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Abstract

We generalize Rademacher’s reciprocity formula for the Dedekind
sum to a family of cotangent sums. One of the sum in this family is
strictly related to the Vasyunin sum, a function defined on the ratio-
nals that is relevant to the Nyman-Beurling-Bédez-Duarte approach to
the Riemann hypothesis.

1 Introduction

For a rational number %, with (h,k) =1, k > 1, and a complex number a,

let
k—1
h a mhm m
Ca (%> =k mzﬂ cot (T)C<—a, E) ,
where ¢ (s, %) is the Hurwitz zeta-function. These cotangent sums arise in

analytic number theory in the value at s = 0,

h 1 i h
D(O,CL, E) = —§C<—a) + 5 Cq (E)

of the Estermann function

(0 ) = S5 20D

which is initially defined for R(s) > 1+ max(0, R(a)), but can be analytically
continued to C \ {1,1 + a}. The Estermann function satisfies a functional
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equation and it is useful in studying the asymptotic of the mean square of
the Riemann zeta function ((s) multiplied by a Dirichlet polynomial (see, for
example, [BCH-B]). Here and in the following we write, as usual, o,(n) :=
> an A and e(z) 1= €7

The cotangent sum Ca(%) is most interesting in the cases a = —1 (note
that the poles in the sum defining ¢, cancel) and @ = 0. In the former case,

c_1 is, up to a constant, the Dedekind sum,

where ((+)) is the sawtooth function,

() = {O ez

and {z} is the fractional part of x.

The Dedekind sum appears in the root number in the functional equation
of the Dedekind eta-function and has been much studied in number theory
and other branches of mathematics. The main property of the Dedekind sum
is that it satisfies a reciprocity formula

h k 1 1 (h k
5(%)“(5)—@—5(%*5—3)’ (L)

for (h,k) =1, h, k € N5y. This formula, due to Dedekind, has been general-
ized by Rademacher, who proved that

a_g n @ N @ _aQ—I—bz—i—cZ_l (1.2)
iy c 5 a s b ) 12abc 4’ '

for (a,b) = (b,c) = (a,c) = 1, a,b,c € N5y, and where b (respectively ¢, @)
denotes the inverse of b (resp. ¢, a) modulo ¢ (resp. a,b).
For a = 0, one has the cotangent sum

o) - X3

m=1



which is relevant to the Nyman-Beurling-Baez-Duarte approach to the Rie-
mann hypothesis. This asserts that the Riemann hypothesis is true if and
only if limy_ .. dy = 0, where

1 ° 1 1
d% =inf — 1—(|l =41t )Ay | =+t
NN 2r _oo‘ C(2+Z> N(z“)
an of length

and the inf is over all the Dirichlet polynomial Ay (s) = >,
N. When computing this integral, one is led to consider integrals of the form

h 1 <l 71 N\[*/h\" at
(5) = LG ) () e 09

which can be re-expressed (see [Vas]) as,

hY\ log2m—~ (1 1 k—nh h T h k
”(E)‘ 2 (h+k>+2hk log 2hk<v<k)+v(h>)’
where

h h
V(1) =-=(z)

is the Vasyunin sum and & is the inverse of h modulo k. It should be re-
marked that the convexity bound, C(% + it) < |t|%+5, implies that the inte-
gral in (|1.3) extends to a continuous function of }—]; € R.o, though it follows
from the work of Bdez-Duarte, Balazard, Landreau and Saias [BBLS] that
this function is not differentiable at any rational number.

In [BC1], Conrey and the author showed that a natural generalization of
the Dedekind reciprocity formula to cq is

(b))

where w(z) is an explicit holomorphic function on C’' := C\ Rsy. (A gen-
eralization to all a was given by the same authors in [BC2]). This formula
shows that ¢y can be interpreted as an “imperfect” quantum modular form
of weight 1, in the sense of Zagier [Zag].

It is purpose of this paper to provide the analogue of (a generalization
of) Rademacher’s formula for ¢, for all a € C.
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Theorem 1. Let a € C and let M be any integer greater than or equal
to —%min(O,éR(a)). Let h,k,p,q € Nsg, with (h,k) = (p,q) = 1, and let
d = (pk+ h,q). Then

k+h '™ (—ph—k Jo) el
() (8 o () o) -
h

2M omih )"

: p ( kq) h p

= -2 E D{-m,a,~ | ——"— + ga, (—, —)—i—
— ( q) m! Mk q

1 1+a
+ 2(27?%) q*¢(1 —a) — cot %QC(_Q) (%) ’

(1.5)

where p is the inverse of p modulo q and

1 ma
gaM(z, @) == / D(s) o2 x
’ k i J(~3-20) sin(s — a)

i h h\ rits—a 2 -’
X (62(SG)D(8,6L,E> +D<s,a, —E)e 5 )> (%) ds.

(1.6)

In particular, for all (p,q) = 1, the left hand side of (1.5 can be continued
to a function of% which is holomorphic on C' := C \ Rxy.

Corollary 1. Let h,k,p,q € Nso, with (h,k) = (p,q) = 1, and let d =
(pk + h,q). Let p be the inverse of p modulo q. Then

. pk+h —I—Ec ph+k e _i_fﬁ]_ﬂ
O\ gk h\ gn Ng) wn "\k'q)

f(z, ]g) _ _log(27rqz) — fy+

4

1 F TS Tis —F
b [ (e (50t ) e e n(s0.-2) ) (207 Jas
mi J(-1) sinms q q q

is a holomorphic function of z on C'.

In the case of a = —1 Theorem (| yields the following corollary.



Corollary 2. Let h,k,p,q € Nsg, with (h,k) = (p,q) = 1, and d = (pk +
h,q). Then

= 2 72 4 p2
S(pk+h>+s<ph—l—k>_s(]_9):(k +d +h)_1' (L.7)
qk qh q 12hkq 4

This is an extension of Rademacher’s formula and is equivalent to Lemma

7 of [CFKS] (which is based on (26) of [HH]), as we shall show at the end of

Section [3] Finally, it should be noticed that for negative odd integer a, the

identities we obtain involve, like in the case when a = —1, only cotangent

sums and a rational function and are particular cases of the formulae obtained
by Beck [Beck].

One of the main ingredients in the proof of Theorem [I| comes from pro-

viding analytic continuation for the “period function” (in the sense of [LZ])

h z h 1 1 —h
@D(zaa)E) T <E7a7 E> - Zl+a8(_Eaa7 7)

of

The function S(z,a,%) is defined only for ¥(z) > 0 gnotice that J(z) > 0

iff 3(—1/z) > 0), however, its period function w(z, a, E) can be analytically

continued to C’; as shown by the following Theorem which extends the work
of Lewis and Zagier [LZ] (see also Theorem 1 in [BC2]).

Theorem 2. Let }—,; € Q with (h,k) =1,k > 0. Let a € C and let M be any
integer greater than or equal to —% min(0,R(a)). Then w(z, a, %) extends to
an analytic function of z on C' via the representation

h h 7 h
P <z, a, E) = Tam (z, E) + §ga,M (z, E)’ (1.8)

where gq m (z, %) 18 as in and

h 1 - wi(l+a 1

21z (2mz)1+e

+22M:D<—m a ﬁ)ﬁ(%rz/k)m#—D(O a ﬁ)
— k ) m! k



This result is of independent interest, as the (smoothed) second moment
h

of {(s) times a Dirichlet polynomial can be expressed in terms of S (z, a, E)'
We remark that the asymptotics for these moments are needed, for example,
for theorems which give a lower bound for the portion of zeros of {(s) on the
critical line (see [Iwa] and [Con]).

We conclude the paper by showing that the coefficients of the Taylor series
of ga. (z, %) are exceptionally small when R(z) > 0. In particular, the Taylor
series converges (absolutely) on the boundary of the disk of convergence. This
is particularly relevant, since it can be used to give an exact formula for the

smoothed second moment of ((s) times a Dirichlet polynomial.

Theorem 3. Let h,k € Nog with (h,k) = 1. Let a € C be fized and let M
be any integer greater than or equal to —% min(0, R(a)). Let T be a complex
number with positive real part and, for |y| <1, let

h > h
Ga,M <T + 7Y, E) = Z Pa,M (7'7 E) (=)™
m=0

be the Taylor series of g m (z, }—];) at z=1T1. Then

h TaA 7 _a 3_a 3_a.1l,a 1,a _ mm
pa,M (7-7 E = COS 7247§7T717§7-717§]§Z+§m71+§e 2 Tk X

uniformly in h,k > 1, m > 2M + 1 and |7| > K for any fized K > 0.

2 The period function

The next lemma gives the functional equation for D(s,a, %) and can be
proved easily by the following decomposition of D in terms of the Hurwitz

zeta-function

o) =g 3 (el )

m,n=1

Lemma 3. For (h,k)=1, k>0 and a € C,
h 1+a—2s
D S, @, E —k g(S - CL)C(S)
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s an entire function of s. Moreover, D(s,a, %) satisfies a functional equa-

tion,
h 2 ]{3 2—2s+a
D e NG I'1—
(k) k(%) (1= s +a)T(1 - 8)x

X <cos<g(2s _ a))D(l — s, —a, —%>+ (2.1)
—cos%D(l — s,—a,%)).

We can now prove Theorem [2]

Proof of Theorem[2 Firstly observe that we can assume 0 # |[R(a)] < 1,
since the lemma will then follow by analytic continuation in a. Now, we have

that S(z, a, %) can be written as

z h 1 h Tis
S(—,a, —> = —/ D(s,a, —)62F(S)(27TZ/]€)_8 ds
k™ k 270 J (24-max(0,R(a))) k

and, by contour integration, this is equal to

z h 1 h wis _s
S(E,a, E) =5 /(;zM) D(S,a, E)e L(s)(2mz/k)~° ds+

. z h
Tq — = .
MKk
Now, consider

1 1 h
e S (o) -

1 1 E TS —1 s
= —ras_ / D (s, a, ——>F(s)e2 (27r—) ds
(2k) T 270 J (24 max(0.3%(a))) k 2k

1 ( E) _mis —s s—1l-a
271 (24max(0,R(a))) K

(2.2)

since in this context 0 < argz < 7 and 0 < arg_?1 < 7, so the identity

arg _71 = m—arg z holds. Applying the functional equation (2.1)), we get that



this is
21

Lk 2—2s+a
, — I'l—s+a)l(1—s)x
k 2mi (24+max(0,R(a))) (27T>

h h
X (cos(%(Qs—a) D(l — 5, —a, E) —cos%D(l _S’_a’_E)>X

Tis

x T(s)e™ % (2m)*(zk)* """ ds.

Now, observing that D(s, —a, —%) = D(s + a,a, —%) and using Fuler’s re-

flection formula, we get that this is equal to

21 1 k

k 2mi (2+max(0,R(a))) (27{-
h
X (cos(%(Qs — a))D(l — s+ a,a, E)+

h _ mis
— cos % D(l — s+a,a, __)) e 2 (27T)_S<Zk)8_1_a ds.

k sin s

2—2s+a
) I'l—s+a)x

Now, we make the change of variable s — 1 — s 4+ a and then move the line
of integration to —% — 2M without crossing any pole. Thus, we get

mi(s—a)

1 1 i1 JEC]
(e oW T T T EOT(s)— (9712 /k)°
(Zk)Ha S( Zk7a’ k‘) k 27 (—1-2m) (S)Sinﬂ(s _ a)( mz/k) %

T h Ta h
X <cos(§(2s - a))D(S,a, E) +cos - D(s,a, _%)) ds.

(2.3)

The lemma then follows by taking the difference between (2.2) and ([2.3)),
thanks to the identity
ris ,cos(g(Qs — a)) ri—a) e~ 3 (579 cog o

2 2 fd
cr sin7(s — a) ‘ ' sin(s — a)

]

3 A generalization of Rademacher’s formula

We can now prove the extension ((1.5)) of Rademacher’s reciprocity formula

to the sum ca(ﬁ). The proof follows the method used to prove Theorem 4

k
in [BC2].



Proof of Theorem [l Firstly observe that we can assume 0 # |[R(a)] < 1,
since the result will then follow by analytic continuation in a.
Let z = 2(1 4 i&) for a small £ > 0 and let o = pk + h, # = gk. We have

s (g . %’) _ gjl ou(n)e (n%) e(m%&)

1 h \°
= — F(s)D(s,a, g) (2%—5) ds.
270 J (24 max(R(a)),0) B B
Moving the line of integration to R(s) = —% and picking up the residue

encountered, by Lemma |[3| we get that this is equal to

s(Zal) =warcn - () + fe() - de-or

+T(1 4 a)(B/d) (1 + a) (%%5) o +O(¢

(3.1)

NI

).

In the same way, writing

1__5 el !/ f e 2 3
=), €= =i 0

and o/ = —ph — k, ' = qh (note that (p,q) = (h,k) = («,q) = 1 implies
(o/,q) = 1), we have

5(-%,&, _§> - iaam)e(n%) e(m% )

- Z/d)a—lc(l ~o(abe) 4 ia(%) - o
+T(1+a)(B/d)" (1 +a) (27r§§’) o + O(f’%)

and thus

s(-La-D)=@arca-o(owke) ario+ o (%) - o
LT+ a)(# ) ¢(1 + a) (zwgg)“zl L ig) ey O(¢h).
(3.2)



Therefore, from (3.1]) and (3.2 it follows that

Z p 1 1 D i o 1 i o
S|=az)—gmS(——a—=) =5z ) - Tm5%( 5
(q’a’q) zl4a < qz’a’ q> 2C (5 Zl+a2c <ﬁ/ +

1 . kq)ed'—® 1 1
— 5((—61) +ial(1 — a)( q2)7rh + ZHGEC(—CL) +O0(&

N

)

and thus

D 1 1 « ey o
52%8(@1 Q>_Zl+a S(_qz " ) <3> - (E> (@)Jr
kq)
2

_ %g( @) +iac(1 — o) P adl : (—)1+a%c‘(—a)-

By Theorem , this is also equal to r4 (%, g) + %‘ga,M (%, §> and thus The-
orem [I| follows after using the functional equation for the Riemann zeta-
function. O

Corollary [1| follows immediately by applying Theorem [1| to the case a =
0. We remark that replacing k& with ¢k in Corollary |1, we obtain, for all
M e Zzo,

. pgk + h +%c ph + kq . py 1 _
'\ 2k RO\ qh Nq) =h
M 2m
q P h h p
= 5 _1m2 !Dsin 1 2 y a1 PR E
us ,( )" (2m) ( e q) (27fk‘> +qMM(k' q)

" (3.3)

where g5/ (z, y) is holomorphic in z for z € C’ and C***!(R) in y, and where

D(s,0,2) — D(s,0, —x)
21 ’

Dgin(s, ) :=

for R(s) > 1 4+ max(0, R(a)).

Applying Theorem [I] to a = —1, one obtains immediately the generaliza-
tion ([1.7]) of Rademacher’s reciprocity formula, since for a = —1 one has that
g1, 1s identically zero.

We conclude the section by showing how to obtain Lemma 7 of [CFKS]
from (L.7). This lemma states that, if a, ¢, ¢,m € N.g, with (a,c) = (¢, m) =
1, and b, d are such that ad — bc = 1, then

2 2 2 1
(@) rs( L) —s( ) =2 (3.4)
c m Y 12emy 4
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where © = al + bm and y = ¢/ + dm.
To prove this result we apply Corollary [2/to p = z, ¢ = y, k = ¢/u and
h = m/u, where u = (¢,m). We have that

u(pk + h) =xc+m = acl + m(bc + 1) = acl + ad = ay = aq (3.5)

and

U(ph+ k)u=L(pm +c) =lpm +Llc=lpm +q—dm = ({p—d)m +q =
= ((pp — 1)d = Pbg)m + g,

where we used ¢ = dp — bq which can be obtained from the definition of z
and y and the condition ad — bc = 1. Therefore

((ph+ k)u/qg =1 (mod m). (3.6)

Thus (3.4)) follows from ({3.5) and (3.6) by observing that
() =)
sl— ) =sl— ).
m m

4 The Taylor coefficients

First, we need the following Lemma from [BC2].

Lemma 4. Let a € C be fixed and let M be any integer greater than or equal

to —% min(0, R(a)). Let z be a complex number with positive real part and let

1

+ .
Im,a(z) T 47T (—%—2M)

I'l1—s)I'(1—s+a)l(s+m)(£2miz)°ds.

Then, form >2M + 1 and |z| > K for some fized K > 0, we have

:l:ﬂ'i(af%)
lya 7,0 = \ 2/ 340 4, — i)\/Tmz  — l,a
IE (2) = 21T 3qatie 1 patietimze 20E)VAmz gompmt gt o

uniformly in m and z.

Proof. This formula appears in the proof of Theorem 2 in [BC2]. ]
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We can now prove Theorem [3]

Proof of Theorem[3 Let (h,k) =1, k > 0 and a € C. From Lemma [3 a

simple computation shows that

h k 5 s h s’ h
_ — _ —?(5—‘1) _ 7(5—‘1) _
C(s,a, k) : F<S)(27r> <e D(s,a, k) +e D(s,a, k))’

is a meromorphic function of s (with a simple pole in s = 1 only) and satisfies
the functional equation

sin(7s) C’(s, a, %) =sin(n(1 — s+ a)) C’(l —s+a,a, %)

Thus, we have

h 1 h cos 2
. —) == C —)——2_2d
g’M(z’IJ m'/H_QM) (s’a’k)sin<w<s—a>>z ’

1 B Ta
= — C’(l—s—l—a,a,ﬁ) (,:OSQ z % ds.
i J (= 1-anr) k ) sin(7s)
Now,
am I'(s+m) _,_
S = (Y s
dzm” (=1) I'(s) : ’

therefore, by the reflection formula for the Gamma function, one has

(m) ﬁ _ (_1)m / cl1- E cos %‘l (S + m) —s—m q
Ja.M (T’ k) mi J(-1-am) sTaaT sin(rs) I'(s) ’ §

= <_i)m/ I'(1—=s)I'(1—-s4+a)l(s+m)x
™ J(-i-2M)
X C’(l — 5+ a,a, E) coS 7r_a7__5_m ds
k 2
)™ (B

)H“ /(—é—zM) P =8I —s+a)l(s+ mzx
X (isD s, a, %) _ (—i)sD(s,a,_%)) cos%(%) n
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Expanding the D functions into their Dirichlet series, one gets

14a
(m) h (=)™ [ k Ta a.(0)
2 =4 -~ et
Ja.M (T’ k) ™\ 27 R fra

>1
l ht l ht
It | — — =1 | — -
(1 () (%) =)o)
and the Theorem follows by Lemma 4| and Stirling’s formula. O]
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