

It follows that

5= X (209 Y w@(r( X s)r(i- X >)

+.le{£1} ee{£1}", +il=F.1 +il=F.1
+1=-1

— 7T71%<e7ri51A+ + (—1)|®|A,>,

4The identity has to be interpreted as an identity between meromorphic functions.
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where

T

Ay = Z po(€) exp (m' Z si).
eE{:ﬁ:l}T, 7':27
+i11=-1 Til=F1

Now, since pe(€) = [T;co(£il) = (=1)®MH T, g\ 11y (£:1), we have

As = (—1)le0t] ( ﬁ(il - em-si)) ( ﬁ<1 N emi))

=2, i=2,
€0 1¢0
_ ) en{i} = 1ylel e\ {1 gr—1 Tin~ N (T (5 - mSi
= (+1) (F1)™ 2" exp ( 5 ;sl) (gsm( i gcos i
i€6 i¢o
and thus
2T_1 : TS TS C] Tis on{1 T\ {1 ST g
) ([ )l s
zE@, zfi@,
i#1 1#1

2T TS, TS, T T r
-2 ; i ¢ _ 1yl len{1}  FIO\{1}H+T X, si
= (Hsm( 5 >)<HCOS< 5 ))( 1) S(z e 1 )

€O 140

2" i i . -

— ?(Hsin(;s )) <HCOS<%)> sin ( — g|@| + 2230
€0 1¢0 i=1

By the duplication and the reflection formula for the I'-function we have

s 1s—1 %)
0s<7)1“(s) =722 %

and thus the Lemma follows. O

S

INEE
sin<E>F(s) — W%25—1M7
2 NG

D=
Moo

Applying Lemma 19 with r = |I;| and using the definition (2.1) of I';, we obtain

Ziellvi (Y
X](vl,'v[) = F(l — ZUZ)Q 17% <H le(—‘ll(Q)vz)) sin ( - gul ﬂT| +ngl>

i€l ™ iel i€l

Thus, plugging this expression into (7.30), making the change of variables u; = § —; —v; — s
for all - € I and u; — u;+s for all j € (JU{1}), and moving slightly the lines of integrations,

we obtain

Z pr(€) Z Stevap = U (7.31)

ec{£1}¥, +.1e{£1}
+11=-1
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where for Z C {1,...,k} (with |Z| > 2), J :={1,...,k} \ Z, we define

Urap = —27iT071 S WlL)k / . qk(sll - H7. 0 5(5)
)1+ i —ai+B;
¢ h (mod ¢) (2m0) (csew) TEIET s
X(HDj;aj,gj (3 +uj+s,8)Pu SN ) ( + |Z|(s +Z“z+0‘2)
jeJ i€l
xsin (SITNZ+ ZITI(s— ) + g;(u +ar))
7T%IS(UZ)N“Z' (5 — “5)
F(L+Z](s — 3) + ) (ui + o), q—( _ 2" )dsdu,
; ¢ g (2q)m+al+s 2 T, (i z+ i+ )
(7.32)
with lines of integration
1 € .
Cui:5_%(%)_3E_€VZE{1"”’IC} cs = ¢e/k, (7.33)
and, recalling (7.11),
Hé/%au@(s) = G gaﬂ HC 1 — O + B@) (734)
€L
For future use we remark that if we move ¢,/ to ¢,; = —5 — R(ovy) — 5e for some i’ € T we get
Urap < Ny A5 (N - N2 L5 (7.35)

Also, if |Z] > 7], then moving the line of integration to ¢,, to ¢,, = —3+55 —e for all j € J
(leaving the other lines of integration as in (7.33)), we obtain

UTap K q—1+Aa(N1 .. Nk)éL—a H N;”Ae,

(7.36)
jeT
Finally, moving ¢, to ¢, = % + B —3% and ¢, to ¢, = =B for alli =1,..., k we obtain
Urap <p (Ny - Ni/qt) Bgz=1+4e, (7.37)

if 7] > 2.
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We are now ready to complete the proof of Lemma 10. Using (7.26), (7.29) and (7.31) we
obtain

> pr()0!, 5= ZT > > 2Un 0.8

INJ=0, [I|>[J| (a},8))=(vj,B;) Vi€

k

NA= INZ 4 E_142 Lo 1 )

+O<q1—1,46 (q (]\} qN )% + (q6+§N1 P+ 1)(Ng- - Ny)2
o N,

k k_1,9
N{e [¢NE +q273"%
= Mo+ 0 ( v (

where

Mag(Ny, - Ny) = ZT > > 2Uriap- (7.38)

L TUT={1,..k}, {c}.B]}={cu.B;} Vi€Z,
INT=0, |ZI>|J|+1 (o, B))=(0,B;) ViET

and Uz, g as defined in (7.32). Noticed that in the last step we used (7.36) to extend the
sum over the subsets of {1 ..., k} to include also the sets Z that do not contain 1. Moreover,
by (7.35) and (7.36) we also have

Mo (Ny, -, Ni) < g (Ny - N) 2 N4

and thus the proof of Lemma 10 is complete. Also, by (7.37) for any B > 0 we have

Mas(Ny, - Ny) < g2 (N - N fgh) P (7.39)

We remark that we reached a formula for M, g which is completely symmetric in the

Ni, ..., Np. This is important in order to remove the assumption that N; is the largest of
Ny, ..., Ng, so that we can sum over the partitions of unity.

8 Assembling the main terms

In this section we prove Lemma 12.

We start by moving ¢,, to ¢,, = 0 for all 7 € Z and ¢, to % — 3% (we can do this without
passing through any pole nor having problem of convergence). Then, after extending the
sum over the partitions of unity L, Ny,..., Ny using (7.39) and summing over them using
Lemma 17 we obtain

ST MgV N = Y 3 2 Vo + O(1)

Ni,...,Ng, Tug={1,...k}, {a},Bi}={c;,B:} Vi€Z,
Ni--Np<gkte INT=0, |Z|>|T+1 (,85)=(c;.B8;) VieT
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with

71tn7] L T+ 1s-1
4//Z;a,ﬁ -2 211 /cS o d ) m (1 —+ ’I‘ + ; Oél)
1 it
(TPt (2 T2 >) H o) o
750,84 2 7 o 1 e
e €l 2etegqe (g + %57) TS
. (T T -
X P+ = 3) + 3w sin (ST 01+ ZHTI = 3+ 5 3 aa)ds
1€l s

and line of integration ¢, = % — 3.
Now, for each integral we move the line of integration ¢, to

3 .. B ok .
Cs:max((),—l Lil>+gfz ﬁ+9g ?f’ﬂ—’j’+2—§+1W1thkeven,
PAVAE SVAES k 92 if |Z| > | 7| + 2.
picking up the residue of the pole of the I'-function at
1 1+>.
[—i — =it
s =s(a) 2T

(unless k£ = 4, |Z| = 3 in which case we stay on the right of such pole). Notice that Lemma 6
guarantees the convergence of the sum over £ on the new line of integration. Also, a quick
computation shows that if Z # I, := {1,...,k} (and |Z| > |J| + 1) then

1 k 3 €
—|Z -1 <= — = 9—
ST+ | Tles =1 < 5 = 5+ 97

where ¢, = % if & = 4 and ¢, = 0 otherwise. In particular, if Z # I, then by (3.9) the
contribution of the integral on the new line of integration is O(qg’%“k“‘s) and we obtain

Vrap = Xrap+ O(qs 2704, (82)
where
QIJI TN q%|I\+|J\5’—l T
Viapi= 17— Y f—mam PO Dsin (07T - 1))
¢ h (mod ¢)
(2m)z Ti(§ — )\ HE o 5()
X (HD‘]704,5(%+S,7%))<H PR Y — .
jeT . ieT 25 egi Iy i(3+95%) ms'

(Notice that (8.2) holds also in the case k = 4, |Z| = 3, since from (3.5) and a trivial bound
it follows that 27.q g is convergent and O(q3+49) = O(gs s tutde)),
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If Z = I, then
%kﬂﬂ = '%k;aﬁ + I/k;a,ﬁv

where 7] ., 5 is as in (8.1), but with the line of integration ¢, = 9¢/k.

Now, notice that if |Y N J| is odd (and thus so is |Y NZ| since | Y| is even), then the sine
in the expression defining 27. g is equal to 0 and thus so is Z7.a.8. If [T N J| is even, then
changing h into —h, €7 into —e7 and using the identity F'(0,h/¢) + F(0, —h/l) = —1 (which
follows immediately from (3.5)), we obtain 27.08 = —Z7.a8 + #7.ap and so Z1.ap =
s H7 0,8, Where

271 31T+ T1s -1 o
’I| Z Z (Zier(1—aitBi) ( H Dja, (5 + 5 Z))

£ h (mod ¢) JjeTJ

(I (r)t D = 2 >> HY o pls)

e 28+Otzq061 F ( + +S/) 7TS,

ATap = —

2

o /
- _@I;aﬂ’

where 27, 5 is as in (6.2), since 3|Z| + |J|s' =1 =ks'+ (5 — §)|Z| =1 = ks' + 3_,.; o and
by the definition (7.34) of H7., 5(s'). It follows that

k1
Z Z 2V 0 = Z 2/7[;;a,[37 ~Pap + O(q> 2+Lk+A€)
TUT={1,...k}, {af,Bl}={0i,B;} Vi€T, {od.fiy={as Bi} Vi€l
Ing=0,  (a}B))=(a;,8;) VieJ
2 Ta<[l

and thus to conclude the proof of Lemma 12, we just need to show ¥} ., 5+ Xga 7], 5 o =
Mo With My g as in (2.3). First, we need the following lemma.

Lemma 20. For R(s; + s1) > 2 and R(s2) > 1 we have

h S1 S1 So — 1
Z 752 Z (317 Z) = C( )g(g(s—; ) (83)

h (mod ¢)

Proof. From the functional equation for F'(s, x) and the Phragmén-Lindel6f principle one sees
that if |s; — 1| > &’ > 0, then if

*

ST P (s, )] e 1 07REDT
h (mod £)
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for all e > 0. It follows that the left hand side of (8.3) defines a meromorphic function in

s1, 82 on the region R(sy) > 1, R(s; + s2) > 2. Now, assume R(s;), R(s2) > 1. Expanding F'

into its Dirichlet expansion (3.3), executing the sum over h, and using (7.2), we obtain
((s1)¢(s1+ 52— 1)

Jl_SQ(n) _
Z 32 Z 81’ Z Z gsz Z nsl - ) Z ns1i o g(Sg)

(mod ¥£) n

The Lemma then follows by analytic continuation.

Applying this Lemma, we see that
C(1+ks — E"‘Zf 1 Qi) (k +k3+2f=16i)

kE_1 k
q> k
Vo = — / F<1+k‘s——+ ai>
o 21 J ey 2 ; UED I CIECH)
k Fz( _ oaz‘-i-S) ﬂ?q*ai ) H}’k;a”@(s) ds,

X <in (g<|T|—§+ks+iiai>>(Hri< 2 -

+ ai2+3) 287%4‘0&'
so that by the functional equation (using that | Y| is even) and the definition (7.34) of H” we

ENEENE

obtain

C 2 —kS—ZZ 1az)<<k +k3+2f:1 Bz)
k Zz 1(041 51))

Ti(3 — 2By (3 4 252) g\ o ds

z+61 1 2 % : — >_

(HC -« Fl(§+a¢)ri<§+25i) <7r> s

2

\TI q2
/7//
I = 271

C

Notice that changing s into —s we obtain exactly —Xg, times the analogous term coming
from 77 .5, but with line of integration ¢; = —97. Thus, ¥7 , 5+ Xga”] . 5_a, coincides

with the residue of the above integral at s = 0, that is

-1 C(g B Zk 1 ai) (g Zz 1 52)

7| i

7/;;01, + Xﬂa/y/lk;— —a, (_1)7(]
s = <(k—2‘»“ (a; = B1))
1 .

ME

Thus, Lemma 12 follows.

9 The terms far from the diagonal
We will use the following result of Young, to prove Lemma 11.
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Lemma 21. Let L, K < ¢'™ and let W be a smooth function with compact support on Rsq.
Then,

2.

0<e<L

= (S ()<t
q K

(k,q)=1

Proof. This is Proposition 4.3 of [Youllb] (notice that we removed the condition (gq,¢) = 1
from the first sum; one can easily check the bound holds also in this case). ]

Proof of Lemma 11. For simplicity we shall take a = 3 =0 := (0,...,0), as the shifts don’t
play any role in this Lemma and the same argument with obvious modifications works also
when «;, 5; < 1/logq.

By symmetry, we can assume that /Ny is the maximum of the /N; and that N, is the second
largest. Also, we assume N;--- N, < ¢ and N; > ¢'*3, since otherwise the result is
trivial.

Now, we start by observing that we can remove the condition +1n; + - -+ + £4n;, # 0 in
Ol = (’)”0 o at a cost of an admissible error:

o dmleldy (e (5 ()

1
. 3
9) d|(£1n1+2-+ng) (g,

+O(q™(Ny -~ N2 /Ny).

"o
O =

Next, we decompose ny into n; = f1g; and attach to the new variables two partitions of unity
so that f1 = F1,91 = G1 with F1 Z Gl and F1G1 = Nl. WI‘ltlIlg V and P(%) in terms of
their Mellin transform, we obtain

- d
0! = / NS ()5 + 12) (58 P o) =y
F1G1=<Nq, CS Cul

G 0<|m|<M (9.1)

+O(¢"*(Ny -+~ N2 /Ny),

where M := min(2kNs, q), the f/ indicates that the integrals are truncated at |uq|, |s| < ¢°,
the lines of integrations are ¢,, = 0, ¢ = ¢/k, and

i) = SIEY S i r(7)P(E)

1
o Froi=m (mod a) (191)%7"
d(ng

Wi (8) 1= Z | (;2 2) - nk)% S) (NQ) P(Z—Z)

+ongts-tpng=—m (mod ¢
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Now, we apply Poisson’s summation formula to the sum over f; and we see that for R(s) = ¢/k

1 P(g,/Gy tmag,/(d, g ~ P(z/Fy lx
PACE Ly (Z;L) 3 e<—di(2fgj))/o PR (Y e+ 0

dlq ©(q) g1 i 0<‘€‘<(d,1314);1
=,(s)+0(q)
where
1
Fi—s P g o ooP EF
s = Dy PlolG) e e(ﬂ)/ fffe(— 1x>dx
#(a) (gra)=1 97 0<|¢|<L q 0 @2 q

and L = ¢'74/F,. Indeed, the sum over ¢ in the d = 1 summands contains only the term
¢ = 0 which cancel with the ¢ = 0 term from d = ¢ (notice also that (g;,¢) > 1 implies £ = 0).
Thus, (9.1) becomes

" S ATUL * D ds
O = / q* N Z Wi (8)2 (s —|—u1)Gaﬁ(s)ga,ﬁP(u1)?du1

F1G1<Ny, O;é\m\<M
G1<F;

+0(q2 T 4 g (N Ny 2 /),
since the contribution of the terms with m = 0 can be bounded trivially by

L(F,G)z 1
< %a - NoJa)Ny (N Ny R

_1
< GNP (N N2 4+ ¢ A5 (Ny - Ny )2 < g2 214 4 g45(N, -+ N2 /N,
since Ny 'Ng-- Ny < Ny---Np < ¢"3+45 Also, we assume N} < F? < ¢*724¢ since
otherwise o7*(s) is identically zero. )
Changing the order of summation and integration and bounding trivially G g(s)ga.gP(u1),
we see that

Ny---Np)z

O// E dd 5 2+A5 Aa( k

I I e L ™
T

where

E(s,uy) = f Y X el X fifuf (énf)

0<|¢|<L 0<|m|<M (91,9)=1 91

FI% G §+s+u1 ,r,m
e 3| 2@
(91,9)=

qGE V=R iR
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with R := min(2kLNy, q) < 2kq*™ min(Ny/Fy, 1) and

¢ = Yo Jwals) < > ¢*%d(ns) - d(ng)(Ny - - Ny) =

{m=r (mod gq), 0<[4|<L,n2<Na,...,n <Ny,
0<|m|<M, 0<|¢|<L (£2nats3-tgxng)l=—r (mod q)
1 1
Ae A= 3 1 Ae pr =2 3
< Y AN Note Y dg N (N N
0<|4|<L,|n|<kN2, la|<kL N2,
n{=—r (mod q) a=—r (mod q)

< ¢ N, Ny Ni)2 (1 + LN2/q).

Thus, by Lemma 21, for |s|, |u;]| < ¢, R(s) = e/k, R(u1) = 0 we have

B(s,u1) < g~ FF (GUN) T (Ng - N3 (1+ LNo/g) (R + G R)
1 1 _1 1 1 1 1
< q*(F1/GiNo)2 (N3 -+ Np)2(1 + No/ FY) mm( *Nyqi + Gy 2/F1an+G12)

1
:qAE(NgNk)%(l—i—NQ/Fl)mln(q + l 1 T )

For z,y > 0 we have (1 + 2?) min(y + z,y/x + 1/2) < (x + 1)(y + 1), whence

m\»—A

E(S,Ul) <<q Ng' N

1, 1 11 1 _1

N3 qiNy * + Ny Fy 2+qZ+EG12+1)7
1

ac 1

_1
OF(NEN, T giNgE 4 1), 9.3)
< ¢t ((N2 Nk)%Nl 1 (NZ"'Nk)%_ﬁ(q%Nl 2 1)>’

l\)\»—l

<q

-

_1 1 1 )

where in the second inequality we used that Ny > ¢, F; ? < N, *, Gy * < (F1/Ny)2
1

N; 2¢24 and N; > ¢, and in the third one that Ny--- N, < N2 (so that Ny--- N,

(Ng--- Nk)%) The lemma then follows by inserting (9.3) in (9.2).

O IA A

10 A Mellin formula

In this section we prove a formula to separate the variables in expressions of the form (42, £
-+ £, x,)”® which generalizes the Mellin transforms given in the following Lemma.

Lemma 22. Let x,y > 0. Then

L1 T()D(b—v) , ., _
b _ _— AT\ V) w=b, —v



for 0 < ¢, < R(b). Moreover, for R(b) < 0 < ¢, we have

N 1 w1 —=0b) , ., _
b w—b, —w
— — A d .
(I y) XRso (I y) 27 /(6w) F(l b w) x Yy w, (10 2)
where x x(x) is the indicator function of the set X.
Equation (10.1) can be used repeatedly to give a formula for (z; + --- + z,)~° valid for

R(s) > 0. However, it is not straightforward to obtain a satisfactory formula valid in the
case when there are some minus signs, as the integrals obtained by repeatedly applying (10.1)
and (10.2) are not absolutely convergent. The following Lemma overcomes this problem by
introducing an extra integration.

Lemma 23. Let k > 2 and x1,... 2, > 0. Let € = (&4, ,£,1) € {£1}", with £11 = —1.
Let B € 7o be such that § + 5 < R(vi) < B+ 1. Moreover, let ¢,,,...,Cp Chyyenn iy >0
be such that

R(v1)+co+--+cp, <B+1<R(wy)+¢), +---+, . (10.3)

Then
(Foma £3 -+ £, )" xmoo(Eoze 3 - £, 7)

S B! 1 / /
N B VQ! s VK! (27‘(’7;)”71 (01,2 Cor) (¢ e )

,,,,,

B (10.4)

where
r I'(s, G(B+1—5 —--—s5,
U, g(s1,...,84) == (1) (5r) (B + 51 s )7
F(Vie(s1, .-, 80)) T (Veie(s1,...580)) B+1—s51—---—s,
10.5
Vie(vg, ... 0,) i= Z V; ( )
1<i<k,
+i=+1

and G(s) is any entire function such that G(0) = 1 and G(o + it) < e~ (1 4 |a|)C2lo! for
some fixed Cy,Cy > 0.

Remark 7. If e = (—1,...,—1), then V. has to be interpreted as being identically zero.
Remark 8. If £(s) is Riemann &-function, then G(s) = &(s)/£(0) satisfies the hypothesis of

the Lemma.
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Before giving a proof for Lemma 23, we give the following Lemma which implies that the
integrals in (10.4) are absolutely convergent.

Lemma 24. Let s; = 0; +it; fori=1,...,k. Then, for some A > 0 we have

1
\IIG,B(SI; Ce 75n) <K (5_“

14 B+ |oy| 4+ |0 |)JAQ+BHoLH-Hox)
2

(1 + |t1|) o1... (1 + |t,i|)%_"”(1 + |t1| 4+ .4 |tn|)o—1+"‘+0'n_1,
provided that the s; are located at a distance greater than § > 0 from the poles of V..
Proof. By Stirling’s formula (and the reflection’s formula for the Gamma function), if the
distance of s = o + it from the poles of T'(s) is greater than ¢, then we have
1 o] o—1 —p
P(s) < 51+ Adfo])7 (1 + [t])72e7=,
T(s)™h < (14 Ao )71 + [¢]) 230,

for some A; > 0. It follows that

1 (1+B+|oy|+- -+ o Ax(14+B+|o1|+-+|ox|)
\Ije,B<317--';Sn)<<5_ﬁ( 1] T 7x]) —
(L [ta])27or - (1 [ts)2 7o

e~ 5 (It Flta = [Vise (trssti) [ = Vase (1,0 t0) ) = Cr [t 4+t

X
(L4 [Vie(trs o o))V =0 (L [Vt ) ) Vet

?

for some As; > 0. Now, we have

6701|z+y| (1 + |fr]1| + |772|)A3(|771\+|TI2\)
(1 [a])m (L + [y])m (L [a] + |y[)m*

Y

for some A3 > 0 (depending on C4). Thus,

efg(ltl|+"'+|tn|*|v+;e(t17~~~7tn)|7lv—;€(t17~~-7tn)|)7cl|t1+"'+tn|

(14 [Vise(tr, . 8 ) V090 =5 (1 [V (b, . .. )] )V ielotom) =2
e~ 5 (bl At = [Vise (troesti) [ = [Vase (Bt )

(1 + ’VJF;G(tl? . atn)‘ + ‘Vf;e(tl, R 7tﬁ)|)‘71+'"+0,€71

€ (Lt fou] 4 -+ 4+ o |y Aallosletlond

< (14 |oy| + - - + |og|)AslorltFloxD
(14 [t1] + - -+ |ta])orttost 7

and (10.6) follows. O
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Proof of Lemma 23. First, we remark that the estimate (10.6) implies the absolute conver-
gence of the integrals on the right hand side of (10.4) and justifies the following computations.
We prove the Lemma by induction. First we consider the case x = 2. From (10.1) we have

((L’g + ZL’3)U1_1 = (.%'2 + Ig)B(.TQ + l’g)vl_l_B

. B! Vo U3 1 F(U3)F(1 + B — (% 1)3) d (10 7)
N Z AR (14 B — vy )ativvsyls U3 ‘
Vo ,v3€L0, 2:V3 (0”3) V1)To X
vo+rv3=B

for 0 < ¢,y <1+ B — R(vy). Now, by contour integration,
F(1+B—v1—vg)$v1+vg_3_1 1 (/ _/ ) D(vg)xy ™ G(B+1— v — vg — v3)
(cos) Sy /T

dUg,

F(1+B—U1) 2 _2_7T'Z (’U2—|—U3) B—|—1—U1—’U2—U3

where ¢,,,c,, > 0 and ¢,, < —R(v; +v3) + B+ 1 < ¢,. Inserting this into (10.7) we
obtain (10.4) in the case € = (—1,1,1).

The case ¢ = (—1,1,—1) (and thus its permutation ¢ = (—1,—1,1)) follows in the same
way from (10.2).

Now, let € = (—1,%9,...,+,41) € {£1}*! with £ > 2 and suppose (10.4) holds for all
¢ € {£1}" with /1 = —1. Since k + 1 > 3 there are two indexes 2 < i < j < k + 1 such
that ;1 = ;1 and without loss of generality we can assume ¢ = K, j = k + 1. Then, letting
€ = (—1,%2,...,%,), we have

- B! 1
(Foma £3 -+ Ept1 Tiot1)) XRoo(F2To £3 - Tups Tpop1) = Z ' | o X
Vol -yl (2mi)
V:(Vz,...,uﬁ)eZgo,
vot vk p1=D8,
vi=0if £; = —1

\IIE/ B(Ul v, )

) ) YR —ve+y,

g </ - / v2—V2 V—1—Vik—1 (ZE,Q + xﬁ-l—l) P dvg - - duy,
(6”27"~7C’U,~a) (C/ c ) lfL’2 U xlﬂ)*l

R A %

where ¢y, ..., ¢, ¢, ..., ¢ > 0satisfy (10.3). Then, we expand the binomial (z, + x,41)""

v ) Tk

and apply (10.1) to (zx + Tx41)""=. We obtain

(domo F3 -+ Frn1 Tor1))" Xmog (FoTo F3 -+ gy Topn) =

I/Q' P I/f{"_l' (27TZ)N (CUQ""7CUK+1) (C,/U2"“7C{UN+1)

V:(V27...,VK+1)EZ§0,
vot+vkr1=8,

\116/73(1)1, Ce ,Uﬁ) F(U,H_l)l—‘(?],{ — 'Un-i-l)

V2 —U2 Vrg—1""Vr—-1 Uk~ VUr+1—"Vk Uk+1—Vk+1
Lo BT Tk K1 '(vy)

dvy - - - dv,,

where ¢, ,,¢, ., > 0 are such that 0 < ¢, ,, < ¢,,. We make the change of variables

Uw — Vg + Uey1 and the lemma follows. O

o2



Lemma 25. Let k > 2 and let € = (+1,--- ,+,1,+,1) € {£1}*, with £11 = —1. For
B >0, let

N'B+1—v —-—v)l(vg) -+ T'(vg)
(Ve c(vry ooy 0) ) DB+ 1= Ve, (v1,...,0,))

\Ijé*’B(Ula SN ,'U,{) =
where Vi is defined in (10.5).

Let F(vg,...,vs) be analytic on {(vo,...,v.) € C*1 |0 < R(vg) < B+ 1} and assume
that for 0 < R(vg) < B+ 1 and any A > 0 one has that F satisfies

Fvo, .. ve) < JJ(@+ [oi)~*
=2

where the implicit constant may depend on A, vy and R(vo). Then for any v; € C and
Cugy+ -+ Co > 0 satisfying 0 < R(vy) + ¢y, + -+ - + ¢, < 1 we have

B! ,
Zﬁ \IIE’B(Ul,...,UH) X
> Vil ! (Cv2 C'u,.i)

.....

XF(B+1—ve—0] — -+ — Vg, V1,09 — Vo ..., Ug — V) dvg -+ - dv,, (10.8)
:/ o1, ) F(1 =01 = - = 0, 01, -, 0) dUg - - - dg,
(cv2 ..... Cuk)
where the sum on the left is taken over v = (1, ..., Ve, V) € Z5, satisfying

Vo4 -+ U, + 1, = B, vi=01ift,=—1orieJ, v, =0 4f £, = —1.

Proof. Making the change of variables v; — v; + v;, for ¢ = 2, ...k, moving back the lines
of integration to ¢, (as we can do without crossing any pole), and switching the order of
summation and integration, we see that the left hand side of (10.8) is equal to

B!
E ﬁqlle(vth—i_VQ?"'fun—i_yﬁ)
vl

X F(l—vp — - — U, U1, ...,0,) dvg -+ - duy.

Now, the identity B(s; + 1,s2) + B(s1, 2 + 1) = B(sy, s2), satisfied by the Beta function
B(s1,52) :=T'(s1)T(s2)(s1 + s2)!, can be generalized to

Z rl T(si+r)-T(sm+rm)  T(s1)--T(sm)
il D484+ Sm) C(sy+ -+ 8m)

23



for m,r > 1, s1,...,8, € C. Thus, we have

B!

° /

E ﬁwe,g(vl,vg+1/2...,v,@—|—yn) =W (V1,05 0x)
vl

v=(va,..., u,{,u*)EZ’go,

Vot Fvg+rs=B,
vi=0if +; = —1,
ve=0if £, = -1

and the Lemma follows. O]
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