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Abstract
We give new bounds for Za’m’n QO Bl e(@) where au,, 5, and
v, are arbitrary coefficients, improving upon a result of Duke, Fried-
lander and Iwaniec [DFI97]. We also apply these bounds to problems
on representations by determinant equations and on the equidistribu-

tion of solutions to linear equations.

1 Introduction

For a, b, ¢ positive integers, one defines the classical Kloosterman sum as

S(a,b;c) := Z* %@)

z (mod ¢)

where, as usual, T denotes the multiplicative inverse of x modulo the de-
nominator c, Z* denotes a sum over the reduced residues modulo ¢, and
e(r) = ¥z,

Several important results in number theory have been obtained by us-
ing bounds for single Kloosterman sums such as Weil’s bound, S(a,b,c) <
(a, b, c)%c%“, or, more recently, for averages of Kloosterman sums, in partic-
ular the bounds of Deshouillers and Iwaniec [DI].

The results of [DI| are particularly efficient when considering averages of
S(a, b, c) with weights f(a, b, c) that are smooth or have at least some special
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structure. For many applications, however, one would like to have non-trivial
bounds in the case of arbitrary weights and such bounds would be useful also
when the coefficients have arithmetic/geometric nature, but have conductor
which is too large to be able to employ the extra information.

In the beautiful paper [DFI97], Duke, Friedlander and Iwaniec addressed
this problem, obtaining a non-trivial bound for the following “bilinear form
with Kloosterman fractions”:

BM,N) = S5 amﬁne(?),

meM,neN,

(m,n)=1

where «,,,, 3, are arbitrary coefficients supported on M := [M/2, M| and
N = [N/2, N] respectively, and a # 0. The main result of [DFI97] is the
bound

B.(M,N) < |lalll|8]l(|la] + MN) (M + N)&*<, (1.1)

where || - || denotes the L%-norm. Notice that, in the important case M =~ N,
a < MN, the bound in saves roughly a power of NV i over the trivial
bound B, (M, N) < ||a|||8(MN)z. In this paper, we refine the arguments
of Duke, Friedlander and Iwaniec and improve upon their bound, obtaining

B.(M,N) < [la]l|8]|(la| + MN)2(MN)~3%+(M + N)1.

We get a saving of N % when M ~ N , a < MN. More generally, we
consider the case when an extra average over a is introduced, as this often
appears in applications. We then provide a new bound for sums of the form

BM,N,A) = > >3 amﬁnvae@?),

acA,meMneN,

(m,n)=1
where v, are arbitrary coefficients supported on A := [A/2, A] and ¥ # 0.
Theorem 1. Let ¥ be a nonzero integer. Then

I|AN 3
B, N, A) < [lal 801 (1 + 1212)

(1.2)
X <(AMN)770+E(M 4 N)T 4 (AMN)FE(AN + AM)%).
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Notice that when |[¥|A < MN and M =~ N, the above bound im-
proves the trivial bound B(M, N, A) < |all[|8l|¥|(AMN)z by roughly
min(A2 Nz, Ns).

Remark 1. One can perturb slightly the argument of the exponential function
and still get the same bound. Indeed, if f,9(x,y) € CY(R?) is such that

0 X 0 X
niall - - \V \% 1.
8$fa,19(x7y) < 372?/’ ayfa,ﬁ(xay) < xyga T e N: ) € M ( 3)

for some X > 1 and any a,v, then when 9 # 0 we have that

BOLN A= YY) Z e (ﬂ? T fua(m, m)

meM,neNacA, (mn)=1

satisfies the same bound (1.2) of B(M, N, A) provzded that the factor (1 +
19|A/(MN))z is replaced by (1 + (J9]A + X)/(MN))z.

Our main motivation for this paper concerns the second moment of the
Riemann zeta-function times an arbitrary Dirichlet polynomial,

I:= /\c(% +ait)A(L +it)| o(t/T) dt

where ®() is a test function (supported on [1,2], say) and A(s) := > o 72

with a,, arbitrary coefficients with a,, < n°. Balasubramanian, Conrey and

Heath-Brown [BCH| computed the asymptotic for I when § < 1. In this

case only the “diagonal terms” contribute. In order to break the % barrier
one has to deal with the “off-diagonal terms”, which quickly leads to the
problem of obtaining non-trivial bounds for B(M, N, A). Equation and
the stronger Theorem (1| provide such non-trivial bounds, and so, in a joint
work with Radziwilt [BCR], we were able to compute the asymptotic for I

for 0 < % As a comparison, the use of ((1.1)) would have given the same

result on the smaller range 6 < %. In the same work, we also formulate
a conjectural bound for B which, if true, would allow to extend the range
to 6 < 1 and thus imply the Lindelof hypothesis (indeed, taking a, = n',
= |7|, and N = T""%, one obtains {(3 +i7) < (1 + |7|)* by using an easy
modlﬁcatlon of (7.20. 2) in [Tit]).
The flexibility of Theorem |1/ makes it feasible to be applied to a wide class

of problems in number theory. Moreover, the strength of the new bound is
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now competitive even in some cases when one knows and could potentially
employ some information on the coefficients.

We also give two easy applications of Theorem [I, One could use the
new bound also to improve some results proved using (e.g. [DFI12]
or, possibly, to sharpen sub-convexity bounds for automorphic L-functions
(see [DFI02]) or to handle sums such as those considered by Fouvry [Fou] and
Bombieri, Friedlander and Iwaniec [BEI]. Another application was recently
given in [BS|], where our bound was used to study the distribution of the
fractional parts of Dedekind sums.

The first corollary deals with representations by determinant equations
and improves the main result of [DFI95], whereas the second concerns with
the equidistribution of solutions to linear equations and improves upon a
theorem of Shparlinski [Shp|.

Corollary 1. Let A # 0 and let

T(My, My, Ny, Ny) o= Y NN %" f(ma)g(ms)an, B,

mieMi,maeMaoni €N n2ENS,
mingo—moni=A

where f(my), g(ma), an, and By, are supported on My = [M; /2, My], My =
[M3/2, My], Ny := [N1/2, Ni| and N := [Ny/2, No| respectively. Moreover,
assume fU) < M7, g9 < M7, for all j > 0 and some n > 1. Then

T(My, My, Ny, Ny) = Z (n17n2)an1ﬁn2 / f(x_'— A)g(£> o

nin n n
n1EN1,n2€N>, 172 2 1
(n1,n2)|A

+0(mmﬂmmmmea

i

20 (Ny + N2)i+e(M1M2)E)7
(1.4)

My N2 MyNy

where R = Nt arne

For comparison, Duke, Friedlander and Iwaniec [DFI95] obtained the
same result with the error term

O((nR) ¥ allIBI(NN2)F (N + No) B+ (MM )

We remark that one can use Theorem [I| to obtain stronger results when
averaging over A (cf. [BCR]).



Corollary 2. For any positive coprime integers m,n, let pp, = ¢ where
(ag, by) is the smallest positive solution to am—bn = 1. For any set of integers
Xy C [0,N], let Rxy = {pmn | m,n € Xn}. Then, if Xy has cardinality
|Xn| > N'=3 for some € > 0, then the set Ry, is equidistributed on the
interval [0,1] as N — oo.

Shparlinski obtained the same result with % replaced by ﬁ. We skip the
proof of this corollary as it can be obtained in a straightforward manner by
proceeding as in [Shp|, using instead of (1.1).

As observed in [DFI97], a variation of the arguments used to bound
B(M, N, A) can be used to treat the twisted sum

o/ (M,N,A) := ZZZ amﬁnva(%>e(l9?),

acAmeMneN,

(m,n)=(2,mn)=1

where () is the Jacobi symbol. We thus conclude the introduction with the
analogue of Theorem (1] for o7 (M, N, A).

Theorem 2. Let v #0. Then

VAN 3
(M, N, 4) < [all 81l (1 + 90)

x ((MN)i6(AM + AN)20+ 4 A3 (N + M)5+).

(1.5)

Acknowledgements. We would like to thank S. Drappeau, A. Harper,
D. Koukoulopoulos, X. Li and M. Radziwilt for useful discussions and M.B.
Milinovich and N. Ng for bringing the paper [DFI97] to our attention.

2 QOutline of the proof of Theorem

Our proof has roughly the same structure of Duke, Friedlander and Iwaniec’s
proof of and follows their clever application of the amplification method.
However we introduce several refinements in their arguments, among which
is particularly important the fact that we keep a longer diagonal when using
the Cauchy-Schwartz inequality (a possibility mentioned in [DFI97]). This
change, together with the extra average over a, introduces new subtle com-
plications and requires a rather careful analysis.



We now give an outline of the proof of Theorem|[I] The proof of Theorem 2]
is very similar and the required changes are described in Section [§]

First, we notice that we can assume that [, is supported on integers
coprime to ¢, as can be seen by pulling out the common factor between n
and ¢ and applying the Cauchy-Schwarz inequality. Then, following [DFT97],
we apply the Cauchy-Schwarz inequality to the sum over m and obtain that

B(M, N, A) < ||e||C (M, N, A; 8, v)?, (2.1)

where for any positive integer b,

Co(M, N, A;Bv) = > ZZ@M< )‘2

meM, 'acA neN,
(m,b)=1 (m,n)=1

At this point, we assume that (3, is supported on square-free integers coprime
to b and that (J,b) = 1. We will first give a bound for C, in this case and
in Section [6] we will use the freedom given by the parameter b to obtain a
bound for C; valid in the general case.

We introduce an amplifier and consider the sum D, (M, N, A, L; 3,v) de-
fined by

=3 o | Al EX e (07|

meM, go(m) x (mod m) (eL, neN,a€A,
(m,b)=1 (£,90)=1 (m,n)=1

where £ := { is prime | L < ¢ < 2L} and L is a parameter to be chosen at
the end of the argument. If L > 2log(b M), then

teL, (£,0b)=1

where Y is the principal character modulo m. Thus,

(e MEE T ol B o] [ 2 Same(oi)| o

2
L meM, go(m) (£,9b)= neN, acA
(m,b)=1 éeL (m,n)=1

< ML7**Dy(M,N, A, L; B, v),




provided that L > 2log(b?M). Thus, we have reduced the problem of bound-
ing Cp to that of bounding the more flexible D,. Squaring out and exploiting
the orthogonality relation of character sums, we obtain

Dy(M, N, A; 5, v) ZZZZZZZ@M@I@’M% (0% _ﬁ%

meM,ni,no€N,a1,a2€A,01,02€L,
(mbd,L1laning)=(m,b)=1,
£in1=Clanz (mod m)

= D(M,N,A,L;B,v)+ O,(M,N, A, L; 5,v), (2.3)

where 2, is the contribution to D, from the “diagonal terms” ¢in; = lono,
and 0, is the sum restricted to the “off-diagonal” terms ¢1n; # lons.

We bound %, in Section [3| by using Weil’s bound (and thus the name
“diagonal terms” is perhaps misleading in this case), treating it differently
from [DFI97] where %, is bounded trivially.

Section {4 is devoted to bounding &}, which constitutes the most delicate
part of the proof. The argument proceeds roughly in the following way (where
the bounds stated below refer to the case when ¥/, A and b are not too big
with respect to M N)

e In Section [4.1.1] we switch to the complementary divisor d of the con-
gruence relation £1ny = ¢any (mod m), eliminating the variable m. This
also requires that we first split the sum over m into congruence classes

¢ (mod b). Notice that the divisor switching makes the conductor drop
from size M to size D = NL/M ~ L when N ~ M.

e In Section [4.1.2] we apply the Cauchy-Schwarz inequality to the sums
over nq, Na, az, ¢ but not to the sums over d, ay, f1, 5. As a comparison,
in [DFI97] the Cauchy-Schwarz inequality is applied to all the sums
except those over ¢; and f5. After this operation we obtain that &
is bounded by b2||||2|lv| times the square-root of a sum which has
roughly the following shape:

* lo0bn 10 bn
Z Va1va’1 Z e<51 22 2+52 ol 1>a
nq N9
n1,n2xN, ¢ (mod b),
0y 02,04 05<L, lin1=Lang—cd (mod b|d|),
0#|d1|,|d1|<D, ¢in1=thna—cd’ (mod b|d’|)
ay,a},a2<A
where 07 = —9(dayly—d'a ly), 6o = —Vas(dly—d'ly) and D = NL/M =~
L if N ~ M. (Notice that we lost a factor of b2 over the trivial bound
when applying Cauchy-Schwarz with respect to c.)
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e In Sectionf4.1.3.2) we apply the elementary reciprocity law (4.18)), which

roughly allows one to change %“ into —% — % modulo 1, and so the
above exponential becomes e d; éz%im + 0y 61%1 + %) = e(A% + %)7
1 1

where A = ag(dl} —d'l1)lal— (day Uy —d'a’ £3)01¢] and ¢ doesn’t depend

on ny (since the above congruence conditions determine ny modulo b).

e If A # 0, then we use the congruence conditions to determine ¢ (mod b)
(independently from ns) and we apply Weil’s bound to the sum over
ns. This way we gain a factor of N2 /L and lose a factor of D? (since
the congruence conditions modulo d, d" get lost) over the trivial bound
for the above sum. Thus, the contribution of the A # 0 terms to 0}, is
< b2 ||B|2||v|[>PLENTA if N ~ M.

e If A =0, then from this equality we can express two out of the ¢ and
one out of the a variables in terms of the remaining variables, saving
(the square root of) a factor of L?A so that the contribution of the
A = 0 terms to G, is < bz ||8|]2||v||2LN Az if N ~ M. We remark that
here we are able to use fully the information given by the condition
A = 0. Indeed, interpreting it as a congruence modulo ¢;, ¢; we can
determine two of this variables (as in [DFI97]), whereas interpreting it
as an equation we can determine one among a1, a'lﬂ it is also important
that we can do this without losing the congruence conditions modulo

dy, ds.

In Section 5| we combine the bounds obtained for the diagonal and off-
diagonal terms, and we optimize the parameter L. If N ~ M and 9, A
and b are not too big, then the main contribution come from the off-diagonal
terms, so from (2.2) we obtain C, < bz||||2||v|[2NitcAz(AzL2 + LLNT),
Equalizing A2L2 and L'N1 we are led to take L ~ A 5N1 and so
C, < bz||B)|2||v||2PN 16t ATs. Inserting this in (2.1) we obtain Theorem
in the case where (3, is supported on square-free integers, N ~ M and ¢, A
and b not too big.

Finally, in Section [6] we remove the square-free condition on £, and in
Section [7] we complete the proof of Theorem [1]

When following the above steps, several complications arise when some
of the variables are not pairwise coprime or are far from the “main” ranges.

'In particular not applying Cauchy-Schwarz with respect to as would not help, since
we can use A = 0 as an equation to determine a variable only once.
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Typically, we first deal with the case when the variables are coprime and then
we remove these assumptions by using the bounds proved in the coprime case.

As mentioned above, we conclude the paper by explaining, in Section [§]
the modifications needed in the above arguments to prove Theorem [2| and,
in Section [9 we give a proof to Corollary [I}

Remark. Throughout the paper, we use the common convention in analytic
number theory that € denotes an arbitrarily small positive quantity that may
vary from line to line.

3 The diagonal terms

In this section we bound the diagonal terms %, := %,(M, N, A, L; B,v) as
the following lemma.

Lemma 1. Assume that (9,b) = 1 and that B, is supported on integers which
are coprime to b. Also let A,b,9, N < M€ for some constant C > 0. Then

1AM
DM N A, LiB,v) < |BIPIIPL(AGLN)E + T + M)ME. - (3.1)

Proof. By symmetry and the inequality 2|ab| < a® + b | we see that the
diagonal terms are bounded by

fim LYY Y Y SS w1

meM by ,loeL, nl,nQE/\f ay,a2€A
(mb’ﬂ,flfg’nan):(m,b):L lini1=~lono

<3030 D U + Buval?)

Oy loeLn1 n2€N ja1,a2€ A
(Ilélm azggm
> elw — 9
b€1n1 bfgnz

(b9,£1€2m1n2)=1, L1n1=Fl2n2
meM,

(m,bl1laning)=1

2 CL1€1 — CL2€2 m
cerrrEsaa] £ (e

01 02€Ln1,n2EN Ja1,a2EA meM,
(b9,£1£2m1n2)=1, Lin1=l2n2 (m,bl1laning)=1

(3.2)



For the terms satisfying a1¢; # asls we use the version of Weil’s bound given
in Lemma [3] in the appendix. We obtain

Z o 79((1151 — agly)m < (bLN)%JFg + (arly — agly, bnyty)
meM, bglnl

(m,bl1laming)=1

1+e

bLN’

since (U, bl1ny) = 1. It follows that the contribution to %, coming from these
terms is bounded by

< YSIINT BurvaPOLN) T +

l1,02€L,my EN,al Ja2€A, Lo |f1 ni

1+¢
+ Z Z Z |ﬁn1Va1‘2% Z Z (arly — agly, bny)(agly, £y)
41,62

n1€EN,a1,a2€A
a1l F#azlz, L2010

M
< ||ﬁ||2||VH2ALME<(bLN)% v _>
bN
since
1)) TESNATRPES IR 9 wp IS
£1,02,a2, |c|<4AL, 01,02,a2,
hFat, Llam c#0 a1l1—azla=c, (33)

La]l1m
< AL*ME.

The contribution to &, coming from the terms with a;¢; = asls is trivially
O(||B|12|IV||*PLM*¢), and we thus obtain (3.1]).
H

4 The off-diagonal terms

In this section we bound the off-diagonal terms &y(M, N, A, L; B,v). We

start by dividing &) according to whether (¢1,¢3) = 1 or not:
ﬁb(M7NaA7L;B7 V) - &2,1<M7N7A7L;B7 V) +é(zf1(M7 N7A7L;/87V)7 (41>

where, for any 7 satisfying (n,b) = 1 and (n,¢) =1 for all £ € L, we define

i SETSTSS a2 -2,

01 ,l2€LmEM n1 n2€EN a1,a2€A
(mbﬁ’£1€2nln2):(m7b):(€1»62):17 n‘mz
£1n1562’n2 (mod m), Elnl#fgng
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and &, (M, N, A, L; 3,v) is the same sum with ({;,¢) = 1 replaced by
(¢4,¢5) > 1. We notice that

gbfl = Z (é‘ab,l(Ma Na A> {1};571/) - (’7ﬁb,€(M7 Na A> {1};57’/))7 (4.3)

1<tel

where we extended the definition of &, to the case where £ = {1}. Thus it
suffices to bound &, as in the following Lemma.

Lemma 2. Assume that (9,b) = 1 and that (5, is supported on square-free
integers which are coprime to b. Also let A,b,9, N < M for some constant
C > 0. Then

9| A biN:L: L3N Ni
i < IP1P (o + S0 ) vt (RIEE L EE L B,

It then follows that
DAy biN: N Ni
& 2l (v + | o) ALNT =
< DB (b + g o)
and so, by (4.1]), we obtain the following bound for &},

Corollary 3. Under the same conditions of Lemma[3 we have

+ +
M M A
The remaing part of Section [f]is devoted to proving Lemma [2]
We start by introducing some notation:

9]A biN:L: L3N Ni
o< PP (v+ o) Azt ) @

/ n nq

ny = = ) = (ly,ny), = (1,n1),
1 (nl,ﬁlﬁg) p1po P2 ( 2 1) P1 ( 1 1) (4 5)
nh 1= ny no ;g = (l,n9), qo = (bo,m2),
(n2,6162)  q192

and notice that, for square-free integers ny, nq, this automatically gives (¢105, n)nj) =
1. We also divide &, (M, N, A, L; 3, v) further into

b = Fon + Loy (4.6)

where ., and .7}, are obtained by restricting the sums to (nj,n5) = 1 and
(n},nh) > 1 respectively. We will prove a bound for .%;,,, in Subsection
(cf. equation (4.32)), and in Subsection we will deduce from this bound
a bound for .77, .
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4.1 The terms with (n},n)) =1

In this section we consider the sum

ZIEED 55 3 3 3 » S Nt ()

U1 fa€L,ny,no €N mEM,ai,a2€A
(mb¥,£1L2n1n2)=(m,b)=({1,2)=(n},n5)=1
lin1=lang (mod m), (£142,n)nh)=1,
Lin1#Llang, nlm

4.1.1 Introducing the complementary divisor

We wish to switch to the complementary divisor of the congruence condition
ling = long (mod m) (with £1ny # fany), so we write this as

mdo = Klplpgn'l — qulqgng, d() € Z;&O

with p;,q; as in (4.5). We simplify the common factors and rewrite this
equality as

md = 571131”/1 - Z2Cl2n/2 (4.7)
for d .= do/q1p2 and
~ 0y ~ ly
b= —, [y :=—. 4.8
' q1 ? P2 (4.8)

We notice that the condition (m, bl1fsn1n5) = 1 can be factored into (m, bqip2)
= 1 and (m, {105p1qon)nb) = 1. Moreover for (€1}, lanh) = 1, the conditions
(m, €103p1qannfy) = 1, n|m and (A7) can be expressed in the equwalent form

(d, Lylaprgan’ing) =1, Lipiny = lyganh, (mod |d|n),
NL
qipald] < D := 3W ny €7,
for a certain interval Z := Z(¢y, 0, p1, P2, q1,q2,d,n5). Thus, to eliminate

the variable m, it remains to express the condition (m,bqips) = 1 and the
argument of the exponential in terms of the remaining variables.

We do this by dividing the sum over m according to the residue classes
m = ¢ (mod bqips) for ¢ € (Z/bq1p2Z)*. Thus, using also (4.7]), we obtain
that m satisfies the following congruence conditions

m = dlypin), (mod qgnb), m = —dlyqan), (mod pint), m = ¢ (mod bgips)

12



and the argument of the exponential function

9 um  axm — 9 a1m agTm
bn1 bn2

bp1pon - bq1q2m5

is congruent modulo 1 to

19<_da1bp2€~2q2n’2 _dagglplnﬁbql
p1n)

n arcpiny fl20‘12”/2)
2% bp, ba:

E§<E(G1P1n/1 G2Q2nlg> _d<a1bpzl72/qgn’2 n a2€1]317”i’15m>>7 (4.9)
bp2 b, pimy qams

By = O;—’B:l— % (mod 1). Finally,
the conditions m = ¢ (mod bqip2) and 1pin} = laqenfy (mod |d|n) can be
combined into the equivalent

a

since for (5,v) = («a,y) = 1, we have

glplna = ggqgné — Cnd (Il’lOd bq1p2|d|7]>
Thus,

D333 3 3 D 3

0 laeLnynaeN a1,a2€A,d<D/q1p2 ¢ (mod bq1p2),
(09, £18anang)=(L1,l2)=(n,n5)=1,  Lipin)=laqant—cdn
(d,l1€2p1q2m)nb)=(nnf,l1l2)=1, nLeL, (mod bq1p2ld|n)
Grpin) #laqanl

Bnlyalﬁngyaz e(' o )7

where the argument of the exponential is given by (4.9) and n}, p;, q;, l; are
defined in (4.5)) and (4.8). Now, we treat pq, pa, q1, g2, ), 15 as variables and,
after switching the order of summation, we have

S =222 2.0 2.2 >
P1,p2,q1,02€LU{1}, prpant,qiaenyeN,

(b9p1q1,p242)=1,

£|1eze2€£v ¥ 0#|d|<D/q1p2,
(b9,n)nb)=1, p1,911€1, p2,q2|f2, (d,f1€ap1q2m) nh)=1
(b9,p191)=1 (n/l ’”/2):1 (bn/lnéﬂ,élég)?(fl,fz):L TLIQEZ
L1p1n) #Laqan),
* —
Z § : E :/Bmpzn’lyalﬁqmm’gym e(---),
c (mod bqipz), a1,a2€A

Lypin =lagont—cdn (mod baipa|d|n)
with the argument of the exponential still given by (4.9).
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4.1.2 Applying the Cauchy-Schwarz inequality

Next, we apply the Cauchy-Schwarz inequality with respect to the sums over
P1, P2, q1, g2, 7, nb, ¢, as. After squaring out, we get

Sy K MEBINVIPY D Y baipa iy,

PLPQ:CIL%ELU{l}z (4-10)
m#FQ=1€{p1,qm},
p2FAq2=1€{p2,q2}

where 7, is defined as

Tni= DD, 2222 2.2

p1p2n),q1qznb N 01,02, OhEL, 0%£|d],|&'|<D/q1p2,
(b” 17,2) (”1’19n2) 1, plaql‘(éh%% p27q2|(€2,f’2) (d7f}£~2p1q2n/1n’2):1
w2 (nq)=1 (bnf ng, 18201 65)=(1,02)=(01,€5)=1, (@ 0 Iyp1q2n’,nfy) =1
Lip1n) #Laqany, £ip1n)#£Lyqans nLE€INT’ (4'11)
*
> D22 vaTae(),
¢ (mod bqipz), a1,a],a2€A

?1!91”'15?2%”'2—6!177 (mod bg1pz2ld|n),
O p1in)=Lhgaonl—cd'n (mod baipa|d’|n)

with Z' := Z(¢%, 0}, p1, P2, q1, o, d' b)), O = €, /q1, 0, = €,/p, and where
we introduced the condition p?(n}) = 1, which was implicit in the previous
formulae, and we dropped the condition (nj,9) = 1. The argument of the
exponential is now

9 <C(a1 W )pml (dayly — d'ayly)Lolhbpagany  az(dlh — d’él)flf’lplnlbql)
1

bps pin) q2rh
(4.12)
We divide the right hand side of (4.11]) into two parts:
Tom = U + Uy, (4.13)

where %, is the contribution of the terms with (¢,0,ly0,) = 1. We will
bound %, in Section [4.1.3] and in Section we will explain the modifi-

cations needed to bound fyn
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4.1.3 Bounding %,,: the case ({1/},((5) =1
We start by dividing %, (M, N, A, £, v) into

Do = Vom + Vo (4.14)

where 7% is the contribution of the terms such that d = d', (1 = {1,y = (,
and a1 # aj.

4.1.3.1 Bounding %* : the case d =d',{, = 0,y = {5, a1 # d]
b 1 2 1

*

In this section we deal with which is given by

b,
*
* Py—
Towi= DD, > > >
p1p2ny,q1q2nn €N l1,62€L, 0#|d|<D/qip2, ¢ (mod bgip2),
(b nb)=(n}, 9n)=1, !31,;11%7 p2,q2/¢2 (d, 01 Eapyqannly)=1, f1p1n,,=laqanl—cdn
2 (n})=1 (b9Inyny,rla)=(£1,62)=1, nheT (mod bqyp|d|n)
Lipiny #Laqang
/ Y] /
— — it d(ay — af)labpaqans
E E E Va, Vg, €| V| €(a1 — a}) - ;
bpo piny
a1,a},a2€A,
a1#a)

We reintroduce the complementary divisor in the congruence condition lme’l
= lyqonfy — cdn (mod bqips|d|n) and reverse the previous computations. We
then arrive at

D 3 SEEED 5 MENED 9 ) 3) DT (G e

p1pany,q1qenbeN {1 ,02€L, meEM, a1,a],a2€A, nlm
(b,n)nb)=1, Elvﬂlwl» p2,q2/€2 Sm,bﬁlﬁzfz’ln’z)zl, ai#a)
(nf,0nh)=1, (bﬁnlﬁzvelﬁ)?(h’b):l’Klpln’lzégqgné (mod m),

MQ(n’l):l f1p1n’17$€2q2n’2

Now, we introduce once again the complementary divisor, but this time we
get rid of the variable nj:

Vo= D > Do DD D v F(),

p1pan) EN, ZMzer | 0#dI<D/qip2,  a1,a1,02€A4,
(on)=1, P11l p2azlle  (@hbpigeni)=1 il
u(n))?=1 (b9nf L182)=(01,02)=1 '

15



where

, —
a; —a),)m
F(-e) = Z e 19# :
bp1pan)
meMNT, (m,blilan])=1,
mzaglpln’l (mod f2q2), m=0 (mod 7),

(md—{1p1nf,ba1L2q2)=L2q2

for some interval J = J ({1, {2, p1, P2, q1, g2, d,nh). Notice that, in order not
to lose the condition (ny,bqipz) = 1, we have to introduce the condition

(md — £1p1n1,bq1€2q2) = fl2q2. We apply - with 5 = 0, x the trivial
character and

2 bp1pan
ko=l = bpipar =L o PR g0
77 2q27 7 p1p2n17 ’)/1 h,l (q27 p2>(777 n,l) ) c ql 2q2

h=(k,7) = (n,17})(C202, p2) = (1,71)(d2, P2), hy == (k%,7) = h,

where we used that (n,bl103) = (nf,¢3) = 1 and that /b is square-free. It
follows that

N|=

F(--) < (bN)27 + (ay — ), bn);pips)
52(51311320!2"1)

since (¢, bnl1¢3) = 1. Dealing with the GCD as in ({3.3]), we obtain

. A2DMeE . M
Rl SIS <sz - q%)
pipan) €N l1,l2€L, P1P2g2ny
p1,q1l1, p2,q2]62

2 € 2
<2 3 . BN+ —
qip2 N (p1 + q1) (P2 + g2) lo(bga V)2

242772 < on)3 M
- HV” A*DL*NM ( pip2 + plL(bqu)%) HI/HZb%[ﬂN%MEDAQ
qip2(p1 + q1)(p2 + g2) qip2(p1 + q1)(p2 + d2)’
(4.15)
where we could assume without loss of generality that 1 < D = 3%, since

otherwise the sum over d in the definition of % is empty.

16



4.1.3.2 Bounding %, : the case (d, (y,(s) # (d',01,05) if a; # d}

Here we deal with 7 ,,, which consists of the terms of %, ,, such that (d, {1, () #
(d', 0y, 05) if a; # a) (we remark that here (-, -, ) indicates a triple and not a
GCD). Specifically,

Tha= D) 2222 2.2

p1p2nt,q1q2nsEN £1,82,04 05€L, 0|d|,|d'|<D/q1p2,
(b ny)=(n],0n5)=1,  p1,q1|(€1,£}), p2,q2/(£2,45) (d,t1l2p192nynh)=1
p2(n))=1 (bny g L1 Lol £y)=(L1£] Ezﬁ =L (&, 7 2prgannb)=1
lipin) #£laqanky, € pin) #Lhqan) nLeINT’
*
g E E g Va1pa’1 e(. .. )7
¢ (mod bq1p2), a1,a},a2€A,

Lipin=lagont—cdn (mod baipa|dln), ar#a)=(d,01,62)7(d’ 0] ,05)
Zpin=lhqont—cd'n (mod bqips|d’|n)

with the argument of the exponential given by (4.12)).
We start the analysis of 7, by noticing that the conditions

glpln'l — gqung + cdn = 0 (mod bgypo|d|n)
Cipiny — Gyqonhy + cd'n = 0 (mod baypa|d'|n)

imply the congruence conditions

(57’2571 - 222/1)131”/1 ((7’ d— 57261/)077 = 0 (mod bygipon), (4.16)
(d'ly — dl)pyn, = (d'ly — dl})qan)y, (mod b)

and thus also
(dlgl dﬂ’ )q2n2 (dlgg CM’ )plnl (mod b), (417)
since (b, p1n)qans) = 1.

Now, we use the congruence relation (which is also in some sense an
instance of divisor switching)

?—l—g—ko;—ﬁEL (mod 1), (4.18)

a9 (df/ d/f1)61€1p1n1bq1
21

which holds for «, (3, pairwise coprime, to rewrite —
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(modulo 1) as

ag(di,l — d’il)cmn’Qb n a2<d£~/1 — d’gl)glgﬁplqlnﬁqgné B CLQ(d[/l — d/lﬁl)

Ol praan} b bl1 0y pyn drdzn
_ az(dé:’l ~— dlgl)QQTLIQb n ClQ(dlgg — dgg)glg’lp%qln’ln'f B 6~L2Ed€~/1 — d%})
Cliprging b blrlypyndrdanty
(4.19)

by (4.17)), and thus the argument (4.12)) of the exponential becomes

19<Al7257’2bp2q2n’2 B %QEdé}l — d/[l) n (a , cpln’l ag(d/gg — dl%)glg’lp%qln’f)
Olapin b pinidiqand ’

1 al) pr - b

(4.20)
where
A = ag(d€~’1 — dlgl)gggépg — (dalgé — d'a'll%)glg’lql.

We divide %, into two parts, depending on whether A is equal to 0 or
not:

= AF#0
Yhn = B30+ B (4.21)

We shall give a trivial bound for the terms with A = 0, whereas we will use
Weil’s bound on the sum over nj to handle the terms with A # 0.
The terms with A = 0. The condition A = 0 gives that

@Z(dé}l — dlgl)gggépg = (dalg'z — d’a’lgg)glg’lql, (422)
and it allows us to express either a; or a) in terms of all the other variables:

a; = f(allaa%da d,7€17€27€/1a€/2ap17 q17p27 q2)7
all = g(a17a27d7 d/7£17£27€/17£/27p17 CI17P2> q2)7

for some functions f and g. Moreover, since (€1}, (>05) = (d, 2122) = (d', 0}0})
= 1, then (4.22)) implies that ¢1]asl}, ¢}|azl; and ls|aily, th|a)ls, which, by
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definition of f;, 7, is equivalent to f1]axl}, €} |aly, lalayly, Oh)a)ly. Tt follows
that #%5=" is bounded by

ICAEND IS B DI D) 3]

pipent,qiqanbeN Zl,eg,zl,e €L, 0%£|d],|d'|< 2
Q1P2

p17q1|(£17 1), p2,02((€2,65), d’|(€’p1n —K’qzn)

Gipin) #laqant, Opin)#lhqan) T e

> 200 (vl vl

c (mod bgip2), a1,a},a2€A,
flplrllffquancdn7 £1|a2€1,€ |a2€1,€2|a1€2,f/ |a la,
(mod baipzld|n) ar=f(-), aj=g(-)

LD SRS 3 30 3) DI B) DR 1

pipeny,qiqenbeN  Ly,02 00 0heL, a1,a2€A,
praxl(a,er),  fulazty, £lazt,
pQ’qQ‘(ZQJIQ) Z2|al£l2
, AN2 < |v|[2AL2N2 M <
<= Y > 1< , (4.23)

P1P2q192 p1p2qig2(P1 + q1) (b2 + q2)

0 her,
p1,a1ly, p2,q2(0y

where we dropped the condition (c, bqip2) = 1 by positivity, and the sum over
¢ has the only effect of turning the congruence condition Elplnl = €2q2n2
cdn (mod bgipa|d|n) into Gpin!, = loqonl, (mod |d|n), which then implies
d|(ipin — l2q2ns).

The terms with A # 0. Here we bound ”//bffo. Exchanging the order
of summation and indicating with G(...) the sum over n}, we see that

AR S 3 3 3 DR ) D

pipan] €N, 51,52751,5'6’5 0#£[dl,|d'|<D/q1p2,
(b0,n1)=1, p1,a1|(f1,61), p2,92|(€2,¢5) (d,f}fgmtlw'l):l
“2(n’1):1 (bn 901020 f 5)=(010] La0})= (d'l/lf'gqun'l):l

) (4.24)
2. D022 awwliGE-)l
¢ (mod bg1p2), ay,a’,a2€A,
(2/221 —22211)131”1 (fgd/ E/ d)CT] A;‘éov

(mod bqlpgn) (dil1,62)#(d’ £7,45)

where

G()=> e(-+), (4.25)



and the argument of the exponential is

Zggébpzqgné B ﬁag(d@l — d,él)

YA == =
Glgipiny bllipingbgiganyg

(mod 1). (4.26)

The condition (x) indicates that n), satisfies the following conditions:

ny e INT, qugonl, € N, ipin = lyqenl, — cdn (mod bgyps|d|n),
(nh, bdd'n 01020 0h) = 1, Cpyn’y, = Lhgonl, — cd'n (mod baypa|d'|n),

liping # Laqans, lipiny # Lyqans.
We remark that we could keep the condition and drop the last two
summands of as they do not depend on n}. Also, notice that the con-
dition (d, €1, 0s) # (d', 01, 0) if ay # @ becomes simply (d, (1, 05) # (d', 0}, 05)
since if these triples are equal then A # 0 implies a1 # a].

We apply Lemma 3| to the sum over n), removing the second summand
of by using partial summation with the bound

ay(dl, — d'ty) |9|ADL 19| AD
V= o / / < = o2 / / < 2"
bl1l1p1nqidany b1l qip1pan,dq1qany bLN

Note that n), runs over a finite union of intervals of length at most O(N/q1q2),
with a congruence condition modulo bqips[d, d'|n (provided that the sum is
non-empty), where [a, b] is the LCM of a and b.

In the notation of Lemma (and under the various conditions of the sums
in ([£.24)), we have v = (,0,qyp1n)y, k = baips|d, d']n and

h = (% k) = ql([d> d,]aglgll)(nan?l) = Cll(d, g/1)<d/>g1)(777n/1)7
h’l - (koo77) - (q(fo[d7 d/]ooaglgll)(n’nll)ql(pb ql) = (p17 ql)h7

since q; > 1 implies 0 = !7’1 = 1, whence

= ppony b f
hi o (puan) () (d,4y) (d, 0h)

Thus, Lemma [3] gives

N, >%+(19A,%) N[d dl]><1 |19|AD>

G(---) <« M¢ , . -4
) ((m ql)((pl,ql)pg 7 bna2qaps bLN?
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v (Amy)ps [9]AD
ME( LN 4 A2 () .
< ( T b qald, ] (1+3ve)

Now, if we define
= (Ohd — lod'  bqrps), v = (lhd — lyd)/u
(so that (v,bqi1pa/u) = 1), then by the congruence condition (4.16) we have
0hd = lyd' (mod u), (4.27)

pily = plg_ | (mod u) (4.28)
since (£, bqyps) = 1. Also, if v # 0, then

c= _Un(g 61 - €2€ )plnl (mod bqlPZ) (429>

u u

We remark that we can assume u < 1&?5 Indeed, if u > 10D Lo ﬁ’ d+ lod’

then 7) implies E/d = lod’. Thus u = = bqipo and d = d’, Uy = (, since
(d, Eg) (d’ ,) = 1. Moreover, would give p1f; = pyf, (since we can
assume D/qipe > 1) and thus ¢, = ¢§. So (d, l1,0s) = (d', 0, 0,), and these
terms have been previously excluded.

Thus, if we bound trivially the sum over ¢ using and drop some
conditions by positivity, we find

RS DD 3D 2. 2.2

pipan) eN 01,02, LLEL, u|bqpz, ug%, |d|,|d’'|<D/a1pa2,
A1l (€1,01), p2,q2|(l2,85), - = —J' .
ot (1€’ ,11)211522)‘21( 242) p1é1=p1£502¢] (mod u) d=talzd’ (mod w)
g g E U |Vay V| LN2 4~ UFL (&, )ps (1 + |19|AD)
arVa b2 qald, d] bLN?
ay,a’,a2€A,
A0

<<Hv||2ALN2M YYYY Y Yy w1+ VD)

1,62,6,05€L,  ulbqrpz, u<A2DL, |d],|d'|<D/qipz,

Y4 /
gigiige;b; whzpi gt = (mod v
(ZI bq1p2)=1 (mod u)

A2DL2NzM* D [9|AD
< [Jv|f? ( )( +1> 1+
Il (p1 + a1)p1d1p3 ;; ul%Z uqips ( bLN2>

/ 10DL
p2, UI2|(Z2 04) u<0DL oy
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, A2DI2NS Me L 194D
<l (p1 + q1)P101P3 ZZ cI1132< bLN2>

la,0h€L,
p2, Q2|(f2 5)
2A’D?[P N2 M* 9|AD
v W, 10Dy )
(P14 q1) (P2 + 92)P197P392 bLN
4.1.3.3 Total bound for the terms with ({10}, (50}) =1
By (4.21] - and , we obtain
W|ADN A2D2LSN2 + AL2N?
Yo < |V 2M5<1 + | )
bn < Il bLN? 7 qip2(p1 + q1)(p2 + 92)
and thus, by (4.14) and (4.15)), we have
: 34 L3D? 3
W, < |v|2A2reNd pe P H LD 4N /A)< W‘Al;), (4.31)
qip2(p1 + 1) (P2 + g2) bLN

4.1.4 Bounding 7%,,: the case ({,(},{y(5) > 1

First, we observe that if (¢1¢,,¢20,) > 1, then (ly,0,) = (¢4,¢}) = 1 since
we have (¢1,03) = (¢},0,) = 1, and so p; = q; = p2 = q2 = 1. Thus, we
can repeat the same arguments of Section [4.1.3] in a slightly different but
simplified form, and we obtain that the bound holds also for %, .

The only difference between this case and the (¢1¢/, ¢5¢,) = 1 case is that
we cannot make the same choice of «, 3,7 in as a, 3,7~ would not be
pairwise coprime (and neither we could invert £, (mod ¢,¢;) in ([4.20)). To
overcome this problem, it is enough to divide the sum over n), into congruence
classes modulo ({107, 050,) and apply with v = b(¢10}, lo0}) rather
than v = b as in (4.19)). The extra sum over the congruence classes modulo
(0107, 0505) has the effect of making us lose a factor of (¢10],050) in the
A # 0 terms, but this loss is recovered by the extra condition between the
0y, 04,05, 0. In fact, one can obtain a bound stronger than in this case,
since the resulting Kloosterman has smaller modulus.
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4.1.5 The final bound for .},
Putting together (4.10)), (4.13) with the bound (4.31) and its analogue for

Uy, we obtain
9|ADN 4 Ni
Fry < 18I (b + D22V ar g (Dbt 4 28D+ 2
| LN? Ax (4.32)

1 1 1 5
2N, 112 \19|> _(biN:L: L:N Ni
b+ ALNTM
< 812 (b + 22 (B 5+ 0,

' _ 9NL
smceD—BM.

4.2 The terms with (n},n}) > 1

In this section we bound . (M, N, A, L; B,v), which consists of the sum
(4.2) restricted to (nf,n,) > 1. We recall the definition (4.5)) of n}, n:

/. ni /. na
n, ‘= ———= Ny =

(711,51@2)’ 2 (712,5152)

We write u = (nf,n}). This implies (u,¢163) = 1 and ny = phy, ny =

phy. Thus, denoting h) := (111,%—1!2)’ hYy = m, we automatically have

(hY, hl) = (R h}, €103) = 1 since ny, ny are square-free. It follows that

55 SHED 3 3 3) 35 3 3 Sl Mmoot (e

u>1, l1,00€ L MEM R, ]’L2€Np, a1,a2€A
(190)=1 (mbpd €121 ha)=(m,ub)=(¢1,02)=(h} ,hb)=1
L1h1=l2h2 (mod m), (h’lhé,flfz)il
Lih1#L2ha, nlm

E %,J](M,N//,L,A,E,BH,V),
1<u<N,
(1,9b)=1

where §,(n) := B, and N, = [N/(2p), N/p]. Thus, by (4.32)
,3N||2 <biNéLé LiN N1 )

+ =+
,u4 M%M% M p,%A

(NI

L < v <b+ M\?) ALNM®Y ”
u<N

[9]AN 3 _(biNzLz L3N Ni
< IBIRIAR (b+ g ) ALV A (T2 S =) (433)

Combining (4.6) and the bounds (4.32)) and (4.33), we obtain Lemma [2]
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5 Optimizing the parameter L

Combining (2.3)) with the bounds for the diagonal (3.1)) and off-diagonal
terms (4.4) we obtain
AM

9| A 1
D 2 2 | € 5
s < 1BIRI)2 (1 + bNM) LM (A(bLN) + o M

o
N

Z
i
N
S

L2N7 11
—|—b2A2N)

and thus, by (2.2)),

AN (AM(bN)2  AM?2  M?
C ?wifme (1 | I
L R B e e -
. biAfl%Ni AN béA%LMN)
2

We wish to choose L so that
L AME e bz A3 MN
T BN L L

-

b3 AL>N

and L > 2log(bdM). So we take

With this choice (5.1)) implies

’19 1 3 1 5
< BRI (14 ) (aron)? + ot anrind

bNM
AMSN1o
+ 2T gt 4 adiu 2N13+béANz). (5.2)
5
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6 Removing the square-free condition

We write n = bn/, where n’ is square-free, b is square-full, and (b,n’) = 1.
We have

> Batue (ﬁa%)

2

| ‘

)OI DD DI R (Y

ac€A, nenN, b<N, ac€A, bn/eN,
(m7n):1 (bvﬂ): (b’ﬂmvn ):17
b square—full n'/square-free
N 3 m\|?
< ( b_2>( b3 Z Z )2 Bom Va € (MF) )
T
b<N, b<N, (b9)= a€A, bn'eN,
b square-full b square—full (b¥m,n’)=1
. m\|*
< E b2 E E /an/]/a (ﬁa;) Me.
T
b<N, (b,9)=1 acA, bn'eN,
b square-full (b¥m,n')=1

Thus,

> B(—)

a€A, neN,
(m,n)=1

Ci(M, N, A; Bv) = )

meM

< Y YooY u)Bwvae (m%)

b<N, (b9)=1, meM, 'acA n'eN,,
b square-full (mvb)il (b¥m,n’)=1

2

ME

S/ b2Cy(M, N /b, A; By, v)

b<N, (b¥)=1
b square-full

where By(n) := u(n)?By, and N, := [N/(2b),N/b]. Now, if b < B, we
apply (b.2)) and obtain that the contribution of those terms to C; is bounded
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by

sl

o |9ANS . . AMSN
<lvPar (e )t X el (an 4 2N
b<B,

b square-full

N[ N|=

N AMst A%M%N% . A MENT . ANi
b3 b3 b (6.1)
S EERIS (AMN LBY 4 AMENT 4 AMEN L

. 13

LVEND LA MENE +AN1).

For b > B we apply the trivial bound Cy(M, N/b, A, By, v) < |[v|[PAXE]| 3,
and get that these terms contribute

ANMH—E
< |wIPANMYE Y

HBbH2 T <1817 HQT- (6.2)

b>B,
b square-full

We choose B = Nz, so that combining (6.2) and (6.1) we obtain

€ ﬁA
Cy < |IBIP[wII*M <1+A|]\/'|]\4>

x (AMN7 + AM2N% + AMSNT + ASM5NT + AWM3N© + AN7).

Notice that the third summand on the second line can be absorbed. Indeed,
if M < N2, then AMSN1w < AMN1, whereas if M > N2 then one can
obtain a stronger bound from Theorem 5 of [DFI97], which gives

G < [IBI7 (VI AM e (6.3)

in such range. Moreover, we also have AM 3NT < AMN1+ AN and thus

AN 3
G < H5H2HVH2(MN)E(1 * .|N|M)

X (AMN? + ANT + AEMENT + AT MENE),

(6.4)

and this bound holds also without the assumption ¥, A, N < MY, for some
C > 0, since it is trivial otherwise.
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7 Completion of the proof of Theorem

Combining the bound (6.4)) for C; and ({2.1]), we deduce

9] AN &
M, N, A AMN 5(1 —)
B(M, N, A) < |lalll[][lv]( MUy (7.1)
(A2M3NS + AZN5 + ASM3N% + A% M N#).
If M > N this implies
. [9]ANT, 1 1 s K ANE B &
BOM, N, A) < ol [B1II(MNY (1455 (ARMENG + ABMINT),

which is slightly stronger than the bound stated in Theorem (1| in the range
M > N. We then use the following remark to obtain ([1.2)) also in the range
M < N.

Remark 2. All the computations of Section [J and [{] work, applying par-
tial summation at appropriate places, also when an extra addend fq.9(m,bn)
(with fa9(x,y) satisfying ) is inserted in the exponential function in the
definition of Cy. Thus, one arrives at the bound

|19|A+X>é
MN
x (AXMENS + A% M5 N)

B(f; M, N, A) < [lalI8lIw (N (1+ (72)

in the case M > N. Notice that the exponent of(l+%—;\r,x) S Now % because
in this case we need to apply partial summation also when dealing with the
diagonal term and for the analogue of (6.3)). For example, in Section@ when

we add fo9(m,bn), the sum over m in (3.2) becomes

‘ > e(i9<al€1 — a2€2)m> e(fay.0(m,bny) — fay0(m, 5”2))’-

blin
meM, 17
(m,b€1€2n1n2):1

From the condition of fq 9, we have that %faﬂg(l', bn) < m;fm Applying Weil’s

bound in Lemmal3 and partial summation to the terms satisfying a1ty # asls,
we obtain that the sum over m above is bounded by

M1te X
((bLN)%"‘?? -+ (a1€1 - (lgfg, bnlﬁl) LN ) (1 + m) .
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We now observe that the elementary reciprocity law allows us to write
B(M,N,A) as

BOLN, A= 3% amgnya( " %)

meM,neN a€A,
(m,n):l

Thus, if M < N we can apply with the role of M and N switched
and with f,g(z,y) == 2. Since f,(z,y) satisfies the condition with

= |Y|A, we obtain for M < N, and so the proof of Theorem [1] is
complete.

8 Proof of Theorem

We proceed in the same way as in the proof of Theorem [I, with very minor
modifications. First, we assume bN > M and in the off-diagonal term we
split the sum modulo m into classes m = ¢ (mod 4bqip2) with (m, bgips) =
1 rather than modulo bqips. Notice that this implies qugn; = leln’l —
cd (mod 4d). Then, we can repeat the same arguments keeping the Jacobi
symbol (;7--) inside the summations, so that in the analogue of Section
this factor will become

mo\ c m B c d dm
(”Wz) a (CI1IJ2) (Pl%nﬁné) a (q1P2> (PlCIzn/ln'Q) (Pl%nﬁné)
B c d d d —Equné glplnﬁ
- () o) () () 5 ()

/ 1
= f(c,p1, P2, q1, C|2,n17n2) (¢, p1, 92,91, q27n17£17£2) (n1>

2
_: c —qanf pin}
fe: (cnm) ( pin )(qzn’z)’
o= () (=) () (o) ()
S p1gan) glpm’l—cd g2¢l2 ping G2/’

and where we used that (%) is periodic modulo b in a if b > 1 and is periodic
modulo 4|a| in b if a # 0.

where
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Thus, we arrive at the analogue of (4.25) which will include an extra
factor of ( ) The rest of the argument is identical, with the difference

that we apply rather than (A.1). The fact that the former bound is
weaker than the latter does not affect the arguments when bN > M. Thus,

we obtain ((7.1) and whence ((1.5)) when N > M. This also implies (1.5 for
M > N, as can be seen by using the reciprocity formulae for the Jacobi
symbol and for % and applying the bound for the case N > M.

9 Proof of Corollary

Proceeding as in [DFI95], we see that the error term in ((1.4]) is equal to

A AT
2/ Sy Genlmales Lo(BR et ) dn-+ Ol
dn1EN7,dna €N, hEZ mng 2 nmng
1<|h\<HDE (n1,m2)=1
with H = Z(AA}I + M) D = MNy + MyN; and o, () = ag(z/7), B, ==
Brf(z/r). Applymg Theorem [1] (in the version given by Remark [I)) we see
that we can bound the above sum by

dD |||l B]] dHD\ 3 i3 1

> E: B b 11 I —> NN, )% (Ny + Ny)ite

< NNy g% <+N1N2 (NiN2)20 (N1 + No)a s,
d|A 1<|h|<HD*

e

3
NiNo)20 (Ny + Np)i (M M,)*
<<772(M2N1+M1N2> lo I (N N (N, + No) e (M M,

since we can assume ]A\ < 4D (otherwise both 7" and the main term on the
right hand side of (| are identically zero) and since

dHD _ (Nl N2>(M1 M2> <9 (M1N2+M2N1).

N, N, N, + Ny MyN, = M,N,

AR

A Appendix: Weil’s bound for incomplete
Kloosterman sums

In this appendix we give the following bounds for incomplete Kloosterman
sums where the sums are subject to some coprimality and congruence con-
ditions.
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Lemma 3. Let 0,k,v> 1, a,a,b,v € Z and let | ={z € [ X', X'+ X],z =
v (mod k)}. Let h := (k,7), hi == (k*,7), m1 = -, where (m>,n) :=
lim, o (m",n). Then,

> e(%)<<(75)5%( n )§+(am)%~ (A1)

zel, (057 ’Yl)
(z,y0)=1

Moreover, if x is a Dirichlet character modulo v and ¢,d > 1, a,b,3 € 7Z,
then

T % 1 1ie 0)¢
2 X<w)e(@> < (075)*5%((071%)) + ()2t X(0)”
z€el, )

(z,76)=1,
(az+b,c)=d

Proof. We start by proving (A.1]). First of all, we notice that we can assume
that (d,vk) = (v,h) = 1 and k£ < X. Also, the case § > 1 can be easily
obtained from the case § = 1 by M&bius inversion. Indeed

T o(2)ge T (2)

z€el, r1|0 z€l, (z,y)=1, v
(z,y6)=1 2=0 (mod r1)
Ehl( " )%“ X
< — + (¢, —
%(7 h \(a;m) SRR
1
h1< gl )2 (04;’71)X55
<L (v0)*— + —
(7 ) h (04,71) Nk

by (A.1l) in the case § = 1. Similarly, the case (k,7) > 1 can be recovered
from the case h = (k,~) = 1:

ax * T * acy ahix
g el — ) = E E el — ) = E e E e

= (7) (7) <h1> (71)
z€l, ¢ (mod hy), z€le, ¢ (mod h1), z€le,

(zy)=1 c=v (mod h) (z,71)=1 c¢=v (mod h) (zy1)=1

* 3te h 3+
< Z ( 71 + (OZJ’YI)X> < 55_1 ’71
1 h 1
¢ (mod hy), (O./, ’71)2 ’ylk)# h (Oé, ’71)2
c=v (mod h)

&€

X
0° —
+ (Oé7’71>71k7
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where I, := I N {z = ¢ (mod hy)}. Thus, we can assume h = 1 and simi-
larly also that («,v) = 1. Now, applying the Erdés-Turdn inequality as in
Lemma 8 of [DFI97], we find

e %3 X +k 1 _
3 (—)' <X s+ X Lstarkio)
xz€l, v 7 1<r<g "
(1777):1

Thus, using Weil’s bound for |S(«,7k;v)| and observing that |S(a, 0;7)]| is
a Ramanujan sum and thus is bounded by («, ), we obtain (A.1)).
To prove we can proceed in a similar way. As before, we assume
(0,7k) = (v,h) =1, k < X and § = 1. Also, we can assume d|c, (a,c) = 1.
Moreover, we can deduce the case ¢ > 1 from the case ¢ = 1 as the

following. For the case 6 > 1, we start by using Mobius inversion and we
obtain

; e (ax+ﬁx> %:M mg,%f@e(@) (A3)

( (Iﬁb):)l’d dlr z=—ab (mod r)
ax+b,c)=

Next, we let r = g1 g2, where gy is the largest divisor of r such that (v/(v,91),91) =
1. Also, we write v = fify where f; = (7,91) and notice that (g1,¢92) =
(f1, f2) = 1 and filg1, g2|fo (and thus also (f1,g2) = (g1, f2) = 1). Also, we

can write x as x1X2, where for i = 1,2, x; is a Dirichlet character modulo f;.
Using the orthogonality of additive character we obtain that the left hand

side of (A.3)) is equal to

T T () T ()

rlc u (mod g2) z€l, (z,y)=1 v
djr z=—ab (mod g1)
afix + (Bfi+u T
<Z Z Z X2($)e< J1 (5]} f2/92) ) ’
rle, u (mod g2) ' z€l, (z,y)=1 2
dlr z=—ab (mod g1)
since x = —ab (mod f;) and thus the Chinese remainder theorem gives
o + fr _ aabf, + fabf, afiz+ ffix
o) e T ) = () o SRR () o SR,
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Thus, applying (A.2)) in the case ¢ = 1 we obtain

ax + P N / 2 1,1 X
> e ) « 3 (e () o)
rle

LL‘EI, (Q7 f}/{) Vikl
(ar ey h : X
az+b,c)= " 2 11

< (ve E—1< ) + (a,y1)2y 2o —,
(7 ) h (Oé, 71) ( 71) §a! ’Ylk

where we used the notation
k/ = [glak]7 h, = (klva) = (k7 f2>a hll = (kloova) = (k,007f2)’ /yi = fQ/hll

1 1
since (¢, k) = 1. Moreover v} |y, and 'y{%k’ = [gl,lk]fg2 (k>, f2)"2 > 4k since

Silg: and thus [g1, k] > [f1,k] = fik/ (K, f1) > f7 k(K. f1)72.

The rest of the argument is essentially identical as in the case of ,
with the only difference being in the last step, where we need to use Weil’s
bound for both summands. O]
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