ON THE NON-VANISHING OF CERTAIN DIRICHLET SERIES

SANDRO BETTIN AND BRUNO MARTIN

ABSTRACT. Given k € N, we study the vanishing of the Dirichlet series
Di(s, f) := Y _ di(n)f(n)n""
n>1

at the point s = 1, where f is a periodic function modulo a prime p. We show that if
(k,p—1)=1or (k,p—1) =2 and p = 3 (mod 4), then there are no odd rational-valued
functions f # 0 such that Dy (1, f) = 0, whereas in all other cases there are examples of odd
functions f such that Dy(1, f) = 0.

As a consequence, we obtain, for example, that the set of values L(1, x)?, where y ranges
over odd characters mod p, are linearly independent over Q.

1. INTRODUCTION

Let p be prime and let K be a number field. For a function f : Z — K which is periodic
modulo p, let L(s, f) be the Dirichlet series

Lis,f) =3 10,

nS

n=1

which is absolutely convergent for $(s) > 1. By expressing it as a linear combination of
Hurwitz zeta-functions one sees that L(s, f) admits meromorphic continuation to C with
(possibly) a simple pole at s = 1 only. If

Av(f)= ) fla=0

a (mod p)

then in fact the series defining L(s, f) converges on the larger half-plane $(s) > 0 and in
particular L(s, f) is entire.

In the papers [Cho64, Cho70] Chowla asked whether it is possible that L(1, f) = 0 for
some rational-valued periodic function f satisfying Av(f) = 0 and with f not identically zero.
Following an approach outlined by Siegel, Chowla solved the problem in the case where f is odd
by showing that in this case L(1, f) is never zero. Later, Baker, Birch and Wirsing [BBW73]
used Baker’s theorem on linear forms in logarithms to give a complete answer to Chowla’s
question showing that L(1, f) # 0 whenever K N Q(§,) = Q, where &, := e(1/n) with e(z) :=
e2™« In the following years Chowla’s problem was considered and generalized by several other
authors, for example we mention the work of Gun, Murty and Rath [GMR12] where other
points besides s = 1 were considered (and where the condition on K was slightly relaxed)
and the works of Okada [Oka82] and of Chatterjee and Murty [CM14], who gave equivalent
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criterions for the vanishing of L(1, f) when no condition on K is imposed. See also [MM11]
for a variation of the proof of the result by Baker, Birch and Wirsing.
In this paper we consider the analogue of Chowla’s problem for

Dy (s, f) ::ZM: Z w

ns (n )s ?

n=1 ni,...,np=1
where di(n) :== >, . n,.—n 1. Asfor L(s, f), Di(s, f) is absolutely convergent for $(s) > 1
and, expressing each of the series in the second expression for Dy in terms of Hurwitz zeta-
functions, one obtains analytic continuation for Dg(s, f) to C\ {1}. In the case where k > 1,
the analyticity of Dy at s = 1 is equivalent to having Av(f) = 0 and f(0) = 0 (see Lemma 5).
Notice that if f is odd, then both conditions are automatically met.

If f is not odd, then one can easily see that Dy(1, f) # 0 by appealing to Schanuel’s
conjecture. We remind that Schanuel’s conjecture predicts that for any z1,..., 2z, € C which
are linearly independent over Q the transcendence degree of Q(z1, ..., zn, €%, ..., €*") over Q is
at least n.

Proposition 1. Let p > 3 be prime and let k € N. Let f : Z — Q be periodic mod p with
f(0) = Av(f) = 0. Then, under Schanuel’s conjecture we have that if Di(1, f) = 0 then f is
odd.

Proposition 1 is an easy consequence of the fact that for y odd L(1,y)/n is an algebraic
number whereas 7 and the values L(1, x), as x ranges over even non-principal Dirichlet char-
acter mod p, are known to be algebraically independent under Schanuel’s conjecture. In fact
the full Schanuel’s conjecture is not needed here, an analogue of Baker’s theorem for linear
forms in k-th powers of logarithms would suffice for Proposition 1.

Thus, at least conditionally, to determine whether D(1, f) can be zero we just need to
consider the case of f odd. The case (k,p — 1) = 1 is completely analogue to the case k = 1
and one has that Dy (1, f) # 0if K N Q(§,) = Q. If (k,p — 1) > 1 then the situation changes
drastically and already for k = 2 and p = 5 we can find non-trivial functions f such that
Dy(1, f) = 0. Indeed, if f is the odd 5-periodic function such that f(1) =1, f(2) = —2, then
Dy(1, f) = 0. Indeed,

d(|n d(|n 472
Z (”):2 Z (H): 7T,
nez n nez n 25\/5
n=1 (mod 5) n=2 (mod 5)
where the sums have to be interpreted as the limits as X — oo of their truncations at |n| < X.
Similarly, if f is the odd 13-periodic function such that

£(1) = 18a, f(4) = 18b, £(3) = 18¢
£(2) =19a + 11b + 4c, f(8) = —da +19b + 11¢, £(6) = —11a — 4b + 19¢

for any a,b,c € C, then Dy(1, f) = 0. Notice the pattern and that the ordering we chose is
not casual: indeed mod 13 we have (2°,22,2%) = (1,4,3) and (2',23,2%) = (2,8,6), with 2 a
primitive root mod 13.

The above examples are far from being unique. Indeed, if (k,p — 1) > 1, then one has no
non-trivial solutions to Dy (1, f) = 0, with f : Z — Q odd and periodic mod p, if and only if
(k,p—1) =2 and p = 3 (mod 4). We classify the possible cases in the following Theorem,
which generalizes the result of Chowla corresponding to the case k = 1.
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Theorem 1. Let k € N, p be an odd prime and let K be a number field with K NQ(§,) = Q.
Let V' be the vector space over K consisting of odd p-periodic functions f : 7 — K and let Vy
be the subspace Vo :={f € V| Ly(1, f) = 0}. Then,

dimK(V)% if va(p— 1) > va(k),

(1.1) dimy (Vo) = {dimK(V)TTQ if va(p — 1) < wa(k),

where r = (k,p — 1) and va(a) denotes the 2-adic valuation of a. Moreover, the equality holds
if (k,p—1)<2orif(k,p—1) =4 and p =5 (mod 8). In particular, dimg (Vp) = 0 if and
only if (k,p—1)=1orif (k,p—1) =2 and p=3 (mod 4).

In the cases (k,p—1) =2 and p =1 (mod 4) or (k,p—1) = 4 and p = 5 (mod 8) we
shall also show that L(1, f) # 0 whenever f # 0 has support entirely contained in the set of
square residues mod p (or, analogously, of square non-residues). As a consequence of this and
of Theorem 1 we will deduce the following.

Theorem 2. Let k € N, p be an odd prime with (k,p — 1) < 2 or with (k,p—1) = 4 and
p =5 (mod 8). Then the set of values L(1,x)* are linearly independent over Q for x that
runs through the odd Dirichlet characters mod p. Moreover, under Schanuel’s conjecture the
same result holds true also when x varies among all non-principal Dirichlet characters mod p.

It seems likely that the equality in (1.1) (as well as a suitable modification of Theorem 2)
holds true with no conditions on (k,p—1); in order to prove this one would need to show that
certain explicit linear combinations of k-th powers of Dirichlet L-functions are non-zero.

At first sight Theorem 1 doesn’t seem to say anything about the interesting case of the
odd part of the Estermann function at s = 1, Dgn(1,a/p) == >, w, where
(a,p) = 1. Indeed, the number field generated by sin(27/p), ..., sin(2w(p — 1)/2p)) has a non-

trivial intersection with Q(§,). However in fact one has (see [CW35] Hilfsatz 14 or [dIBT04]
Theorem 4.4) Dgin(1,5) = =7 3,54 M, with B(z) = {2} — 4 for ¢ Z and B(z) = 0
otherwise, where {z} denotes the fractional part of z. Thus, the non-vanishing of Dsin(1, %) # 0

follows directly from Chowla’s result (i.e. Theorem 1 with k = 1).
The proof of Theorem 1 is in fact a variation of Chowla’s proof in [Cho70]. In this proof he

showed that the values cot(%), el cot(%;l)) are linearly independent over Q by proving that
if g is a generator of (Z/pZ)* then the determinant of the matrix (cot(%gwﬂ)))19-735(1,,1)/2
is a non-zero multiple of the relative class number h,;. One then obtains the result on the

non-vanishing of L(1, f) from the fact that L(1, f) can be written as a linear combinations in

cot(%), ... ,cot(%;l)).

In our case, the analogue of the cotangent function is given by the sums

1 *
zi(r;p) == o Z cot(ﬂ%) -+ cot (7‘(’%),

my,eymy, (mod p)

my--mp=r (mod p)
for p,k € N and r € Z, and where Z* indicates that the sum is restricted to coprime moduli
mod p. Note that r — wz(r,p) is odd. The sum z(r;p) has already appeared, in the case
k = 2, in a recent work [Loul4] of Louboutin where it was related to the twisted second
moments of L(1,y). We notice that zx(r;p) is reminiscent of several other arithmetic objects.
For example in the case k = 2 (and ignoring the difference in the normalizations) if we replace
mime = r by mq1 = rmsg, we obtain the Dedekind sum, whereas if we replace one of the
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cotangents cot( L) by its discrete Fourier transform (i.e. essentially the fractional part { b,
then we obtain the Vasyunin sum (for which see e.g. [Vas95, BC13]). The closest analogy,
however, is with the hyper-Kloosterman sum Kj(r;p), which is obtained by replacing cot(%)
by e(3). Indeed, for k even both wy(-;p) and Kj(-;p) take values in the real cyclotomic
field Q(&,) ", where Q(&,)1 := Q(&, + &,1), and behave in the same way with respect to the
action of the Galois group Gal(Q(&,)/Q) (for k odd z(r,p) € Q(&4p)™). More precisely, and
analogously to what happen for the Kloosterman sums, it is easy to see (c.f. Corollary 3)
that if H is the subgroup of order (k,p — 1) of Gal(Q(&,)/Q) ~ (Z/pZ)*, then iz (r;p)
is in Q(&)*, the subfield fixed by H. If one could show that zy(r;p) # +ax(¢;p) for all
r # +¢ (mod p), than one would obtain that each of the values z(r; p) for (r,p) = 1 generates
the aforementioned fixed fields. We refer to [Fis92, Wan95| for some results on the algebraic
properties of Kj(-;p) related to this and to Theorem 3 below.

Theorem 3. Let p be a prime, let k € N and let K be a number field such that KNQ(§,) = Q.
Then the values xg(1;p),...,zx((p — 1)/2;p) are linearly independent over K if and only if
(k,p—1)=1orif(k,p—1)=2and p=3 (mod 4). Ifp=1 (mod 4) and (k,p—1) =2 or
if p=>5 (mod 8) and (k,p — 1) = 4, then the values of each of the sets Sy = {zk(r;p) | r <

%, (%) +1} are linearly independent over K, where ( ) is the Legendre symbol.
We also mention that, as all the other aforementioned sums, zj(r;p) has some nice arith-
metic features. For example, for p = 3 (mod 4), k = 2 and (r,p) = 1 one has

Trgie,yjo(en(rip)) = 8<;)h<—p>2p—1,

where h(—p) is the class number of Q(y/—p) (c.f. Corollary 4).

We conclude this introduction by giving an alternative “analytic” expression of x(r;p),
which is what will allow us to prove the above Theorems. Also, from this formula one can
easily deduce the asymptotic for the moments of zy(r;p).

Proposition 2. Let k € N, p be a prime and r € Z with (r,p) = 1. Then

1/2\" dilln
(1.2 u(r;p):Q(W) > Al

nez
n=r (mod p)

In particular, if f : Z — C is odd and periodic modulo p, then
e (P=1)/2

(1.3) (1f_2(> Zf r)aw(r;p).
Corollary 1. Let p,k,m € N with p be prime. Then for m > 2 even we have

k—1\ ™
I e !

r (mod p) n>1

whereas for m odd the left hand side is trivially 0.
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2. THE SUM z(7;p)

Lemma 2. Let p > 3 be prime and let k € N. Then, i*zy(r;p) € Q(&). More precisely, if
k is even then xy(r;p) € Q(&)T, whereas if k is odd then xy(r;p) € Q(&ap)™. Moreover, for
all (¢,p) = 1, let 0. be the automorphism of Q(&,) sending &y — &5. Then, oc(i*x(r;p)) =
k2, (cFr;p) for all r € Z.

Proof. By definition we have

ik mi mg
CRITD D KR L L
Tp\Tip) - k mi my )
» (P —1 ey —1

my--mi=r (mod p) p p

and so xx(r;p) € i*Q(&,). Now we have Q(&p, i) = Q(&4p) and so, since zx(r;p) € R, we have
zp(r;p) € Q&) NR = Q(&y)™ for k even and zx(r; p) € Q(&4p)™ for k odd. Also,

" (=1) () + P
UC(Z xk(r;p)): pk Z e(crﬁl)—l.”e(@)—l =1 xk(c T;p)7
mi---mi=r (mod p) p p
by making the change of variables m; — @m,; for each i =1,... k. O

Corollary 3. Let k,p € N with p prime and let r € Z. Then, i*x;(r;p) € (@(fp)H, where H
is the subgroup of order (k,p — 1) of Gal(Q(¢,)/Q).

Proof. It’s well known that Gal(Q(&y)/Q) ~ (Z/pZ)* is cyclic so H is well defined, the Corol-
lary then follows immediately from Lemma 2. O

We now give a proof of Proposition 2 and then compute the trace of x(r;p).

Remark 1. For the sake of simplicity we shall ignore convergence issues when manipulating
the order of summation of conditionally convergent series. One could make every step rigor-
ous in several ways, for example by some analytic continuation arguments, or by using the
“approzimate” functional equations for the various series (in the form of exact formulae).

Proof of Proposition 2. We have

di(ln)) _ 1 Soxt) Y di([n))x(n)
Z x(r)
n ) n

n e(p
(2.1) n=r (mod ») 1 x (mod p)  nelyo
=—— 3 XA —x(-D)LL "
op) | i)

Now, if x is a primitive odd character, then we have

L =" 3 X(@{G}ZWX) > X(a)B(Z>

p a (mod p) p
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where 7(X) = -, (mod p) X(m) e(m/p) is the Gauss sum (see [Was97], p. 36). Now, for

(m,p) =1 we have |
> B(3)e(5) = —ger(73)

a (mod p)

and so, after making the change of variables m — ma, we have

(2.2) L(LX):% Z* x(m)cot(w%).

m (mod p)

Noticing that the right hand side is zero if x is even, we then have

k . k
; dk(JLnD _ g0(2p)<27;> Z )X(T) (m Z x(m) cot(w?)) .

x (mod p (mod p)

n=r (mod p)
The result then follows by expanding the power and exploiting the orthogonal relation for
Dirichlet characters. g

Corollary 4. Let k € N and p > 3 be prime; let v € Z with (r,p) = 1. Then if va(p — 1) >
va(k), then TrQ(gp)/Q(ikxk(r;p)) = 0. Otherwise, we have

k *
Troe,)+/a(@k(rip)) = i(i) > (= XX 0"
X (mod p)

In particular, if (k,p—1) =2 and p = 3 (mod 4), then

_ T _
TrQ( )+/Q(xk(7’ p)) — 92k 1<p)h(—p)kp k/2

Proof. By Lemma 2 and Proposition 2, given a generator g of (Z/pZ)* we have

Ty zxrp ZO’ Z.CL"I"p) ik 2k Z Z dk(‘n‘)
a(e)/(i @k gi (" ) —

i (mod p—1 nez
J ( P ) n=rgkJ (mod p)

Now, if va(p — 1) > va(k), writing k = 2*2(®)k’ and making the change of variables j —

— . oy it =t
21};’(% + j we have that the condition on the sum over n becomes n = rg %5 =

—rg" (mod p). Thus, making the change n — —n we obtain the opposite of the original
sum and so Tr@(gp)/(@(ikxk(r;p)) = 0. Now assume v2(p — 1) < vo(k), notice that in particular
k is even. By (2.1) we have

2 > A L S X eR@ - - 0)La

j (mod p—1) €2 #(p) J (mod p—1) x (mod p)
n=rg®J (mod p)

Taking the sum over j inside, we obtain 0 unless X(g)¥ = 1, i.e. if x is a character of order
dividing (k,p — 1). Thus,

1 172\ * - k
Trae,)+/(@(rip)) = 5 Tra,) @(@k(rip)) = § <> Y. (= x(=1)X()L, )"
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If (k,p—1) =2 and p = 3 (mod 4), then the only character contributing to the sum is the
quadratic character (;) and so

Troe,)+/o(@k(r;p)) = ;(i) ' (;) L(1, <p> ) — 92k—1 <;) h(—p)ip=72,

by the class number formula. O

We now give a proof of Corollary 1. We don’t give many details as the proof is very similar
(and actually a bit simpler) to the proof of Theorem 1 of [Bet15].

Proof of Corollary 1. Let x (mod p) be an odd character. Using the functional equation

Asn) = (/) HEE ()L (5,00 = TR - 50,

we can obtain for every € > 0

(2.3) L(1,x)" = i Wg(n/p%) + Ok (p~"F?).

n=1

z)=1for0<x<1,0<g(x) <1lforl <z <2
.2), (2.1) and (2.3) and then going back to the

where g(x) is a smooth function such that g
and g(x) = 0 for x > 2. Now, applying (
congruence condition we have

2(5) mir = 2 B0 g 4ol 152) + 07472,

n=r (mod p)

—_—~

Thus, using the bound dj(n) <., n°, we have

ﬂkxkr;p am a?knl,...,ngm _ 5k
O e D S e

nl e an
(n1,.m2m ) €(Z\{0}) 2™
n;=n; (mod p)
V1<i<j<2m

r (mod p)

where dj,(n1,...,nom) = di(|n1]) - - - di.(|nam))g(In1]/p*) - - - g(|n2m|/p**). The contribution
of the terms with n, # n; for some a # b is trivially

Amke

P _
Lhome > o ke pldmi2)e-1.
a

0<|nal,|ny|<2p**
na=np (mod p)
Na 7Ny

It follows that

kak (T,p) 2 Jk(n) v 7n) —14e€
> (Qk:—l) = Y. g+ Okme (7).
r (mod p) neZ\{0}

Since 3, on (dp(n)/n)?™ <o pU=0792M2k e can remove the contribution of the functions

g in di at a negligible cost and we obtain the claimed result. O
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3. THE VANISHING OF Dy(1, f)

Lemma 5. Let p > 3 be prime and let k € N>o. Let f : Z — C be periodic mod p. Then,
Dy (s, f) is entire if and only if f(0) =0 and Av(f) =0. Also, in this case we have

(3.1) Dk(s’f) = Z Cx(f)L(S’X)ka

where ¢ (f) = 22, (mod p) f(1)X(7).
Proof. For R(s) > 1 we have

D= 3 e Y A
)

neN
n=r (mod p)

D DL N S G I o TeR Y4

r (mod p

neN (pn)s r (mod p) (,0(])) X (mod p)
dy,(n) roN S ] " k
(3-2) = f(0) -+ L(s,x0) + ex(F)L(s, )",
nE:EN n ' r (%;d p) o)~ ¢p) X (%;d p) :

pln

where xq is the principal character mod p. Now,

2 dkn(n) = (1= =p™")ee" Llsx0) = (1= p7)(s)
nel

and so

= Y DL 0k
#(p) X (mod p) :

In particular, Dy(s, f) is meromorphic on C with possibly a pole in s = 1 only. Moreover,
Dy(s, f) is entire if and only if

Pla) == £(0) + (1 - x)k( 3

r (mod p)

- 1))

has a zero of order k at « = 1/p. Thus, since k > 2 we have that P(z) has discriminant equal
to zero. Now, the discriminant of P is

Lk k-1 = fr) -
A = k¥ £(0) ( > o) f(0)>

r (mod p)

and so we must have that either f(0) or the term in the big brackets is zero. Then, imposing
P has a zero at 1/p we find that both f(0) and the term in the brackets need to be zero, as
desired. Equation (3.1) then follows immediately from (3.2). O

We now prove Proposition 1.
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Proof of Proposition 1. For k = 1, the result was proven in [BBW73] so assume k > 2. Let
Joda(n) :== (f(n)—f(=n))/2 and feven(n) := (f(n)+f(—n))/2 so that Dy(1, f) = Di(1, foaa) +
Dy(1, feven). Then, one easily checks that ¢, (feven) = 0 for x odd and ¢y (foqq) = 0 for x even.
Thus, since L(1, x) € 7Q for x odd (see formula (2.2)), then by (3.1) also Dy (1, f,q4q) € 7™*Q.
Now, by Schanuel’s conjecture we have that 7 and the values of L(1, x) for x (mod p) even are
algebraically independent over Q (this is stated in the paragraph after Corollary 2 in [MM11],
and essentially proved in Section 4 therein, without including 7; however the same proof allows
one to include 7 since log(—1) = 7 when choosing the branch for the logarithm suitably).
Thus we could have Dg(1, foaq) = —Dg(1, feven) only if ¢y (feven) = 0 for all x even, i.e. if
feven = 0 and so if f is odd. O

By Proposition 1, at least conditionally, in order to find functions f : Z — Q such that
Dy(1, f) = 0 we need to take f odd. Then, for f odd with Dg(1, f) =0 by (1.3) we have

(b-1)/2 =R
(3:3) > fr)ai(rip) = 5 2_f(@)zlg’sp) =0,
r=1 7=0

where ¢ is any generator of (Z/pZ)* and where we used that gj+p2;1 =—g/. If f(1),... f(p—
1) € K with K NQ(&,) = Q (if k is even K N Q(&,)" = Q would suffice), then we can extend
the automorphism o, defined in Lemma 2 to an automorphism of K(§,) such that o. acts
trivially on K (see [Rom06] Corollary 6.5.2 p. 161). By a slight abuse of notation we still
indicate the automorphism by o.. Then, multiplying (3.3) by i* and applying o4 we obtain
new conditions for f:

p—2
(3.4) > F@)ar(g*Hp) =0
§=0
for all £ € Z. Tt is clearly sufficient to take 0 < £ < p;—l where v = (k,p — 1) and in fact, if

va(p — 1) > va(k) then we can take 0 < £ < % since the following % equations are just the
negative of the first ones. Thus we have a system of linear equations in the values of f. We
now study the determinants of the relevant matrices for such system.

Lemma 6. Let m > 1. For v = (vg,...,0m-1), let
Vg V1 ... Um—2 Ume1 v VI ee. Ume2 Upe1
Ao 1):1 11:2 Um,:—l ’U:O A(v) = vy Vo .. Umei -
Um—1 V0 --- Um—3 Ump—2 Um—1 —UV0 ... —Um—3 —Um_2
Then,
m—1 [m—1
det(A(v)) = (sin(Tg) —cos(Z2) [T | D wiéin |
(=0 \ j=0
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Also, for j €{0,...,m —1} and v = (v, v1,...,Vm—1) € C™, let

v]j-[ = Uji(v) = (Vj, ..., Um—1, E00, ..., V1),
and let v; = —v;_,, for j € {m,...,2m —1}. Also, let ujc = vji(u) with w = (1,0,...,0) €

C™. Then Ai(v;-c) = C’i(ujc)Ai (v), where Cy is a matriz defined in the proof.
Proof. One can easily check that A4 (v)A4(u) = C(v), where

Vo UYm—1 .- Vo U1 Vo —Um—1 .- —V2 —U1
V1 Vo e V3 Vg (%] Vo e —7vV3 —U2
Ciw)=| . . . C-(v) =
UYm—-1 Um—2 ... V1 Vo Um—1 Um—2 e Um—1 Vo
Similarly, one shows that the identity A4 (v; £) = (ui)Ai('v) holds. The eigenvectors of
Cy(v) are ¢f = (1, f(m 2 ,§7(nm72)€, oo EENT for 0 < £ < m where T indicates the transpose,
whereas the eigenvectors of C_(v) are ¢, = (&5, &, (m br T8 )T with 1 <7 < 2m and r
odd. The eigenvalues are given by
m—1 m—1
Cy(v)ef = Z v &0 | e, C_(v)e, = Z v & | er
7=0 7=0

The statement on the determinants then follows since det(A4(u)) = sm( ) F cos(TE 3 ). O
Lemma 7. Let p > 3 be prime. Let k € N and assume va(p — 1) > va(k). Write k = K'u with
(k,p—1) =wu and let p— 1 = uv (so that v is even). For (r,p) =1, let Mgy, be the matrix
My, = (o4 T (2 (s P)))o<ij<v/2 Where g is a generator of (Z/pZ)*. Then

3 2(k—1)v/2 - 1 ~ va va
det(My ;) = (sin(%) + cos(PNX ()" s T { = D0 X)L )* |,

£=0 a (mod u)
£ odd

for a generator x. of the group of characters mod p. Moreover, for all j € 7Z we have
041 (Mg,r) = C—(u; )My, with C_ and u; as in Lemma 6.

Proof. Writing t = ¢g* we have that ¢ is also a primitive root mod p. Thus, by Lemma 2, we
have M, = (xk(rt“(“”);p))0§i7j<v/2 and since

v p—1
fﬁk(rtu(@r?);l)) = Ik;(?“t“eJr 25p) = xk(—rtue;p) = —xk(rtuz;p)
we have My, = A_(x), with

@ = (zx(r;p), ep(rt; p), ..., ap(rtP " 7Y p)).

(Mg,) =A_(x;) = C_(u._)A_(a:):C’_(uj_)Mg,r. Also,

Thus, by Lemma 6 we have Ogi J

v/2—1

det(My,,) = (sin(Z2) + cos(Z2)) H < Z (rti*; )g;f).

=0 —
£ odd

Now,
v/2—1 v/2—1

Z o (rt?; p) el = Z xk(rtj“;p)e<eyt () ) Zxk (rt"; (el/t(_tj:)>’

Jj=0 J=0
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where v4(c) is the minimum non-negative integer such that t*¢() = ¢ (mod p). Then, writing

n(c) := e( vi(e )) if (¢, p) = 1 and 7n(c) := 0 otherwise, we have that 7 is a primitive odd character
modulo p. Also 1 generates the group of characters mod p. Then, we re-write the above as

v/2—1
u. * 1 * av(c
> attnd =5 X atanie =5 XY atam’e( 1Y)
j=0 c Sr;(i)ﬁ) a (mod u) ¢ (mod p)
1 * va
=5, > > m(rapme™
a (mod u) ¢ (mod p)
=2\l *
T’ T — va va
S S e 2w
a (mod u) ¢ (mod p)
By Proposition 2 with f = ‘%% for ¢ odd this is
2 kﬁ("")g — va va
—(2) NS s
a (mod u)
Finally, we have
Y v _(_1\¢ U2
n(r)" = n(r)2i=ol= D2 — p(ye/t
£=0
¢ odd
and the result follows. O

Corollary 8. With the same notation and conditions of Lemma 7, if (k,p — 1) =1 we have

) (p-1)/22K0=D =5 (1 )k

k(p+3) ’
1

det(M,,,) = (sin(ZEY) 4 cos(Z2L)) (f

p

where h,, is the relative class number of the field Q(&y), that is h, = hp/hl‘)Ir where hy, and h;
are the class numbers of Q(&,) and Q(&y)T respectively.

Proof. First we observe that for a generator y, of the group of characters we have y?~1/2 =
(5) Then, by the proposition we have

. orlp— (p— (p— —
den(My) = s =22) + o222 (3) T T
2

Now, referring to [Was97] (Chapters 3 and 4) for the basic results on cyclotomic fields, we
have for s > 1,

-1
4 N H _ HX (mod p) L(S’ X) _ C@(fp) (S)
=1 x (mod p) odd HX (mod p) even L(s,x) SQte* (s)
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where (i (s) denotes the Dedekind the zeta-function corresponding to the field K. Then by
the class number formula we have (c.f. [Was97] p. 41-42)

1
p—1 i o Wp_l(hp/h;—)22p_1 2
H ( 7X*) - 4p2pp_2/p(p_3)/2
£ odd

The Corollary then follows. U

Corollary 9. With the same notation and conditions of Lemma 7, if (k,p —1) = 2 and
p =1 (mod 4) we have

—2)(p—1)/4 (P=1)/2
. m(p—1 r(p=1), 2K DE-D/A . .
det(My) = (sin("5) + cos() e T (L0 + B G,
Zejz?d
Lemma 10. Let p > 3 be prime. Let k € N and assume va(p — 1) < vo(k). Write k = K'u
with (k,p —1) = w and let p — 1 = wv. For (r,p) = 1, let M, be the matriz M, :=

(o5t (xk(1;p)))o<ij<v where g is a generator of (Z/pZ)*. Then

det(M) ) = (~1)"=D/2x, ()" <2>k 12] (1 SRR AL vaa)k)’

n £=0 u d 2
P a (mod u/2)

for a generator x. of the group of characters mod p. Moreover, for all j € 7Z we have
0gi(Mg,) = C+(u;r)Mé’T with Cy and u;r as in Lemma 6.

Proof. We proceed as in the proof of Lemma 7 setting ¢ = ¢¥ and Mé’r = (zp (rt*(+9); P))o<i,j<v-
Then, since zj,(rt*(Hv): p) = 21, (rt“!; p) we have My, = Ay (x), with

x = (zx(r;p), 2 (rt";p), ..., (rtP =% p)).
Thus, by Lemma 6 we have o, (M, ,) = Cy(u j)M’ and
v—1
det(My,) = (sin(52) — cos(%5?)) H <Zxk (rt/*; p fﬂ>

v—1)/2

Now, since v is odd then sin(%2) — cos(%2) = (—1)( . Also, as in the proof of Lemma 7

we have

*

v—1 7l
S wetrtipel = TS gy Y e
Jj=0 m

a (mod u) ¢ (mod p)
By symmetry the innermost sum is zero if £ + va is even and otherwise it is (2)FL(1, n*Fve)k

by Proposition 2. Thus,

k—/ \l+6v
2
E IL‘k Tt]u gjé <> L(T) E ﬁ(r)2vaL(1’n€+5v+2va)k,

™ u
a (mod u/2)

where § = 1 if 2|¢ and § = 0 otherwise, and the lemma follows. 0
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Corollary 11. With the same notation and conditions of Proposition 10, if (k,p—1) =2 and
p =3 (mod 4) we have

2k(p72)7% (hp—)k

det(M),) = (—1)<P—3>/4(g)

Proof. One proceeds as for Corollary 8. O

Corollary 12. With the same notation and conditions of Proposition 10, if (k,p—1) = 4 and
p =5 (mod 8) we have

—5)/8— poi1y0 20— 1) (p—1)/4 (p—1)/2 |

Proof of Theorem 1 and of Theorem 2. First we show that the equality in (1.1) and Theorem 2
hold if (k,p—1) <2 orif (k,p—1) =4 and p =5 (mod 8).

Let us begin with the case (k,p—1) = 1 and assume Dy/(1, f) = 0 with f odd. As explained
above, if K NQ(§,) = Q, then we have the system of equations (3.4). Also, if (k,p—1) =1
then ¢ := ¢* is also a primitive root and so after a change of variable we can rewrite (3.4) as

1 P2 (p—3)/2
5Z:f(tf)ack (tHip) = Y f#)zR(tip) =0
j=0 j=0

for 0 </ < 73. Equivalently, M,1f = 0 where f = (f(t°),..., f(t ﬁ))T Thus, since by
Corollary 8 we have det(My,1) # 0, then the only solution to this system is f = 0, i.e. f is
identically zero. Thus we have proven that the equality holds in (1.1) in this case.

Now, we prove Theorem 2 for the case (k,p — 1) = 1. Actually in this case we prove more
generally that given a number field K such that K(&,—1) N Q(&,) = Q then the values of
L(1,x)* when x runs over odd Dirichlet characters mod p are linearly independent over K.
Assume Z; ayL(1,x)¥ =0, with a, € K and a, = 0 if y even. Then, writing f := Z; ay X
we have Dy(1, f) = 0. Notice that f is odd and takes values in the field K(£,_1). Thus, by
Theorem 1 in the case (k,p — 1) =1 we have f =0 and so a, for all x, as desired.

By a similar argument as above, and by Proposition 1, we can see that the statement in
Theorem 2 under Schanuel’s conjecture follows from the unconditional case.

Next we prove the equality in (1.1) and Theorem 2 when (k,p—1) =2, p = 3 (mod 4). Let
k= 2k’ so that t = gk/ is a generator of (Z/pZ)*. Since —1 is a quadratic non-residue mod p,
(£t%), <j<»=1 spans all residues of (Z/pZ)*. Thus we can rewrite the system (3.4) as

> p)

:0

for0 < ¢ < B2 _3 . Then we conclude as above, the only difference is that in this case the system
is My f' = 0 with £/ = (f(t9), f(t?),..., f({#*~3))T so that we apply Corollary 11.
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Now, assume (k,p — 1) = 2 and p = 1 (mod 4) and write k = 2k” and t = g¥. Then, after
a change of variables (3.4) gives

(p—3)/2

> FE)a(t*Hp) =0

7=0
0 < ¢ < 2L Equivalently, My1f1 + My, fi = 0, where f, = (f(rt®), f(rt?),..., f(rtP=3)/2))
for r € {1, t} By Corollary 9, we have

(p—1)/2
det(Myr) = [ (200" + LA G0))
(Ifjld)d/2 , , / /
=5 TT (B0OY +i0, GXO™ ) (LY =i, (x0"Y)

¢ odd

for some k # 0, x« a generator of the group of characters mod p. Now, for ¢ odd and
p =1 (mod 4) we have that both x% and (;)Xﬁ are odd characters. Also, we have Q(&—1) N
Q(&) = Q and (K',p — 1) = 1. Thus, by the case (k,p — 1) = 1 of Theorem 2 proven above
we have that L(1, x¢)* and L(1, (4)X£)k, are linearly independent over Q(&,—1) for all £ odd.
Thus, since i € Q(§,—1), we have det(Mg1) # 0 and so the above system can be written
as f1 + M, 11Mg +ft = 0. We also observe that by Corollary 7 for all j, o (M% Mgy) =

1C (u;)” IC ( Mg = Mg’ M, ;. In particular, M LM, thas entrles in K. Thus, the
system fi + g, Mg ft = 0 is defined over K, has rank 2= and has 251 free variables, whence
the equality in (1.1) holds in this case.

We also notice that proceeding as above we also obtain det(M, ;) # 0. In particular, we
have that if fi = 0 or if f; = 0, then M, 1f1 + My:f; = 0 has no non-trivial solutions.
Equivalently, there is no solution to D(1, f) = 0 with f odd and supported only on either
square residues or on square non-residues.

Now, we prove Theorem 2 in the case p = 1 (mod 4), (k,p — 1) = 2. As above, it suffices
to consider the odd characters case. We assume Z*x ayL(1,x)* = 0 with a, = 0 if x is even
and a, € Q if x odd. By (2.2) we have

(3.5) Z*ax< Z* X(m)cot(wg)>k:o

X m (mod p)

and since we have Q(&,) N Q(&p—1) = Q, then there exists an automorphism o of Q(&p,&p—1)

p—1
which leaves Q(&,) invariant and send §,—1 — §1+ Notice that (1 + %,p -1) =
and so this automorphism is well defined. Also since every odd character x can be written
as x(m) = xo(m)e (jl;j@) for some j odd and where g is a generator of (Z/pZ)*, then

Jrg(m) )

o(x(m)) = x(m) e(=%5=) = x(m)("}). Thus, applying o to (3.5) we obtain

Z( > <’;>x<m>cot(w$))k—o

m (mod p)
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or, equivalently, Z*x ay L(1, (,3)X)k = 0. Summing this equation with the one we originally
had, we obtain

*

> a (L0 £ L1 (G)0)F) =0

X
or, equivalently D (1, f+) = 0, where fi =377 a\(1 + (3))x. Notice that fi and f_ are odd
and take values in Q(§,—1). Also, f4 is supported only on square residues and f_ only on
square non-residues. Thus, by what proven above we have that fi and f_ = 0 are identically
zero and thus so is f = 0, as desired.

The proof of the equality in (1.1) and Theorem 2 in the case p =5 (mod 8), (k,p—1) =4 is
analogous to the case p = 3 mod 4, (k,p — 1) = 2. Let k = 4k" and t = g¥. The system (3.4)
is equivalent to

Yo fEN@ET )+ Y I a (Tp) = 0
0<j<(p—1)/2 0<j<(p—1)/2
for0 </ < p%l. Since —1 = t=1/2 (mod p) and p%l = 2 (mod 4), the span of t%/ when j runs
over {0,..., %} is the same as +t%. Thus this system is equivalent to Mg fi+ Mg, fi =0

with f. = (f(rt°), f(rth),..., f(rtP=3))T and we use Corollary 12 to compute the determinant
of the two matrices. For r € {1,¢} we obtain

p—1)/2
det(M;,) = . H)/ (LAY +E DL, DY) (LD ==L, ()x))
/:dod
where e(t) =0, e(1) =1, k € Ryzg and k" = k/2 (so that (k”,p—1) = 2). We proved above the
linear independence over Q of the L(1, x)*" with x odd which implies det (1, .t) 7 0. Moreover
we have

LM L (1L IS = (B0 = €7 L0 GIOY) (00 + €7 L0, GIOY).

We may use Theorem 2 with (k,p — 1) = 1 in the more general case proven above with
K = Q(&s) since it satisfies K(£p—1) N Q(§p) = Q. It follows that we also have det(M ;) # 0
and proceeding as above we obtain the equality in (1.1) and Theorem 2.

Finally, it remains to prove that the inequality (1.1) always holds. We consider the case
va(p — 1) > va(k) only, the other case being analogous. We write k = k'u with (k,p — 1) = u
and ¢ = ¢¥, obtaining the system

Mg,lfl + Mg,tft + s + Mg’tufl ftufl = 0

with £ = (f(rt%), f(rt*), ..., f(rt?=17%))T. This is a system of &' equations in 25* vari-
ables. Also, the automorphisms o,; do not change the system since their effect is just that of
multiplying all the above matrices by C_ (u]_) on the left. Thus, the system admits a base of

solutions in K and (1.1) follows. O

Proof of Theorem 3. Corollaries 8 and 11 give the non-vanishing of the determinant there
computed and in the proof of Theorem 1 and Theorem 2 we also showed that also the deter-
minants computed in Corollaries 9 and 12 are non-zero. Proposition 3 then follows with the
same argument as above. O
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