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Abstract

This thesis is divided into three parts.

In the first part we study the uniformity in the shifts in the asymptotic
formulae for the second moment of the Riemann zeta-function and the first
moments of the Hecke and the quadratic Dirichlet L-functions.

In the second part we investigate the period function of the Eisenstein
series. We use our results to give a simple proof of the Voronoi formula and to
prove an exact formula for the second moment of the Riemann zeta function.
Moreover, we study a family of cotangent sums, functions defined over the
rationals, that generalize the Dedekind sum and share with it the property of
satisfying a reciprocity formula.

In the third part, we find optimal Dirichlet polynomials for the Nyman-
Beurling criterion for the Riemann-hypothesis, conditionally on some separa-

tion condition on the zeros of ((s) and on the Riemann hypothesis.
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Notation

We use the symbols O, o, ~, ), =, < and > in accordance with their standard
meaning in analytic number theory (cf. [Dav]).

For a positive integer n and a complex number a, we will write o,(n) to
indicate din d*, the sum of the a-th powers of the divisors of n. We also write
d(n) for oo(n). For integers ay,...a, we denote by (ai,...,a,) the greatest
common divisor of ay, ..., a,.

2miz - Moreover we will often

For a complex number z, we write e(z) for e
use the symbol C’ to indicate the split complex plane C \ R<o.

For a real number c, f(c) dz is the contour integral taken along the vertical
line R(z) = ¢ from ¢ — ico to ¢ + ico.

Throughout this thesis € is any small positive real number on which all

implied constants are allowed to depend. T'wo uses of € do not imply that the

¢ refer to the same quantity.

xiil






Chapter 1

Introduction

The Riemann zeta-function is defined as the Dirichlet series

(o)

1
C(S) = E7
n=1
for R(s) > 1. Euler was the first to grasp the importance of this function in
the study of prime numbers. In 1737 he noticed that the fundamental theorem

of arithmetic implies that ((s) can be expressed as an infinite product over

prime numbers,

)= 1] (1—]%)_1 R(s) > 1.

p prime

Using this formula, known as Euler’s product, Euler could show that the series
of the reciprocal of primes diverges,

Sl

p prime

A century later, Dirichlet started the theory of L-functions, studying some
twisted versions of the Riemann zeta-function (the Dirichlet L-functions). He
showed that these satisfy an analogue of Euler’s product formula and went on
to prove that there are infinitely many primes in any admissible arithmetic
progression. This was possibly the greatest achievement on prime numbers

since Euclid’s proof on their infinitude, however the power of ((s) as a tool

1



Chapter 1. Introduction

to study prime numbers was not fully understood until a few years later. In
1859, in his only work on the subject, Riemann studied ((s) as a function of a
complex variable, showing it satisfies several astonishing properties. First, he
proved that ((s) can be extended to an analytic function in the whole complex
plane apart from a simple pole at s = 1. Second, he showed that the Riemann

zeta-function satisfies a functional equation,

C(1—s) =x(1—=s)C(s),

which allows us to relate the values of ((s) on the right of the “critical line”
R(s) = £ with those on the left by multiplying by a rather well understood
function x(s). Moreover, he studied the distribution of the zeros of ((s),
showing that ((s) has “trivial” zeros at the negative even integers and that
all the “non-trivial” zeros are located inside the “critical strip” 0 < R(s) <1
and asserted that it is very likely that all these zero actually lie on the center
of the strip, on the critical line. This conjecture, known as the Riemann
hypothesis, is still unproven and is one of the most important open problems
of mathematics. The relevance of the location of the zeros of ((s) is revealed
by another discovery of Riemann, an explicit formula that expresses the prime
counting function as an infinite series involving the zeros of ((s). In particular,
from this explicit formula one gets that the Riemann hypothesis implies that
the primes are “as regularly distributed as we can hope for”.

Since the work of Riemann, the study of ((s) has been an invaluable tool to
comprehend prime numbers and has lead to many substantial results. Among

these, we mention the prime number theorem, which asserts that the number

z
log x

of primes up to x is asymptotic to and was proved by de la Vallée-Poussin
and Hadamard by showing that ((s) has no zero on the line R(s) = 1.

This thesis is divided into three parts, all of which belong to the theory of
the Riemann zeta-function and L-functions.

In the first part we compute the mean values (“moments”) of the Riemann

zeta-function and other two families of L-functions, concentrating in particular



on the uniformity of the asymptotic formulae in some parameter shifts.

In the second part we investigate the properties of the period function
of the Eisenstein series. The Eisenstein series E,(z) is essentially the Mellin
transforms of ((s)((s —a + 1) times the Gamma function I'(s) and its period
function 1, (z) measures the lack of modularity of E,(z). We study the Taylor
series of 1,(z) and apply our results, together with the analytic continuation,
to many related problems. In particular, we deduce an exact formula for the
second moment of ((s) and a surprising reciprocity formula for a family of
cotangent sums.

The third part concerns the Nyman-Beurling criterion for the Riemann-
hypothesis, a criterion that basically asserts that the Riemann hypothesis is
true if and only if 1/{(s) can be well approximated on average on the critical
line by Dirichlet polynomials. Moreover, it can be reformulated in terms of
the cotangent sums studied in the second part. We find optimal Dirichlet
polynomials for this criterion, conditional on a separation condition on the
zeros of ((s) and, of course, on the Riemann hypothesis.

More details may be found in the introductions of the three parts (Chap-
ters 2 and 6 and Section 13.1).






Part A

Uniformity in shifted moments

of L-functions






Chapter 2

Introduction

In analytic number theory one considers an L-function attached to some arith-
metic or geometric data (or to an automorphic form) and tries to obtain results
on this data by investigating the related L-function. Typically, the properties
that one aims to prove on the L-function side are about the location of the
zeros or about the values of the function at some special points. A prototyp-
ical example is given by the connection between the Riemann zeta-function
((s) and prime numbers, where the best upper bound for the real part of the
zeros of ((s) controls the size of the error term in the prime number theorem.
Another example is given by the class number formula, which relates the size
of the class number of a quadratic field Q(v/d), where d is a fundamental dis-
criminant, to the value at 1 of the quadratic Dirichlet L-function associated
to the fundamental discriminant d.

In general, it is very difficult to prove results for a specific value of an L-
function and one tries to overcome this problem by considering averages as the
value varies or as the L-function varies over a “family of L-functions”. One can
then deduce results for a specific L-function by appealing to tools such as the
Cauchy-Schwartz inequality or some positivity results (and perhaps combining
these with the use of “mollifiers” and “amplifiers”).

To give a simple example, we are unable to show that the Riemann zeta-

function ( (% + z't) grows more slowly than any power of ¢t on the critical line

7



Chapter 2. Introduction

(the “Lindel6f hypothesis”), however we can show that this is true on average

for t € [T,2T]. More precisely we have that

1 2T 1 -
f/T C<§+Zt>

as T goes to infinity [HL] (notice that we can think of this integral as an average

2
~ logT (2.0.1)

over the continuous family {L;(3) |t € [T, 2T}, where Li(s) = ((s + it)).
Going deeper, one has that the Lindelof hypothesis is also true on average

over the shorter interval [T, T + T%] and one has

r .
<(§ +2t)

which implies the non-trivial bound ¢ (% + it) < t5t¢ for any individual value

of t (see [Bal] and [Watt]).

2

1 T—I—T%
~ logT,

1
T3 Jr

Similarly, it is conjectured that the Hecke L-function L(%, f) is non-zero
for all holomorphic cusp forms f of level 1, weight 2k and even functional
equation. While we are unable to prove this in full generally, we can show that
L(%, f) is non-zero at least almost half the time, when averaging over all the
Hecke L-functions of level 1 and weight between K and 2K, as K tends to
infinity (see [IS]).

Given these examples, it is no surprise that the study of L-functions as
part of families has gained a prominent role in analytic number theory. One of
the great discoveries of the late 20th century was to understand that averages
and statistics over these families are not as unpredictable as the individual
L-functions, but can be anticipated by studying the symmetries of the related
families.

The first step in this direction was given by Montgomery [Mon]. His work
indicates that the distribution of the differences between zeros (the “pair cor-
relation”) of the Riemann zeta-function is the same as that of the (arguments
of the) eigenvalues of the matrices in the unitary group U(NN), with respect

to the Haar measure (both the zeros and the eigenvalues should be scaled to

8



have unit mean spacing). This result (which is partially conjectural) was con-
firmed numerically by Odlyzko [Odl] and extended to the 3-point correlation by
Hejhal [Hej] and to the n-point correlations by Rudnik and Sarnak [RS], who
also extended this calculation to other individual L-functions in the t-aspect
(averaging over t as described at (2.0.1)).

Katz and Sarnak [KaS99a,KaS99b| studied the distributions of zeros near
the critical value within families of L-functions suggesting that these coincide
with the distributions of eigenvalues near 1 of one of the classical compact
groups U(N), O(N) and USp(2N) (resp. the unitary, orthogonal and unitary
symplectic group), depending on the family of L-functions considered.

The intuition of Katz and Sarnak has been verified in many cases (see, for
example [ILS], [OS] and [Rub]) and the study of the distribution of low zeros

reveals, for example, that

o Fi:={L(s,x) | g positive integers, x primitive character modulo ¢}
forms a unitary family;

o Fo:={L(s,f) | f€S;(N),N € 2N} forms an orthogonal family, where
S5(N) indicates the newforms of level N and weight 2);

o F5:={L(s,(2)) | d > 1 odd and square-free} forms a symplectic fam-
ily, where () is the Kronecker symbol.

The subsequent work of Keating and Snaith [KeS00a] suggests that the
classical compact groups give good models not only for the distributions of
zeros of the L-functions, but also for the distributions of values. Keating and

Snaith considered the problem of computing the asymptotics for the 2k-th
moment of the Riemann zeta-function,

L(T) = /OT c(% + it)

and conjectured that, up to a well understood arithmetic factor, I(T') is

2k

asymptotic to the 2k-th moment of the characteristic polynomials of the ma-

trices in U(N), averaged over the whole unitary group (one chooses N ~ log 5

9



Chapter 2. Introduction

so that the average zero spacing equals the average eigenvalue spacing). This
conjecture agrees with the known asymptotics for £ = 1,2 ([HL], [Ing]) and
with the conjectures, based on number-theoretical computations, for k =
3,4 ([CGhL], [CGo).

Keating and Snaith’s conjecture has been extended also to moments of
families of L-functions and one expects that the k-th moment for a fam-
ily F of L-functions is asymptotic to the k-th moment of the characteris-
tic polynomials for matrices in the classical compact group associated to F
(see [CF], [KeS00b], [CFKRS] and, using a completely different approach based
on multiple Dirichlet series, [DGH]). The mean value of the characteristic poly-
nomials in the classical compact groups can be computed exactly and, for any

family of L-functions F, one expects that

!f(lQ)l 2 <L<%f>>k = B r(log Q) + o(1), (2.0.2)

fer, G(F)
c(f)<@Q
for a polynomial Py = of degree k?, k(k; D or k(k; 1) according to whether the

classical group G(F) associated to F is U(N), O(N) or USp(N). In (2.0.2)
¢(f) indicates the analytic conductor of L(f,s) and is such that logc(f) is
approximately the density of the number of zeros of L(f,s) in a bounded
domain of the critical strip. Moreover, |F(Q)| is the number of f € F with
c(f) < Qand (z), = z if G = O(N) or G = USp(N) and (), = |z|* if
G = U(N). Notice, in particular, that the difference in the degree of the
polynomial Py r (as well as the different structure of the leading term) makes
the computation of the moments a quick way to determine the symmetry of a
family.

The moment conjecture (2.0.2) is very far from being proved and has been
verified only for a few values of k for L-functions of low degrees. For exam-
ple, for the family F; defined above, the asymptotic (2.0.2) has been proved
only for £ = 1,2 (where in the case k¥ = 2 the full main term is known

only for prime moduli) and & = 3 when some extra averaging is introduced

10



(see [Pal], [Sou07], [Youll] and [CIS]), whereas for the families F» and F3 we
can compute the cases k = 1,2,3,4 (see [Duk] and [KMV]) and k£ = 1,2,3
respectively (see [Jut81] and [Sou00]).
When investigating the asymptotic behaviour of the moments, it is ex-
tremely useful to start by considering the shifted moments
Far 2 Haten) iz rons)

f€f7
«(f)=Q

In fact, the random matrix theory model for the unshifted moments leads only

to the leading term of the polynomial Py r in (2.0.2). However, when the
shifts are added the combinatorial structure behind the main terms comes out
explicitly and by eventually letting the shifts go to zero one gets also the lower
order terms (see [CFKRS]).

It is also natural to consider mean values of ratios of L-functions,

1 ZL(%+aljf)-~'L(%+am,f)
IF(Q)] L4680, f) L+ B, f) (2.0.3)

fef’
«(f)<@

These kinds of averages were first considered by Farmer [Far], who gave a
conjecture for the ratio with two Riemann zeta-functions in the numerator
and denominator. This conjecture (known as the “ratio conjecture”) asserts

that
JR R R RS IS
o ¢

~

( )

Lt 4 B1)C(5 +it + Ba) (a1 4 a3)(B1 + B2)

o Tl—oq—ag (Bl _ Oél)(ﬁQ - 042)
(1 + az)(B1 + B2)

for |R(a;)| < 1, @ < R(B;) < 1 and (o), S(B;) < T'° with j =

I

1,2. Conrey, Farmer, and Zirnbauer extended this to other families of L-
functions [CFZ], conjecturing that the averages (2.0.3) have the same struc-
ture of the analogous ratios of characteristic polynomials in the random matrix
setting. The ratios conjectures have not been proved in any case with at least
one L-function in the denominator, but so far all the results that can be de-
duced from them always agree with what is known and have been checked

numerically in some cases (see, for example, [HKS]).

11



Chapter 2. Introduction

The ratios conjectures have proved to be a very useful tool to study many
problems related to the distribution of zeros of L-functions and give, for exam-
ple, a quick way to produce conjectures (with lower order terms) for “mollified”
moments or n-point correlations of families of L-functions (see [CS]). These
applications are usually obtained by integrating the ratios conjectures over
the shifts on long vertical intervals and therefore one needs to assume that
these conjectures are true uniformly for shifts that have large imaginary parts.
The random matrix models do not help us definitively to understand in what
range of parameter shifts the moments and ratios conjectures are uniform. In
fact, the averages analogous to (2.0.3) for the classical compact groups can be
computed exactly with no error terms [BS] and thus are automatically com-
pletely uniform in the shifts. Similarly the “recipe approach” [CFKRS], which
essentially produces conjectures by substituting the L-functions with their ap-
proximate functional equations and considering only the diagonal terms, does
not give any insight into the expected range of uniformity in the shifts.

Part 1 of this thesis is dedicated to providing evidence towards a large uni-
formity in the shifts of the moments (and indirectly ratios) conjectures. We
shall consider three cases, one for each symmetry group. First, we consider a
unitary example and examine the uniformity in the second moment for the Rie-
mann zeta-function, verifying that the shifted (continuous) analogue of (2.0.2)
holds for parameters that can be as large as Q%> (we see also that under the
Lindelof hypothesis one of the two parameters can be as large as any power of
(). Second, we consider the first moment of the orthogonal family consisting
of Hecke L-function of weight 2, obtaining the uniformity for shifts « in the
range |S(a)| < Q'7¢. Third, we consider the first moment of the symplectic
family consisting of quadratic Dirichlet L-functions and obtain the uniformity

for a shift up to Q%_a.

12



Chapter 3

The second shifted moment of

the Riemann zeta-function

The work presented in this chapter was first published in [Bet10].

3.1 Introduction

An important problem in analytic number theory is to understand the moments

1
<(§ —|—2t)

The knowledge of the asymptotic behavior of I;(T") would give important infor-

of the Riemann zeta-function

2k

dt.

mation about the maximal order of the Riemann zeta function on the critical
line and about the zeros of this function and therefore about the distribution
of prime numbers. Unfortunately, the asymptotic is known just for £ = 1 and

k = 2. Specifically, in 1918 Hardy and Littlewood [HL] proved
L(T) ~TlogT (3.1.1)
and in 1926 Ingham [Ing] proved
1 4
L(T)~—=Tlog"T.

272

13



Chapter 3. The second shifted moment of the Riemann zeta-function

For other k the problem is still open and it is conjectured that

L(T) = TP,(log T) + Ex(T), (3.1.2)

where P, is a polynomial of degree k? and Ey(T) = o(T) (see [CGh], [KeS00a],
[CGo], [DGH] and [CFKRS]).

As mentioned above, results on moments of the Riemann zeta-function can
be used to obtain upper bounds for the growth of ((s) in the critical line.

This is displayed clearly by the following result of Heath-Brown (see (7.20.2)

in [Tit])
1 2k 1 T+10g2T 1 2k
— +1T logTH)| 1+ — — 4+t dt 1.
C(Q—H ) < (logT) +27T/T—log2T C(2+z> , (3.1.3)

which shows, for example, that the crude bound I(T) < T for infinitely

many natural numbers £ and some fixed A > 1 implies the Lindel6f hypothesis,
i.e. implies that ¢(3 + it) < [t|° for all e > 0 (and [t| > 1).

Moreover, Heath-Brown’s result has important consequences if we keep k
fixed. For example, taking £ = 1 and denoting by ¢ the smallest real number
such that E;(T) < T?*¢, one has that

c(% —H’t) <tz (> 1), (3.1.4)

for all £ > 0. However, Good [Goo] showed that E;(T) = Q(T'1) and thus one
can not prove anything better than ((1 +it) < |t|5F< just by giving upper
bounds for E(T).

This problem can be overcome by considering integrals of the Riemann zeta-
function over short intervals or, more generally, moments with high shifts. In

fact, if we could prove that

T
I(T,a,b) ::/0 g(%+a+it>g<%—b—z‘t) dt

is bounded by T for all purely imaginary numbers a, b bounded by any fixed
power of T', then the Lindelof hypothesis would follow.

14



3.1. Introduction

In [Ing], Ingham computed the asymptotics of I(7),a,b) for all bounded
numbers a and b (where one has to exclude a small interval from the integral

if the line of integration is close to a pole of the Riemann zeta functions). He

(T, a,b) ~ /1T <g<1 +o)+ <%) - c>> dr,

where ¢ = a — b, with an error term of size O(T%“) if R(a),R(b) < @.

showed that

In this chapter we extend the work of Ingham allowing the imaginary part
of the shifts a and b to grow with T'. For the sake of convenience, we assume
that the real parts of a and b are close to 0, but the same method should work
also for bounded $(a) and R(b). More specifically, we obtain the following.
Theorem 3.1.1. Let T > 2, and let a,b, € C be such that

R -
(a) < log T’
R(b) <

logT"

Moreover, let u,v be the positive real numbers defined by
T = max(|3(a)l, [S(b)]) + T,
(3.1.5)
T° = min(|S(a)l, [SO)]) + T

and assume u,v < A for some fired A > 0. Let r > 0 be such that
1. .
§(§+zt) <14+t
Then, writing c = a — b, for all ¢ > 0 we have
/Tc L) (R oot )ar=
i 5 Tati 5 i =
T 1 1
:/ (g(1+c) +c( —c)X<§+&+it)X<§ —b—it)) dt+ (3.1.6)
0
+ O(min (T2 T2 log? T) ),

as T — oo. If ¢ = 0, then the integrand on the right hand side of (3.1.6) has

to be interpreted as the pointwise limit for ¢ — 0.

15



Chapter 3. The second shifted moment of the Riemann zeta-function

Remark 3.1.2. In the Theorem we can take any r greater than % ~ (0.15609. ..
(Huzley, [Hux]).

The x function in the theorem is defined as

X(1 =) :=2(27)°T'(s) cos ?

and is the function that appears in the functional equation for the Riemann

zeta-function,

((1—5) = x(1 = $)C(s). (3.1.7)

We remark that the factor X(% +a+ it)x(% —b— z't) in the statement of

o~ —c ~ —c

the theorem can be replaced by <w> (or, equivalently, by (W) )
as will be clear from the proof of the theorem. However, in general this factor

can not be replaced by (%)76, since

[(() -6) )

is larger than the error term if, for example, T2 < |a| < (T/|c[)*= and
c>1Te.

The main ideas of the proof of Theorem 3.1.1 stem from the proof of The-
orem 7.4 in [Tit] about the second moment of the Riemann Zeta function

without shifts.

3.2 The shifted divisor problem

Remark 3.2.1. In the whole chapter we consider a, b and ¢ = a — b to be

complex numbers and we write

a=a+id,
b=pB+if,
c=7+i,

thh &7a,7576,7777/ 6 R'

16



3.2. The shifted divisor problem

In this section we compute the asymptotics for

Dr) = 3 ==Y o)

mn<z n<x
where o,(n) =) 4jn @7, most interestingly in the case when I(e) is large, as

the asymptotics is well known for bounded c.

Lemma 3.2.2. Let x > 2 and assume that

] <

logz’

Moreover, let r be such that

1 ,
<(§+Zt> < 1+t

Then, for any € > 0, we have

l1—c

+ E.(x)
— ¢ (3.2.1)

= /lx(g(l +¢) +¢(1—c)u°) du+ E.(x),

Dofa) = (L4 )z + (1= )7

where
E.(r) < min(x%*E + |7’|% log? z, x%+5(|7’| + 1)T>,

for all e > 0. As above, if ¢ = 0 the right hand side of (3.2.1) has to be

interpreted as the limit for ¢ — 0.

Proof. Clearly we may assume that x is half an odd integer.

Let @ > 1, >0and n = @ + max(1,1 — 7). Applying Lemma 3.12
in [Tit] with a, = 0_.(n), ¥(n) = n® and with the ¢ of the lemma equal to 7,
we find that

iQ s €
D.(z) = % /an C(s)C(s+ c)% ds+ O (ﬁ%), (3.2.2)

since for R(s) > max(1,1 — ) one has

() s +e) = 3 7<)

ns
n>1

17



Chapter 3. The second shifted moment of the Riemann zeta-function

(see, for example, (1.3.1) in [Tit]).
Taking @ = z (and replacing @ with @ + 1 if ‘x — WH < 3 in order to

avoid coming close to the pole of ((s + ¢)), one has that

() ¢(s+0) = O (a4 (1| +a)")

if £ <R(s) <2 and (s) = £Q. Thus, from (3.2.2) by contour integration we
have that

%JriQ s
Dc(x)i/ C(s)((s—l—c)?ds—kﬁ(l—i-c)x—i—

L

+ o<xr*%<|fy’| + o)+ :c>

—c
By the Cauchy-Schwartz inequality we have that

%i s 2 1 . 1 ]
([ +QC(5)C(S+C)w—dS> <<x/QMdt/Q |C(2+C+Zt)|2dt

< l,l-&-s(h/| +l’)2r,

by (3.1.1) and partial integration. Thus,

E(z) < 22 (Y| + 2)". (3.2.3)

Now, we go back to (3.2.2) and this time we choose Q) = e (again replacing

Q) with @ + 1 if necessary) and move the path of integration to v = —loéz +
min(0, —y). Since the integrand is O([E% log? x + |7'|227 3 log(2 + |7’|)> on the

horizontal lines, we find

1 n+iQ s 1 v+iQ s
9 o C(s)C(s+ c); ds = - o C(s)C(s+ c)? ds+¢(1+ c)z+
xl—c
F - (o

+0(atlog?x + |/ [raHlog(2+ 1)),
(3.2.4)

where ((c) has to be omitted if |[y/| > x5 + 5 and so it can always be inserted

in the error term, since

¢(e) < |e|7 log(|e] +2),

18



3.2. The shifted divisor problem

by Theorem 3.5 in [Tit] and the functional equation (3.1.7). Moreover, apply-
ing the functional equation and expanding the product of zetas as its Dirichlet

series, we find

v+iQ 78 v+iQ s
/ C(s)C(s + 0 ds = / MEX(+ ¢ - $)C(1 — 5 — )% ds

—iQ S —iQ S
L xm0_e(n) [ . NGOk

= iz” t t dt.
Y e /_Qx<v+z>x(v+c+z)y+it

(3.2.5)

The asymptotic expansion in a strip for x(s) (see, for example, (4.12.3) in [Tit))

gives
. . o (zn)®
t t =
ix(v+it)x(v+c+i )y—l—it
B ﬂ 571/7@'1‘, |t+")//’ §fufcfitx
o\ 27 2
(2t (o (@ sgm () (21)” (1 +0 <i - ;»
t it [t +]
:g(t)eih<f><1+0(i+ ! ))
it ¢+ ]
where
Ly
9“)—2(%) < o !
t t+7
() = —tlog(u) — (7 +1) log(| 1 |> +2t+/+ (3:26)
27 27
+ 7 (sen (t) + sgn (t +7)) + tlog(an)
and thus
t] |t +] |t +[[¢]
o) = —tog( 1) ogton) = —tog (2211
(®) 0g(27r) og( 27 + log(an) o8 (2m)2an )’
2 + '
h”(t) — _i'
t(t+9")

Here and throughout the rest of the proof we are implicitly removing two

intervals of length 1 around ¢ = 0 and ¢ = —+/, whose contribution to (3.2.5)
is O(M% + 1).
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Chapter 3. The second shifted moment of the Riemann zeta-function

Now, let’s consider the case || < 3Q. If n > %2, we have trivially that

Wo>1. Ifn << deﬁmng
V= {t |1t ++[]t] = (2m)%an| < \/ﬁx%},
= [_Q7 Q] \ V>

we have that the the measure of V is m(V) < x3 and, for t € U, we have

1
R(t) > —.
remn?2

Thus, using Lemma 4.3 in [Tit], we have that

i an — V/Q (V—i—z't)x(y—l—c—l—zt)( n)itdt:

Q V+Zt

v U—C(n) 9 %
=7 Z v /_Q g(t)e h(t) Q¢ 4 O(log2 x)
n<? (3.2.7)

I—cllt i 1
=" ) nl—E—Z /Ug(t)e " dt + O(:w log? x)

< 73 log? z,
if |7/| < 3Q. Now, if |7/| > 3Q, we have

1
h//t >> —,
(t) 0
n [—@Q,Q]. Thus, using Lemma 4.5 in [Tit], we have
=~ 0_c(n) [9 . .\ (zn)” iy 2
g t t dt < 2] )
i ST [ n it e i T Iy o'
This equation, together with (3.2.2)-(3.2.7), implies the stated result. O

3.3 Proof of Theorem 3.1.1

We start with the following asymptotics for X( +a+ zt)X(— —b— zt)

Lemma 3.3.1. Let ||, |8] < 1 and let
[t + a'| > 10]c],
(3.3.1)
[t + 5’| > 10]c|.
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3.3. Proof of Theorem 3.1.1

Then

1 Catit 1 b it
—+a+i ——b—it] =
2 2
e—clog%—l—(a—l—it)log(l—k%i;iit)—l—c (1—}—0( ‘C‘ >>

It + |

Proof. Firstly, we remark that (3.3.1) implies

[t + B < |t+ o[+ e < [t + .

Now, since x(s)x(1 — s) = 1, we have

1 1 L4+t
(rava(h-omi) - 2G e

x(3+0b+it)
(o Ccos(g(% —a— zt)) F(% —a— z't).
cos(= (L —b—it)) T(L —b—it)
(3.3.2)

Stirling’s formula, as expressed in (21.1) of [Rad], states
1 1
logT'(s) = (s — 5) logs — s+ §log27r + R(s),

where

R(s) = /0+°° g(x)

(x + s5)?
and g(z) = {z}({z} — 1)/2. Therefore

l .
I'(i—a—it) _ o (ait)log(—a—it)+(b+it) log( 3 —bit)+e+ Mg s )

r(l—b—it) |

2

where



Chapter 3. The second shifted moment of the Riemann zeta-function

Thus

r(l—a-it)

c 1
O R ALY iNlog( 14— ) —clog( = —b—it
T o= eXp<(a—H>Og(+%—a—it> Cog(z ’)*
+c+Aa,b(t)>

=exp ((a+@'t) log(l + 5 ¢

—.)+c—clog|t+/3’|+
E—a—zt

b ALt — e sgn(t+ﬁ')+0( < ))

2 o + ¢
(3.3.3)
Moreover,
(1l ; (1 ; Tc
cos(§(3 —a—it)) cos(5(z—b—it) — %)
m (1 : T (1 ~
cos(5 (3 —b—1t)) cos(5 (3 —b—it))
mTc . TC T (1 .
= cos — —i—sm;tan(i (5 —b— zt))
= cos % + sin %c (z sgn(t+ ')+ O(e*ﬂﬂrﬁ/l)) (33.4)
— ot sen () O( sin(%) ‘efﬂltJrB’\)
— s (A | O<‘C‘€fﬂ\t+ﬁ’l+%\0\>
— 6%0 sgn (t+8") +0 |C| )
[t + |
Finally,
+o0
9(x) 9(x)
Agp(t)] = — dz
[Bas () /0 (x+i—a—it)? (z+1-b—it)?
— x
o |@+i—a—it): (z4+3—b—it)?
<</+°° A +2c(z+ 35 —a—it) 1
x
o |(z+3—a—it)(z+3—b—it)?
< Lel® +2lelt + o] /+°° 1 d
x
|t + o2 0 ’x+%—b—it|2
el + 2|cllt + o|
lt+a/)2(Jt + o/ +1])
This equation, together with (3.3.2)-(3.3.4), gives the result. O
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3.3. Proof of Theorem 3.1.1

Proof of Theorem 1. By taking the conjugate in (3.1.6) if necessary we may
assume that |o/| > |§’|. We remark that with this assumption the numbers u

and v defined in (3.1.5) satisfy
= ||+ T,
T =|81+T.
By the functional equation (3.1.7) we have

14T
Hﬂm®=~4[ C(s+a)C(1— 5 — b)ds

2

i [T s s acts + s

2

Moving the path of integration to § = @ + max(1 — «, 1 — (), we obtain

0+iT
I(T,a,b):—i/ X(1—s—0)((s+a)((s+0b)ds+
s (3.3.5)
+O(T7 ) + T2 1og? T).

Now, we have

/ x<1—s—b>c<s+a>c<s+b>ds=/6HZ V(1= ) (s + ) ¢(s) ds

+b
O+b+iT
= Z / X(1 —s)(nm)*ds
nC
(3.3.6)
and, if ' > 0, by (7.4.2) and (7.4.3) in [Tit], this is
1 O+b+iT
— X(1 = s)(nm)~*ds
o = Js+b
. (3.3.7)
= 2 — +0(T2) + O(E(T, a,b
mio Y EtO(TE) +OET ),
5—<n §T+ﬁ
where
1 TE
E(T,a,b) = Z — -
mn .. 1T+8]
|27rmn—T\>%, mln( > (3 3 8)

[2rmn—T—p8'|>3

< T2log?T,

23



Chapter 3. The second shifted moment of the Riemann zeta-function

since

> gl St X o

mn—Ql> 4 [log 72 mn—Q|> 1, [log 725 |mn
2 <n<2@ 2Q
1
<log’Q+ Y — <log’Q.
m,r<LQ mr

If 5 <0 we can proceed in the same way, but we have to replace

1
2w

B’ T+p’
o <nm§ o

with
, L e = T <P <
Z0<nm§% ne + Z0<nm§% ne lf T — 6 — 07 (339>
1 .
Z—T%flgnm<g—ilﬁ lfﬂ’S—T.
Therefore, by Lemma 3.2.2 and (3.3.5)-(3.3.8), we have
T;r,B'
I(T,a,b):27r[3/ (C(l+c)+((1—c)|x|_c) dx+
o
—I—O( <|7|210g TT2|7|>-|—T%10g2T>,
(3.3.10)
! t+ 81\
= C((14¢)+¢(1—c¢) dt+
0 2T
+ O(min (72 log® T, T=""™) + T2 log* T),
since |y/| < T".
Now, if 4/ > 1, we have that
/T (1+ —l-'t) (1 b 't)dt<<T
—ta+1 ——b—1i —
o “\2 2 ]
since we can bound trivially the two intervals of length Il around ¢ = 0 and

t = —/ (if it is inside the domain of integration) and apply Lemma 4.3 of [Tit]
to bound the remaining part of the integral (the function ¢(¢) is O(1) and the

function h(t) is the same as in (3.2.6) with zn = 1). Moreover, clearly we have

T / —C
t TY
/ (| +B‘) dt < e
0 2m ol
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3.3. Proof of Theorem 3.1.1

Therefore, if |7/| > == log 77, we have
T T 1\ —¢
1 : 1 : t+ 7] T
= t ——b—1t)dt= — dt + O(T2log"T).
/ox(ﬁa“)X(a = [ (557) wrotrieen
Finally, assume |y/| < log: (and thus we have also 7/ < = 2T) and let

Wy =10, TIn{t||t+ | [t + 5] > 10]c|},
Wo=10,T]n{t||t+ | |t+ 5] < 10]c|}.

We have

1 1 T3
—datit)x(=—b—it)dt < o] € ——, 3.3.11
/WQX(2 )X<2 ) @ log? T ( )

since the integrand is O(1) and clearly

/WQ (%) - O(1). (3.3.12)

Furthermore, by Lemma 3.3.1, we have

1 1 —clog 2 L (atit) log [ 14— ) +e
/X(_+a+it)x<__b—it)dt:/€ or (1 ) ey
\4%1 2 2 \4%1

+ O(|c|log T)

and by partial integration

/ e—clog \t;rfq e(a+it) log(1+%727it)+c 1) ar=
Wy
:/ L6(1 o) log 7 i log 1+; +
Wi 11— c —a—1t

ic(a + it) (atit) log(1+ e )+
+(l—a—zt)(——b—zt)>e et

1 (1 ¢)log \tJrB | e(a'i"it) 10g<1+ %_Z_it)-‘rc 1
1—c
oWy

:/ 1 (1 ¢)log \t+5 | ( ( |C‘2 ))
w, L—c¢ It +«
1 1e58') |c|?
(1—c)log
e Gl ))}

KA

T2
logT <« ——.
<|cllog T < log T

+
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Chapter 3. The second shifted moment of the Riemann zeta-function

Thus
1 . 1 . it+ 61\ ¢ Tz
= t ——b—it|dt= —— | dt+0(——=
Jolgresthlamrmn)a= [ (57) wrolar)
and so, by (3.3.10)-(3.3.12), the proof is complete. O
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Chapter 4

The first moment of twisted

Hecke L-functions

4.1 Introduction

For a positive integer N the Hecke congruence group I'y(V) is the set of ma-

trices

To(N):={(2%) |ad—bc=1, ¢c=0 (mod N)}.

One can define a group action of I'((/V) on the upper half-plane

H:={z +iy |y > 0;z,y € R},
via
(ab)_ :az—i—b
cz+d’

forall z € Hand (%) € To(N). The quotient space I'g(N')\H is not compact,
but one can compactify it by adding finitely many points, called cusps.
One can then define modular forms of level N and weight k as the holo-

morphic functions defined on H that are holomorphic at the cusps and satisfy

HE5) = (vt

cz+d
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Chapter 4. The first moment of twisted Hecke L-functions

for all matrices (“ b) € I'h(N). If a modular form f vanishes at all the cusps,
then it is called a cusp form. Denoting by Sx(N) the set of cusp forms of level
N and weight k, one has that Si(N) forms a finite dimensional vector space

over C, equipped with an inner product, the Petersson inner product (-,-).

This is defined by
d:c d
)= [ ST

where z = x + iy and F' is a fundamental domain for the action of I'¢(/N) on
H (i.e. F' is an open subset of H that intersects every orbit at most once and
whose closure intersects every orbit at least once).

Any f € Si(N) can be expressed as a Fourier series,

—1

f(z)= Z af(n)nkT e(nz) R(z) >0,

n>1
where e(z) := €?™*. The Hecke L-function associated to f is
ay(n)
L =
(5. ) =) ==

n>1
where the series is absolutely convergent for R(s) > 1 by Deligne’s bound,
ar(n) < d(n), where d(n) is the divisor function. Hecke showed that L(s, f)
can be analytically continued to an entire function and satisfies the functional
equation

A(s, f) = <@> F(Q + %)L(s, f)=i*A(1 — s, W f),

2

where W : Sp(N) — Sk(N) is the Fricke involution, defined by W f(z) :=
Nfgz_kf(;[—i).
Every cusp form in Si(N) induces d(N/M) cusp forms in Sg(M) if N|M.

Thus we can divide Si(N) into two orthogonal vector spaces

Sk(N) = SL(N) @ Si(N),

where S;(N) is the subspace of cusp forms induced from lower levels (the

“old forms”) and Sj(N) is its orthogonal complement. Moreover, one has
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4.1. Introduction

that there exists a unique orthogonal basis of S*(N) whose elements (the
“newforms”) satisfy a;(1) = 1 and are eigenfunctions of certain operators
(the Hecke operators). We will denote this basis by Hy(N). Since Si(1) has
dimension 0 if k € {2,4,6,8, 10, 14}, then it follows that Sk(p) = S;(p) for any
of these k and for any prime p. In particular, if k£ € {2,4,6,8,10,14} then
Hy(p) is a basis for Sk(p).

When averaging over any orthonormal basis F of Si(N), the coefficients
{af(n)}n U {aws(m)},, are approximately orthogonal as the level N goes to

infinity, since one has the Petersson formula

Zh ay(m)ag(n) = Gppn+2mi "y M T (47T\/W> |

c
fer c21,
Nlc
h _ k S(m,n;c) 4dmy/mn
> aws(m)awp(n) = b+ 2w 3 === T (= ) g
feF c21,
N|c
h N, 4
S = 3 S (),
feF c>1, C\/_
(e,N)=

where 9,, ,, is the Kronecker’s delta function, J;_; is the J-Bessel function,

S(m,n,c)= > e(maT—i-nE)

a (mod c¢),
(a,c)=1

is the Kloostermann sum (where @ is the inverse of @ modulo ¢) and

h o I'(k—1) *
2 T e 2

fer fer

is the harmonic average.
Given a cusp form f € Si(N) and a primitive Dirichlet character x modulo
q with (¢, N) = 1 one can define the twisted L-function L(s, f ® x) via the

Dirichlet series

s, f®x): ZX

n>1
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Chapter 4. The first moment of twisted Hecke L-functions

which is absolutely convergent for R(s) > 1 and can be analytically continued

to an entire function. Moreover, L(s, f ® x) satisfies the functional equation

A(s, f®x) = (%) F(s + %)L(s,f@)x)

= @’kw(x)l\(l —s,Wf®Yx),

(4.1.2)

where w(x) := x(N)7(x)?/N and 7(x) := >.7_, x(a) e(ng) is the Gauss sum.
(For this and for the aforementioned properties of Hecke L-functions see, for
example, [Iwa97])

L-functions associated to modular forms have been studied extensively with
applications in many directions of number theory. In this chapter we focus on
averages of Hecke L-functions twisted by a primitive Dirichlet character y
of conductor coprime with the level. The (twisted) L-functions associated to
newforms of a given weight form an orthogonal family in the sense of Katz and
Sarnak [KaS99a|, thus, for a primitive Dirichlet character x with conductor ¢
coprime with N, one expects that

h 1 m
5" £(559x) = Pasallog) +of1), (413)
feHK(N)

% and the implied constant may

where P, i, is a polynomial of degree
depend on ¢ and k.

Duke [Duk] computed the asymptotics (4.1.3) for the first and the second
moment (i.e. m = 1,2), provided that N is prime and k = 2, with an error
term of size O(N *%“). For the first moment, Ellenberg [Ell] improved the
bound for the error term to O(N~1*9). He needed this better estimate to
tackle the problem of finding all primitive solutions to the generalized Fermat
equation a? + b = cP.

In the pioneering work [IS], Iwaniec and Sarnak studied the first and second
moment (both in the level and the weight aspects) in the case of real characters.

They showed that for m = 1,2 the asymptotics (4.1.3) holds for all even k > 2

and they relaxed also the condition on the primality of N, replacing it by
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4.1. Introduction

(N)
N

— 1, where p(n) is Euler’s totient function. They studied this asymptotic
in an attempt to show that there are no Siegel zeros. These are hypothetical
real zeros of (quadratic) Dirichlet L-functions L(%, X) which are “close” to 1.
Iwaniec and Sarnak showed that the non-existence of such exceptional zeros
would follow if one could prove the non-vanishing (with some additional lower
bound) of strictly more than } of the central values of the Hecke L-functions
(asymptotically when either the level or the weight goes to infinity). They
approached the problem by considering mollified first and second moment for
Hecke L-functions twisted by real characters, but unfortunately they were able
to reach but not surpass the limit of %.

The asymptotics for the (mollified) fourth moment was proved by Kowalski,
Michel and VanderKam [KMV] for prime levels. From this result they also
deduced the non-vanishing of a positive proportion of the central values of
L(s, f)L(s, f ® x) for non-real characters. (For other applications of results
on moments of Hecke L-functions see, among others, [DFI], [KM] and [Van].)

It is often useful to consider the shifted moments,

h 1 1
Mk(ala--'amax;N) = Z L<§+&17f®X>L<_+am7f®X>>

2
fEMHK(N)
as these reveal more clearly the combinatorics behind the main terms. Usually

the shifts are taken to be fixed (or less than ¢° for some small € > 0), however
when studying the n-correlation of zeros one would like to apply conjectures on
moments of ratios of shifted L-functions and integrate over the shifts. Thus,
one needs to understand for what range of shifted parameters the asymptotics
for the moments still holds.

In this chapter we shall consider the shifted first moment. Kamiya ad-
dressed this problem in [Kam], showing that if N is prime and R(a) = 0
then

Mi(a,x; N) ~ 1 (4.1.4)

for k € {2,4,6,8,10,14} and ¢I' < Nz~¢, where T := 1 + |S(a)|. The
following theorem extends the range of validity of (4.1.4) to ¢T' < N'=¢. We
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Chapter 4. The first moment of twisted Hecke L-functions

take k = 2 for simplicity, however the result should be easily generalizable to

all k € {2,4,6,8,10,14}.

Theorem 4.1.1. Let N be prime and let x be a primitive character modulo
q with (¢, N) = 1. Let |R(o)| < @ and write T = 1+ |S(«)|. Then, if
Tq < N*7¢, for all € > 0 one has

(4.1.5)

Ms(a, x; N) = 1+O<80<]\q[)f\/€7),

as N goes to infinity.

The main idea of the proof comes essentially from Ellenberg [Ell], however
there are two complications that are not present in the unshifted case. In both
proofs the first step is to use an approximate functional equation to express
L(%, f® X) as a sum of two Dirichlet series of length roughly v/ NT¢Y and
VNT q/Y for a parameter Y, where the second sum is multiplied by the sign
of the functional equation. If Y = 1, after averaging over Hy(N) the second
sum contributes more than the first. This is due to the worse control that we
have on the orthogonality of as(n) with aw f(m) (compare the first and the
second equation with the third one in (4.1.1)). This leads to an optimal choice
of Y = v/N and, in particular, if ¢7 is fixed one can avoid having to deal with
the second sum. However, if ¢T" is large one needs to find a good upper bound
also for the second sum.

The second difference is that in the unshifted case one can use the expo-
nential function in the approximate functional equation, that is one uses

L(%,f ®X) ~ x(n)ag(n) _ e

n>1 n

=

and later exploits the additivity of e*. In our case, we have another function
in place of the exponential and we replace the additivity by using some basic
properties of the twisted periodic zeta functions. This approach is similar to
that of [BH], where Blomer and Harcos obtained hybrid bounds for the second

moment of twisted Hecke L-functions.
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Finally, we make a couple of remarks on the error term in (4.1.5). First
we observe that the bound O(“"](Vql)—l?) suggests T could be as large as N27¢ if
q is fixed. However, the condition T'¢ < N'7¢ is used crucially to obtain that
bound. It appears to us that in the range ¢7' > N the sum over ¢ < y/mn
in the Petersson formula (4.1.1) is no longer negligible and perhaps one should
try to obtain some extra savings by deploying the oscillation in the J-Bessel
function.

Second, we observe that the ¢(¢) in the error term (4.1.5) comes from

bounding trivially the sum

q
>oxe(e}).
b
=1
where b is allowed to be coprime with the conductor ¢ of y. If one could obtain

a better bound with respect to ¢, then this would go straight into the error
term (4.1.5) (although one would still need to assume T'q < N'7¢).

4.2 Preliminaries

Remark 4.2.1. From now on we will write T := |3(«)| + 1 and assume that
T,q < N and

1

Rla) < e N’

(4.2.1)

We shall compute the asymptotics of

Ms(ar, x; N) = thlz(%+a,f®x>,

fer

for any orthonormal basis F of S5(/N), where N is not necessarily prime. If N
is prime, then taking F to be the orthonormal basis of S5(V) formed by all
the functions in Hy (V) divided by their norms, one has that

My (o, x; N) = Ma(a, x; N).

Next, we express L(% +a, f® X) as an (almost) finite sum, by using an

approximate functional equation.
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Chapter 4. The first moment of twisted Hecke L-functions

Lemma 4.2.2. Let f € Sp(N) and let x be a primitive Dirichlet character
modulo q with (q, N) = 1. Let G(s) be an even function which is bounded on
vertical strips and is such that G(0) = 1. Then, for Y >0 we have

o) Z (qf—y)

(4.2.2)
X(n an ny
; o (Q\/_)
where

2 - 1 N2 75F(1+a+5)%

Valw) = 21 ()G()(2 ) Fl+a) s’ 23
P (qﬁ) _zaf(l—a) o
>\ or I'l+a)

Proof. Exchanging the order of summation and integration the first sum on

the right hand side of (4.2.2) is equal to I'(1 + «) <\Fq> times

d
/G ( +s+af®x) i
27

Moving the line of integration to R(s) = —2 and applying the functional

equation (4.1.2) we have

1 1 ds
— G(s)A =
277 (s) (2—|—s—|—af®x>
1 1 1 ds
=A — Gs)A[=—s—a,W —
( + a, f®x) (X)Zm'/(_Q) (s) (2 s —a, f®x> .
and the Lemma follows after the change of variable s — —s. n

Remark 4.2.3. In order to avoid exponential growth of V,(x) with respect to
T = |S(a)| + 1 we need to take a function G(s) that decays fast on vertical
strips. Moreover, we shall assume that G(s) has zeros at s =1 — a+ { for all
integers 0 < £ < L, where L is a fized and large positive number. To make this

explicit we take

=" [[(s* - 1= a+0)?).

=0

34



4.2. Preliminaries

With this choice of G(s), by Stirling’s formula we have

Id+a+ts) < T7ezUstal=laD|G(s)|
[ +a) (4.2.4)

2
s

LT 2,

G(s)

for s+ a —m > 1 for all non-negative integer m (and « satisfying (4.2.1)).
Thus, moving the line of integration in (4.2.3) to the left and to the right, we

have

Vo(z) < min(1,T77277), (4.2.5)

for all fired B > 0. This implies that the two Dirichlet series in (4.2.2) have
approzimately g NTY and q\/NT/Y significant terms.

Remark 4.2.4. Throughout the rest of the chapter we will assume 1 <Y <K
X100 We will choose Y optimally later.

Using the approximate functional equation (4.2.2), we can decompose

Ms(a, x; N) into

My(a, x; N) = Bi(a, x) — w(x)XoB-1(a, x), (4.2.6)

where

Bi(a,x) =) X(ﬁ (thaf<")> V‘“(q\/nNY>’

n>1 feF
X(n) h— nY
B_i(a,x) := ar(1) awy(n) Va< )
2\ 2 ey
We can now apply the Petersson formula (4.1.1) getting
Bi(a,x) =V, ( ! ) + E(a, ) (4.2.7)
«, = Va a, s 2.

where

E(a,x) =21 ) Xl(:li > S(l’cn; 257 (M;ﬁ) Va (q\/_%) (4.2.8)

n>1 V2 o>,
Nle
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Chapter 4. The first moment of twisted Hecke L-functions

and

- Ty A (), (o)
(¢,N)=1

(4.2.9)

Next, we remove large values of ¢. Using the inequalities (4.2.5) and J;(z) < x

and Weyl’s bound

|S(m,n;c)| < d(c)(m,n,c)%c%,

where d(c) is the divisor function, we have that the contribution to E(a, x)

coming from the ¢ that are larger than C' is bounded by a constant times

T |
Ngz_fzn%(a V

c>C c2 n>1

(fY>‘< (sz;m

which is O(N~2) if we take C = NP with D large enough. Clearly we can do
the same with B_;(«, x) and thus we truncate both sums at height C', where
from now on C will be equal to NP for some fixed and large D.

Thus, opening the Kloosterman sum and exchanging the order of summa-

tion, as allowed by (4.2.5), it follows that

Nle (a,c1)=1
1 alN
B_i(a,x) = —27 Z - Z e(c—>T_1(a, c )+ O( )
c_1<C, a (mod c_1), B
(c-1,N)=1 (a,c—1)=1

e =3 x(n)f@) Jl<47rcx/ﬁ> Va<q\/%ye)' (4.2.11)
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4.3 The Lerch zeta function and the twisted
periodic zeta function

In order to bound T.(a,c,a,x) we will need some properties of the twisted
periodic zeta function,

F(s,x, %) = Z M, (4.3.1)

nS
n>1
for R(s) > 1 and where (a,c¢) = 1 and x is a primitive Dirichlet character
modulo ¢. Dividing the sum over n according to the class of n modulo ¢, we
can decompose F(s, X, %) into a linear combination of Lerch’s zeta functions,
a 1 la a l
F(87X7_) = _ZX<£)6<_>£(S7Q_7_)7 (432)
c q° = & c'q
where for $(s) > 1 the Lerch zeta function is defined by

e(n{r})

L(s,x,y) = m%;y} + {y))e (4.3.3)
where {z} is the fractional part of z. (Notice that we have “periodized” the
usual definition of the Lerch zeta function as this will simplify the notation
later.)

The following lemma gives the analytic continuation and the functional

equation for the Lerch zeta function.

Lemma 4.3.1. Let z,y € R. We have that L(s,z,y) can be analytically
continued as a function of s to a holomorphic function in C with the exception
of a simple pole at s = 1 of residue 1 if x € Z. Moreover, L(s,x,y) satisfies

the functional equation

LS

£(1 = s,2,) = (27)"T(s) (3 20 £(5, —y, )+
- (4.3.4)
+ e~ I £ (s g, —x))
Proof. See, for example, [Ler]. O
By (4.3.2) we can deduce the following corollary.
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Chapter 4. The first moment of twisted Hecke L-functions

Corollary 4.3.2. Let (a,c¢) = 1 and let x be a primitive Dirichlet character
modulo q. Then F(s,x, %) is an entire function of s with the exception of a

simple pole at s =1 of residue

if clgq.

We need to be able to control the dependence of F(s, X5 %) on ¢ when R(s)
is close to 0. If R(s) > 1+ ¢ and y ¢ Z, it is easy to see that L(s,z,y) is
bounded once we have removed the term n = 0 from the sum (4.3.3), i.e. we

have

‘C(Sa x??/) o {y}is <L (435>
By the functional equation this argument can be extended to R(s) close to 0.
Lemma 4.3.3. Lety ¢ Z and let

is

L.(s,2,y) :=i(2m)* (1 — s)(e‘T_%i{y}{x}{x}S_l—i—

| (4.3.6)
_ e%”ﬂi{y}{fﬂc}{_x}s—l)’
if v ¢ Z and let L.(s,x,y) =0 if x € Z. Moreover, let
L*(s,z,y) = L(s,x,y) — Li(s,2,7).
Then if —B < R(s) < e, where € > 0 and B > ¢ are fized, we have
L (s.z,y) = O((S(s) | + VP {y} ), (43.7)

uniformly in x and y.

Proof. By the functional equation (4.3.4) and (4.3.5) it follows that for —B <

R(s) < —e one has

£(s,2,9) = O((13(s)] + D**7).
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4.4. Bounding T.(c, cv, X)

Moreover, by (4.3.5) on the line R(s) = 1 4 ¢ we have that

L(s,z,y) < {y} ¢
The Lemma then follows by applying the Phragmén-Lindelof theorem. O
From (4.3.2) we can then easily deduce the analogous result for F'(s, x, 2).

Corollary 4.3.4. Let x be a primitive Dirichlet character modulo q and let
(a,c) =1. Let

a I'l—s
F, (37 X _) = ¢(X: a, C)%X
c (2m)1=3q
(4.3.8)
() () )
X (e 2 ¢— —el— ez ¢ —— ,
c c c
if ¢1q, where
. * la qgay !
@D(X,(I,C) =1 Z X(g)e(?_{?}5)7
¢ (mod q)
and let F* (S,X, %) :=0if c| q. Moreover, let
F*<87X7 g) ::F(S,X’g) _F*<57X7 g) (439)
c c c
Then, if —B < R(s) < &, where ¢ > 0 and B > ¢ are fized, we have
F* (502 ) < pla) ¢ (1+19() 7)), (4.3.10)

where the implied constant depends only on € and B.

4.4 Bounding T.(c, a, )

We start by recalling the Mellin transform of J;(z),

s+1
Ji(z) = L 231F(—22
21 (=6) F(— — 35

for any 0 < 0 < 1. Thus, from (4.2.11) we have

Te(a,caa,X)Zﬁ/é)F(é?;( )_ZX(:?S:) Va(q\/%Y€>ds,

n>1
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Chapter 4. The first moment of twisted Hecke L-functions

for e = £1. Now, using the integral representation (4.2.3) of V,, we have

T.(a,c, o, X) :2(2;)2 /(_5) Fig%z) (%T) h /(7) G(w)11:<(11:24)+ w)

2 2

1 Nye) d
xF(—+a+f+w,X,£)<q\/_ > —wds,

2 2 Ce 2T w
(4.4.1)

for R(s) = 6 and v = 2 — R(a) + 2 + . We make the change of variable
w — w — 5, so that, after changing the order of integration, as is clearly

possible by absolute convergence of the integrals, T¢(a, ¢, o, x) becomes

1 1
T€<CL7C,O(,X):—,/ F(—-FO[—FU],X,E)X
211 (1-3) 2 Ce

w 4.4.2
qVNY 2mqV NY ( )
% 2 W w, c? dw,

where

(NI

- res) Guw-9rl+a+w—35)
W(w,x) = 47ri/(5)F(%—§) T+ a) T =

Assuming R(w) = v — 2 =1 — R(a) + £, we move the line of integration to

R(s) = =3 — 2M + 2¢ for some integer M > 0, encountering simple poles at

the odd negative integers. Thus we obtain the asymptotic expansion

W (w, 2) = i/[: (_1)mx%+mG(% +w +m)F(% +a+w +m)

— ml(m +1)! 2 +w+m)IT(1+a)

. O((Té(Tx)3+M€ >

(4.4.3)

w| + 1)4+2M—=
since by (4.2.4) and Stirling’s formula we have

M) G- rarw—g) |, TiEaio
/ 3_s s r2ds < e
(73—2M+5)F(§ — 5) (w — §)F(1 + ) (lw[+ 1)

with an implied constant that may depend on M (and ¢).

Therefore, inserting the expansion (4.4.3) in (4.4.2) we have

o ()

2 c?
T€<a’7 Cu Oé, X) = ? Z E,Oé,m<a’7 Ca Oé, X) + 56,11(6% C7 Oé, X):

ml(m + 1)!

(4.4.4)
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4.4. Bounding T.(c, cv, X)

where
Heom ) 1 Glw+mI'l+a+w+m)
e,a,m\@, C, O, =
. Vo Jsy T e mt(+a)
Nye\"
X F(a+w,x,g> (q\/_ ) dw
Ce 2w
and
%—i—M—a
12 NY<T
. (a.c) < T} (L> | (.45)

since by the definition (4.3.1), for R(s) > 1 + € one has F(S,X, %) < 1.
Now, use (4.3.9) to break H,,m(a,c, a,x) into

He,oc,m(aa ¢ Q, X) = H* (CL, ¢ Q, X) + H*,e,a,m(a'7 ¢ Q, X)

€,0,m

in the way suggested by the notation. Firstly we consider

H (a0 )_L Gw+mI'l+a+w+m)
eami® &G X) = o (v-3+1) (w+m)['(1+ «)
Nye)”
xF*(aer,X,ﬁ)(q\/_ )dw
Ce 2w

and we observe that, by Corollary (4.3.2) and Remark 4.2.3 (assuming that
L is large enough compared to M), we can move the line of integration to
R(w) = —m + e without encountering any pole. We bound the integral on the

new line and, by (4.2.4) and (4.3.10), we get

—m-+e 1
H!,, .(a,c,a,x) < <\/NYG> T % 29(q) ¢ . (4.4.6)

€,00,m

Next, we consider

o (ac ) 1 Glw+m)I'l+a+w+m)
*,e,0,m\ Ay C;y O =5
X 20 J(5-3+1) (w+m)['(1+ «)
VNY\"
><F*<a+w,x,ﬁ) <q ) dw.
Ce 2

We can assume c, { ¢, since by definition F, <a + w, X, Ci> = 01if ¢.|qg. We move
the line of integration to R(w) = e. From the definition (4.3.8), for R(w) = ¢
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Chapter 4. The first moment of twisted Hecke L-functions

we have

e—1 e—1
F*(a+w,x,cg><<g0(q)Té+a<{Z—a} +{—Z—a} ),

by the trivial bound |44 < ¢(¢). Thus, by (4.3.2) and (4.2.4) we have

1 e—1 e—1
H, coma,c,a,x) < Nep(q) T2+ ({@} +{-%} ) (4.4.7)
C C

Thus, by (4.4.4)-(4.4.7), for e = £1 we have

§+M75 1 M
NY<T \* T2 N¢ T\
T.(a,c,a,x) < T:N* (—q\/_2 ) + Topla) N7 Z <q_> +

C

where the second line has to be omitted if c.|q.

4.5 Proof of Theorem 4.1.1

We can now use (4.4.8) to bound the two sums in (4.2.10). Recalling that in
E(a, x) we are summing over ¢ that are multiples of NV and in B_;(a, x) we
are summing over “multiples ofy/N”, it is clear that the optimal choice for Y
in (4.4.8) is to take Y = v/N and thus we make this choice.

Now, we assume that ¢7" < N (if ¢7" > N we might be tempted to take
M = —1+ 2¢ in (4.4.8), as it would have been possible, however this would

1
lead at the end to a final error of size ]\:]Ff ~, which is too large). With this
?—8

assumption (4.4.8) becomes

qTNl €

[
N V]
+
VY]
N—
Njw
+
g
&
_|_

Ti(a,c, o, x) <<T5N5(

Tl Ne e—1 e—1
+ﬂ(1+{@} +{_@} )
C Ce Ce



4.5. Proof of Theorem 4.1.1

where the second line has to be omitted if c.|q. Also, for ¢ = +1 and any

integers b and ¢ with (¢, q) = 1 we have

> (B)({=)"

a (mod c¢),
(a,ce)=1

Ce Ce 1—e
< (—) < Ce
and, collecting the common factors, the same clearly holds for all ¢, not dividing

q. Thus, using (4.5.1) and (4.5.2) in (4.2.10), we have

2 —€ 1
qT> o T3(q)

o) x0TIV () T,
3 1
T StM—e T3
B_y(a,x) < NPT2N* (‘%) N%f(zz)’

since we had C' = NP for some large but fixed D. Thus, since ¢I" < N'¢,

taking M large enough we have

T29(q)
les ?

|E(Oé, X)| + |XocB—1(aa X)| <

where X, was defined in (4.2.3).
Thus, by (4.2.6) and (4.2.7), to conclude the proof of Theorem 4.1.1 we
only need to extract the main term from V, <qLN) This can be done easily by

moving the line of integration to R(s) = —1 + ¢ in (4.2.3). By (4.2.4) we get

() ol

and Theorem 4.1.1 follows.
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Chapter 5

The first moment of quadratic

Dirichlet L-functions

5.1 Introduction

Every real non-principal character (modulo |d|) can be written as

where () is the Kronecker symbol and d is in the set of quadratic discriminants

D:={deZ|d#0,d=0,1 (mod 4)} (5.1.1)

and [J denotes square integers. The character y4 is primitive if d is a funda-

mental discriminant, i.e. if d is in the set Fy := F; U Fy U F3, where

F1 ={d € Z | d square-free, d = 1 (mod 4)},

d
Fo={dedZ| 1 square-free, 2 (mod 4)},

A~ QL

d
F3={dedZ| 1 square-free, 3 (mod 4)}.

If d # 1 is a fundamental discriminant, the Dirichlet L-function associated to

Xd»

L) = 32 w5,



5.1. Introduction

can be analytically continued to an entire function and satisfies the functional

equation

A(s; xa) = (%) S?F<S J; “)L(s, xa) = A1 = 5, xa), (5.1.2)

where k := is 0 if d is positive and 1 if d is negative.

1—xa(=1)

2

Properties of L-functions associated to real characters have important ap-
plications in many directions in number theory. For example, estimates for
L(1,xq) can be transferred, via the class number formula, into estimates for
the class number of the quadratic field of discriminant d.

An important open problem on quadratic Dirichlet L-functions is to deter-
mine the asymptotics for the k-th moment,

1 k

M0 = X 2(50)

ld|<X,
deF;

fork € N, j € {0,1,2,3}, and where ]-7 (respectively F;7) denotes the positive
(resp. negative) elements in F;.

The families ]—"ji are symplectic and therefore we expect that

M (X) = X P (log X) 4 o(X), (5.1.3)

where P,fj is a polynomial of degree @ (see Conrey and Farmer [CF], Keat-
ing and Snaith [KeS00b], Diaconu et al. [DGH] and Conrey et al. [CFKRS]).
In the case k = 1 this has been proved by Jutila [Jut81] and Vinogradov
and Takhtadzhyan [VT]. They showed that
ME(X) = %X (logé + FF/ (%) YAy -1+ 4%(1)) + 0<X%+a>,
(5.1.4)

where «y is Euler’s constant and, for R(s) > 0,

-0 )

p
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Chapter 5. The first moment of quadratic Dirichlet L-functions

The error term in (5.1.4) has been improved to O(X %+5> by Goldfeld and
Hoffstein [GH] and, when a smoothing factor is added, to O(X %+E> by Young
[You09], for 5= (in this paper it is also claimed that an error term of the same
size is essentially implicit in [GH]). Goldfeld and Hoffstein conjecture that the
correct order of the error term should be 71+ , but observe that an improve-
ment on the bound O(X %> would probably require a major improvement in
the zero-free region for the Riemann zeta-function, because of the square-free
condition in F.

The asymptotics for M,fo in the case k = 2 was proved by Jutila [Jut81],
for the leading term, and Soundararajan [Sou00], for the remaining main terms
(together with a power saving in the error term). The asymptotics for k = 3
has also been proved by Soundararajan (for F;), whereas no asymptotics are
known for larger values of k.

For the identification of the full main term in (5.1.3), it is particularly
useful to consider shifted moments

1 1
M,fj(X,al,...,ak) = Z L(§+@17Xd> "'L(§+ak7Xd)‘

ld|<X,

deF;
Young [You09, Youl] proved the asymptotics for these averages (for F;~ and
with a smoothing factor) in the case k = 1,3 for shift parameters in the range
Ra) < @, S(a) < X¢. (In [GH], Goldfeld and Hoffstein allow for a
bounded shift with positive real part).

For some applications it is useful to allow the shifts to be large in the imag-
inary direction. For example, when computing the one-level density for zeros
of L(%, Xd)7 Conrey and Snaith [CS] are led to integrate the ratios conjecture
over the shifts on an unbounded interval.

Some results in this direction have been obtained by Jutila [Jut75] and

Heath-Brown [H-B95]. They showed respectively that
T
/ Mao(X, it,it) < XTlog"(X(T + 2)),
-T

46



5.1. Introduction

and

Myo(X, it it,it,it) < (X ([t| + 1))

Note also that by the Cauchy Schwartz inequality, the latter result implies
that

Mio(X,it) < (|t] + 1)atex e,

In this chapter we consider the first moment Mf“ 3(a, X)), showing that the

1
log X *

asymptotic formula is valid in the range () < X357¢, R(a) <

Theorem 5.1.1. Let (5(s) := (1 —27°)((s) and
2 1 -

Then for X >3 and R(«a) < @ we have

e
Mf}(X,a)-X 3C(2) Q1+ 2a)+

F<#> T X172 (1 — 2a) (5.1.5)

1 —2a) + B(X
+F<ﬁ> T~ sy WU+ EXa)
2
where

( 5

(I9(a)| + 1)iX T log2 X if [3(a)] < X3,
E(X,a) < 4 |3(a)| X5+ if Ts < |S(a)| < X7,

[S(a) s X if [3(a)] > X5,

\

If a = 0 the left hand side is to be interpreted as the limit as o — 0.

An adaptation of the work of Jutila [Jut81] to the shifted case gives the
bound (|S(a)| 4+ 1)1X 17 for the error term (which is smaller than the main
term if $(o) < X379). When |$(a)| > X3 this bound can be improved
by using a result of Heath-Brown [H-B78] on character sums of the form

—it

2t X ()1
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Chapter 5. The first moment of quadratic Dirichlet L-functions

5.2 Preliminaries
(5.2.1)

In what follows we will assume
T:=|< 2 .

IS ()| > 2, Ra) <« Tog X

The condition T" > 2 can be then removed by the maximum modulus principle,
since, by (5.1.5), F(a, X) is holomorphic near 0. We will also assume T < X 1%

as the result is trivial for larger 7'

We need to compute the asymptotics of
* 1
My 3(8X, ) == Z L(g + a7X8d)7

(2,d)=1,
0<d<X

where here and later )  indicates a sum over square-free numbers. A good
strategy is to start by expressing L(%, X8d> a) in terms of “short sums”. To do

this we use the approximate functional equation, which allows us to express
L(%, X8d; a) as a sum of two series whose contributions come essentially from

the first O<Yd%+5> and O(Y‘ld%“) terms, where Y is a parameter that we

will choose later.

Lemma 5.2.1. Let G(s) be an even function which grows at most as a poly-
nomial on wvertical strips and assume G(0) = 1. Then, for any Y > 0 we
have

L(Eha ) = STy (y ) oy S sl ey, (10
92 ) - n%Jra a d% « - n%fo‘ -« Yd% )
(5.2.2)
where
F<%+O‘+S> g\ —2
1 2 T 2 ds
Val®) = 55 ()7 ( 8 ) B
o r(4e) s
and
—al 3—o
5\ L)
Xa - (;) F(%-‘ra)
2
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Proof. Using the integral representation of V, we get

Xa(n) n 1 F<%+§+S> 1
T Va<Y—1> :T/ G(S)l—L<§+Oé+S,Xd>><
(1)

nate dz i F(#)

" Y\ "2 ds
8d s

Moving the line of integration to R(s) = —1, we encounter a simple pole at 0

n

of residue L(% + a, Xd)7 thus, after the change of variable s — —s, we have

() I () o
Xdln Va(Yil) Z—./ G(S)I—L(_+a_87Xd)x
nzte dz 211 (1) F(ETJFO‘> 2

and the lemma follows after applying the functional equation (5.1.2). O

Remark 5.2.2. [t turns out it is useful for our computation that we take a
function G(s) that decays fast on vertical strips and with zeros at s = +« and

s = :i:% + . To make this explicit we take

oﬂ(%—i— ) %—

With this choice of G(s), if o := R(s) is bounded we have

a(s) (2+a+s) < Te-llstal-lad (s
P( ) (5.2.3)

2
£l

< TZe 2 ,

for a satisfying (5.2.1) and s + a + % —2m > 1 for all non-negative integer
m. Thus,

Va<x) < T%I'_B’ (524)
for all fixred B > 0.
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Remark 5.2.3. Throughout the rest of the chapter we will assume 1 <Y <K
XlOO.

Using the approximate functional equation (5.2.2), we can write M; 3(8X, «)

as
M, 58X, a) = Sp(X, a) + Xp51 (X, —a), (5.2.5)
where
1 * eQ 2e—1 n
S(X,a) = Z - Z Xsa(n)d“V, Y — ],
1 T Ga dz
d<x

with e =0, 1.

It is reasonable to expect that the sum of those n which are square con-
tributes a main term,

1 * e 26717”7’2
MD’E(X,O{) = Z W Z d Va(Y d—1>,

m>1, d<X, 2
(m,2)=1 (d,2m)=1

whereas the sum of the non-square n,

E(X, ) = 5,(X, 0) = Mo (X, a)
1 *
YL S (), 620
(d,2)=1 dz

n>1, V2 2)=
n#0 d<X

gives an error term. (Notice that this intuition is not true for the second and

third moment as results from Soundararajan’s computations [Sou00]).

5.3 Computing the main terms

Using the integral representation of V,, we can write Mp (X, «) as

1 F<%+Ol+8) s
2 T\ 2
Mo (X, a)=— [ G —(—> y (=26
0.(X, @) 27ri/(1) (5) F(éﬂ) 8 .
2

d
><F<X,ea~|—§,1+2a+2s>—8,
S

(5.3.1)

20



5.3. Computing the main terms

where, for £(z) > 1,

F(X,s,2):= ZZ

m>1, d<X,
(m,2)=1 (d,2m)=1

We start by computing the inner sum in F(X, s, z).

Lemma 5.3.1. Let s = 0 + it, with 0 > 0, and let T = |t| + 2. Then

* " X1+s X%—l—a %1
Sooa= a22 : +O(d( )T—OgT>7
(d,2m)=1 C( ) T g
d<X
where d(m) is the divisor function and
!
Ay 1= 1+ —) .
I

plm

Proof. By Mébius inversion we have u(d)® = 3, 1(€) and thus

stZ = D Db

(d,2m)= (d,2m)=1, (d,2m)=1, ¢2|d
d<X d<X d<X
(5.3.2)
- S e Y
(¢,2m)=1, (a,2m)=1,
1<VX a<l%2

Moreover,

) a ’ b
a<Y (an)=1 -

Now, for ¢ > 0 we apply Lemma 4.7 in Titchmarsh [Tit] to the function
f(z) = 5= logx and we get that

X
S i 3 / Y2 dy + O(log 7). (5.3.3)
1 1

27X 2nVSortan

Now, if v > 0 we have

X vX
/ yzt€727rwy dy = — / yzt6727rzy dy < \/_?7 (534)
1 v v v
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Chapter 5. The first moment of quadratic Dirichlet L-functions

by Lemma 4.8 in Titchmarsh (and where we have evaluated trivially the in-

terval of length 2,/7 centered at ¢t/27). The term v = 0 is equal to

X X1+t
it qy = o(1
/1 yrdy =175 + 00

and is O(1) if X > ¢. Thus, from (5.3.3) and (5.3.4) we have
X1t

D =15 H O+ Tlogr) (5.3.5)

n<X

and, by taking the conjugate, (5.3.5) clearly holds also for ¢ < 0. Thus, by

partial summation, for ¢ > 0 one has

> o O(ﬁi@g)
o

It follows that

where ¢(n) is Euler’s totient function. Inserting this formula in (5.3.2), we get

* o(2m) X1+s u Xztorzlogr
d’ = 2m)———
Z 2m 1+s Z ( (2m) o

(d,2m)=1, (¢.2m
d<X e<f
and the lemma follows. O

Using the previous lemma, we can give the following approximation for

F(X,s,z).

Lemma 5.3.2. Let s =0 +it, witho >0 and 7 = |t| + 2. Let y = R(z) > 1.
We have

1 X1+s

F(X,S,Z) = @1—“

2x3tors ]
G(2) Q) +0( ).

where

2 1 -
o0 =311 )

p#2
is analytic and bounded in R(z) > § for all fized § > 0.
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5.3. Computing the main terms

Proof. By Lemma 5.3.1 we have

) Lo 1
F(X,s,z):LXH Z a2m+O<X tor2log T Z d(2m))

C(2)1+s = om o = om
(m,2)=1 (m,2)=1
1 XM Z Aom <y2Xé+"T§logT>
@i & e oy — 1)
(m,2)=1

Now, we have

-1
Aon 2 ]. 2 ]_
L 1 - ) == [ —
ns 3H< +apps_1) 3H< ps_p8—1+l>

(n,2)=1 P#2 p#2 p
= (2(8)Q(s)
and the result follows. O]

1
log X

Moving the line of integration in (5.3.1) to R(s) = ¢ = and applying

Lemma 5.3.2, we get

Mo (X, a) = Mo (X, a) + (X, a), (5.3.6)

where

1 F<%+§+s> T _%Y(ler)s X 1+eats
Mp (X, a) = 5 G S)—l+a <§> N1 = X
e r(42) () 1teats (537

d
% Co(1+ 20+ 25) Q(1 + 2a + 25) =
s
and, by (5.2.3),
En (X, a) < (XT)z log* X loglog X. (5.3.8)
Now we move the line of integration in (5.3.7) to R(s) = —3. We encounter
a pole at s = 0 (notice that the poles in s = —% — a and s = —a are canceled
by the zeros of G(s)) and thus, by (5.2.3), we have
X1+Ea gg(l —I— 204) 1 1 3
(X, a) = 1+20) + O(YHtriext). (539
Mo (X.0) = T S Q2o + 0y HrTiexd) 659
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Chapter 5. The first moment of quadratic Dirichlet L-functions

Therefore, by (5.3.6)-(5.3.9), we have that the contribution of My, and My,
to M 3(8X, ) is (cf. (5.2.5))

Mno(X, )+ XM (X, —a) =
Gl +20) X1 ((1 - 2a)
‘@ —a )
+0 ((XTG)é log* X loglog X + m%)l(<yé+eT}1€Xi>) .

=X Q1 +2a) + X, Q1 —2a)+

(5.3.10)

5.4 Bounding the error terms

To bound the error terms we need an estimate for the character sum

S(X,s,z) = Z Z* %7

n#0 (d,2)=1,
d<X

for R(s) > 0 and R(z) > 1. If J(s) is small enough compared to X, we can de-
duce a useful bound for S(X, s, z) by proceeding in the same way as in [Jut81],

starting from the following result which is Theorem 2 of Armon [Arm].

Lemma 5.4.1. Let X,Y > 2 and let D be as defined in (5.1.1), then

2

d)

E E — < XY log X.

= ngy(n (5.4.1)
deD

Corollary 5.4.2. Let X, N > 2, we have

D

2
< XNlog X log® N.

Z* XSd(n)

n<N, ' (d,2)=1,
(n2)=1, d<Xx
n#£0

Proof. Firstly we remove the square-free condition from the sum over d. By

the quadratic reciprocity law for the Kronecker symbol and Mobius inversion
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5.4. Bounding the error terms

formula, for an odd n we have

*

Z Xsa(n)| =

(=) > @)

(d72):l7 (d7 ):1’ (m72):17 c2|m
d<X d<x m<X
n
-| ¥ w0 ()
(¢,2n)=1, (¢,2)=1,
e<VX <%
n n
< (7) ()]
> 122 ;
e<VX i< VX i< X

It follows that

n#0, ! (d,2)=1 In|<N, VX <X
(2,n)=1, d<X neD - e
n<N
n 2
+ ( DY (z) > )
c<VX U<

Now, applying the Cauchy-Schwartz inequality and (5.4.1), we have that

S(Zlz@)-T = % (z<%>)(z<%>)

[PISN, "esvX 0<% asVX e <vX Insh, 0<%
neD ¢ (1 c3
2
<C<\/7 |n|<N £< X >
<« XNlog X log*> N
and the Corollary follows. m

We can now deduce the following bound for S(X, s, z).

Lemma 5.4.3. Let s =0 +it, 2z =z + 1y, with o > 0 and x > 1. Then, for

X > 2, we have

S(X,s,2) < <1+| ‘)(L)QXH%\/@. (5.4.2)

r—1
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Chapter 5. The first moment of quadratic Dirichlet L-functions

Proof. By partial summation we have

*

> xsa(m)d =X )" xsaln —S/ Z Xsa(n)r*~tdr

(d,2)=1, (d,2)=
d<X d<X d<r

<< | |)X"max
<X

Thus, by Cauchy-Schwartz inequality and Lemma 5.4.2, we have

13 ] <3 (5 | 5 )

n#0, (d,2)=1, n#0
n<N  d<X n<N  d<X

< (1 + H) X*2 Nlog Ny/log X.
g

*

Z Xsa(n)|.

(d,2)=1
d<r

Therefore,

S(X,s,2) < Z 2]{,33 Z
N=0

Z* Xsda(n)d® ‘
14z
n#£0, (d,2)=1 n

2N <p<o2N+1 gd<X

2
< <1+M>( ° >X”+5\/logX.
g

r—1

[]

If $(s) is bigger than X3 the bound (5.4.2) is not good enough for our
purposes. We will deduce a new bound for

S(X,A,s,2):= Z Z XSd

n#£0, (
n<A d<X

from the following lemma, which is due to Heath-Brown [H-B78].

Lemma 5.4.4. Let x be a non-principal character modulo q and let

s

N<n<N+M

M(N, x) := max

Then, writing T = |t| + 2, one has
1 3 L i 1
M(N) < N> (d(q) U_i(q)> ’ (qé + (qg) log?(q7) + (qT)é)
0
(5.4.3)

N3 Nis ,
X (1 + ( + bl log2(q7)>,

for any divisor qo of q and where, as usual, o,(n) = de n®
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5.4. Bounding the error terms

Proof. 1f x is primitive, then the Lemma is the inequality in the last display of
page 168 in [H-B78]. (At the beginning of Heath-Brown’s paper it is assumed
that N < (QT)%—HE, however this condition is not used to prove the inequal-
ity (5.4.3)). The result can be then extended to all non principal characters by
observing that if y induced by a primitive character y; modulo ¢; > 1, then

writing 7 := q/q;, one has

IR R SRR SIS ST DR
Lr

N<n<2N N<n<N+M L) (n,r) N<na<N+M
N
<d(r) Xl(.?) < d(r) maxM(—),
nt alr a
SN2y
from which the lemma follows easily. O]

Corollary 5.4.5. Let R(z) = o < { —¢ and let s = o +it, with R(s) > —3 +e,
for some € > 0. Moreover, let 7 = |t| + 2. Then, if X < 7¢ for some fized

constant C', then
S(XM,s,2) <€ (MI* logh (|1 +2) + (1] + 2)bbr—=) x4

Proof. Proceeding as in the proof of Corollary 5.4.2, we have that

> ‘ Z* Xsa(n)d'| < X° ?%( Sy <%)£it

Now, since 0_1(n), d(n) <. n3°, using Lemma 5.4.4 with ¢ = 1 we have that
n\ .
)it >><
S IDINC)

log X 1
X <1+ °8 T+ N logé(nT)).

n#0, (d,2)=1, N<|n|<2N, c<V2X %Sﬁﬁ%
(2,n)=1, X<d<2X neD je je
N<n<2N

o=

<nix:z (ni log%(nr) + (n1)

(nT)1 nr)3z

Thus, for x < % — € one has

[logy M]+1 * X d(n)ds
5 B 8
<X7M73>Z) S(X/2’M’S’Z> < Z Z Z n* '
N=0 n#£0, (d,2)=1

@2mn)=1, X<g<x
2N§n§2N+1 2="=

< (Mg—x—&-s log% T+ T%M%—x—i-a)X%-i-a
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Chapter 5. The first moment of quadratic Dirichlet L-functions

and the Corollary follows. m

We can now use these results to bound the error terms. Firstly we notice
that using the integral representation of V,, we can write E (X, a) from (5.2.6)

as

E(X,a) = L /(1) G(s)@ (E>_gy(1—2e)sx

2 3ta 8
™ r(%2) (5.4.4)
x S X,eoz—l—f,l—i-oc—i-s %
2°2 s

Applying Lemma 5.4.3, we get the following bound.
Lemma 5.4.6. Fore € {0,1}, we have
E.(X,a) < TitY2 X 1log? X. (5.4.5)

Proof. We move the line of integration in (5.4.4) to R(s) = 3 + ¢ and apply
Lemma 5.4.3 and (5.2.3), getting

1 F<%+a+s> 2
E.(X,a)= 2_/ G(S)l—ia(g> 2y (1-20)s o
i T ()
1 d
X S(X,ea+§,§+a+s> ?S
1
< 5T+ ealy1720(3%9) x 1+, flog X

and the lemma follows by taking = logl < m

We now derive another bound for E; (X, ) which is smaller than (5.4.5) if

T is large.
Lemma 5.4.7. We have
Ey(X,a) < TRY X5 4 T2y 75 X6,
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5.5. Proof of the Theorem

Proof. Firstly, we observe that by (5.2.4) we can truncate the sum over n at
height A := Y (|1 + a]X)%X‘E, for any € > 0. In fact, by (5.2.4) we have that
for all B > 0 the contribution for the terms n > A is bounded by

if B is large enough. Thus, by the integral representation of V,,, it follows that

mixo - g o0 i )

1 d
XS(X,A,@+§,§+04+3) §+O(1).

Moving the line of integration to R(s) = %, we get, by Lemma 5.4.5 and (5.2.3),

).

which proves the lemma. [

o=

Ei(X,a) < X3 (A% log2 T + AST

5.5 Proof of the Theorem

Firstly we observe that Lemma 5.4.6, together with (5.3.10), gives Theo-

rem 5.1.1 with an error
Bler, X) < max (Y—%“Ti—fxi L Tirey i exE logh X + T%X%+€>.
The choice Y = T minimizes the above quantity and gives
E(a, X) < (TX)3log? X.

In particular, this gives an asymptotic formula for M; 5(X, ) if $(a) < X5,
Applying Lemma 5.4.6 to Eo(X, ) and Lemma 5.4.7 to E1(X, a) we get

Theorem 5.1.1 with an error
E(o, X) < Y2TiXite 4 TRY "1 X546 4 T2y 3 Xate 4 TaXate,
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Chapter 5. The first moment of quadratic Dirichlet L-functions

If T < X3, this is minimized by taking Y = (XT')1 and in this range we have
E(a, X) < T X5,

tr> X%, we take Y = X# 711 and we get
E(o, X) < THi X1+,

This concludes the proof of Theorem 5.1.1.
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Part B

Period functions and cotangent
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Chapter 6

Introduction

In the well-known theory of period polynomials one constructs a vector space
of polynomials associated with a vector space of modular forms. The Hecke
operators act on each space and have the same eigenvalues. Thus, either
vector space produces the usual degree 2 L-series associated with holomorphic
modular forms. In 2001 Lewis and Zagier extended this theory and defined
spaces of period functions associated to non-holomorphic modular forms, i.e.
to Maass forms and real analytic Eisenstein series. These period functions are

real analytic functions ¢ (x) which satisfy three term relations

V(x) =@ +1)+ (z+ 1)_2%(11:1;) (6.0.1)

for some s = % +1t. The period functions for Maass forms are characterized
by (6.0.1) together with the growth conditions 1 (x) = o(1/x) as * — 0T
and ¥ (z) = o(1) as x — oo; for these s(1 — s) is the Laplacian eigenvalue of
the associated Maass form. The period functions for the Eisenstein series are
the new solutions that one obtains by relaxing the above growth conditions

replacing the o’s by O’s (by O(W) and O(logz) if t = 0).
Lewis and Zagier showed that the period functions 1, which are initially
defined only in the upper half plane, actually have an analytic continuation to

all of C apart from the negative real axis. Moreover, each period function is
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Chapter 6. Introduction

associated to a periodic and holomorphic function f on the upper half plane,

In this Part we use the work of Lewis and Zagier as a starting point,
focusing in particular on the case of real analytic Eisenstein series. For these,

the periodic function f turns out to be essentially

Z o9s-1(n) e(nz),

where, as usual, o,(n) := >_,, d* indicates the sum of the a-th power of the
divisors of n and e(z) := €*™*. We interpret Lewis and Zagier’s results directly
in terms of this function and, in particular, in Chapter 7 we obtain a better
understanding of the coefficients of the Taylor series of the associated period
function. It turns out that the case s = 1/2 is especially useful. In this case the
arithmetic part of the n-th Fourier coefficient is d(n), the number of divisors

of n, and one can show that the associated period function,

Zd(n) e(nz) ——Zd (—n/z),

which apparently only makes sense when the imaginary part of z is positive,
actually has an analytic continuation to the split complex plane C' (the com-
plex plane with the negative real axis removed). In the remaining chapters of
this Part we will investigate some consequences of this surprising fact.

In Chapter 8 we give a generalization of the classical Voronoi summation
formula, which is a formula for Y >, d(n) f(n) where f(n) is a smooth rapidly

decaying function. The usual formula proceeds from

1 -
Zd - /(2) C(s)2F(s) ds

where

= /OOO flz)z™* da.



One obtains the formula by moving the path of integration to the left to

J(s) = —1, say, and then using the functional equation

¢(s) = x(s)¢(1 —s)

of {(s), where, as usual, x(s) := 2(27)*"'T'(1 — s). In this way one obtains a
leading term

/0 " fu)(logu + 29) du,

from the pole of ((s) at s = 1, plus another term
> d(n)f(n)
n=1

where f (u) is a kind of Fourier-Bessel transform of f; specifically,

- 1

fu) = = /( X ) ds = | scenvi a

 2mi
with C(z) = 4K,(22)—27Y5(22) where K and Y are the usual Bessel functions.
By contrast, we show that the period relation implies, for example, that for

O<d<mand z=1—e"

= 1 _log(—2miz) =7 1 -n N s
; d(n)e(nz) = i 2 Y. +- nz:; d(n)e - )t HZ:; Cpe

(6.0.2)

where ¢,, < e"2V™ . This is a useful formula which cannot be readily extracted
from the Voronoi formula. In fact, the Voronoi formula is actually an easy
consequence of the formula (6.0.2). In Chapter 8 we give also some other
applications of this extended Voronoi formula.

In Chapter 9 we give a second application, proving a surprising reciprocity
formula for the Vasyunin sum, which is a cotangent sum that appears in
the Nyman-Beurling criterion for the Riemann Hypothesis. Specifically, the
Vasyunin sum appears as part of the exact formula for the twisted mean-square

of the Riemann zeta-function on the critical line:

/Oog Lea)[ ()
0 2 k) 3+t
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Chapter 6. Introduction

The fact that there is a reciprocity formula for the Vasyunin sum is a non-
obvious symmetry relating this integral for h/k and the integral for h/k where
hh =1 mod k. It is not apparent from this integral that there should be such
a relationship; our formula reveals a hidden structure.

The reciprocity formula is most simply stated in terms of the function

h m  mmh
defined initially for non-zero rational numbers h/k where h and k are integers

with (h,k) = 1 and k > 0. The reciprocity formula can be simply stated as,

MY LR (FY_ L
\%) TRO\n) T

extends from its initial definition on rationals x = h/k to an (explicit) analytic

“The function

function on the complex plane with the negative real axis deleted.” This is
nearly an example of what Zagier calls a “quantum modular form.”
The reciprocity formula (6.0.3) can be extended to a whole family of cotan-

gent sums c,, which include as a particular case the Dedekind sum

< h ‘__1 b cot(wm>cot Tmh
k) 4km:1 k k )

In this case the resulting reciprocity formula is well known and has been gen-

eralized by Rademacher who showed

() (2)e(2)- 5
c a b 12abc 4’
for (a,b) = (b,¢) = (a,c¢) =1, a,b,c € N*. In Chapter 10 we will provide the
analogue of this result for all the cotangent sums c,.

In the last two chapters we will give two applications of our study of period
functions to averages of the Riemann zeta-function. In Chapter 11, we obtain

a new formula for the weighted mean square of the Riemann zeta-function on

the critical line,
/ 1C(1/2 4 it)[Pe™®" dt.
0

66



Previously, the best formula for this quantity was a main term plus an asymp-
totic, but not convergent, series of powers of 4, each term an order of magnitude
better than the previous as § — 07. Our formula gives an asymptotic series
which is also convergent.

In Chapter 12 we use the same technique to prove an exact formula for the

second moment of the Riemann zeta function times a Dirichlet polynomial

e 1 . m
/0 C(éﬁ—lt)Zw

m<M m
Results on these integrals are particular useful, for example, when computing

2
e 0t dt.

lower bounds for the proportion of zeros of { that lie on the critical line.

67



Chapter 7

Period functions

The work presented in this chapter is joint with J.B. Conrey and was first
published in [BC1] and [BC2].

7.1 Introduction

For a € C and J(z) > 0, consider
Su(z) == Zaa(n) e(nz), (7.1.1)
n=1

where, as usual, 0,(n) := Zd‘n d*. Fora =2k+1, k € Z>1, S,(2) is essentially

the Eisenstein series of weight 2k + 2,

2
Eop(z) =1+ m&l(z),

for which the well known modularity property

1 1
E2k(2) - ﬁEQk <—;) =

holds when k > 2. For other values of a this equality is no longer true, but

the period function

1 1
wa(Z) = Ea+1(Z) — FE(HJ (—;> (712)
still has some remarkable properties.
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7.1. Introduction

Theorem 7.1.1. Let 3(z) > 0 and a € C. Then 1,(z) satisfies the three term

relation

1 z
Vo(2) —a(z+1) = (z+1)1+“wa(z+1> (7.1.3)

and extends to an analytic function on C' := C\ R« via the representation

Q-0 1w g(e)

?/Ja(z) = T2 C(_(l) _221+a C0t7+1m, (714)
where
ga(Z) =—2 Z ( 1)"5—;7;<(1 — 9 — a)(zﬂ.z)2nfl+
1<n<M
1 COSH (715)
2 —s
+ p— (1 am) G(s)¢(s — Q)F(S)W(sz) ds,

with B,, denoting the n-th Bernoulli number, and M is any integer greater than

or equal to —1 min(0, R(a)).

Here and throughout the chapter equalities are to be interpreted as iden-
tities between meromorphic functions in a. In particular, taking the limit

a — 0T, we have

YPo(z) = _2—log 2:;_ 7 2igo(2),
1 , T(s) B 1 C(s)C(L—s) _
o(z) = — C(s)"—=%2mz) " ds = — 2> ds.
g i /(%) sin % i /(21)) sin7s

(7.1.6)

Theorem 7.1.1 is essentially a reformulation of Lewis and Zagier’s results
for the noncuspidal case in [LZ] and can be seen as a starting point for their
theory of period functions.

For ease of reference, note that, in view of (7.1.4), (7.1.2) can be rewritten

in terms of S, and g, as

1 1
Sa(Z) — FS’G (—;) =
mifas) (7.1.7)

 ((1=a) ((=a) e Cla+Dl(a+1) 1
~ o 2 * (27 z)at + éga(z)'
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Chapter 7. Period functions

Another important feature of the function 1,(z) comes from the properties
of its Taylor series. For example, in the case a = 0 one has

%(1 bl +2) = 1= 2+ 3 an(-2)™

with

and where Bs, denotes the 2n-th Bernoulli number. In particular, the values
a,, are rational polynomials in 72. The terms involved in the definition of a,,

are extremely large, since

BQ T/ n\2"
by ~ 222~ (1)1 —<—>
2 2n (=1) \/; Te

as n — 00, though there is a lot of cancellation; for example, for m = 20 one

has

1 72 197t 64675  3237° 4199710

“m =150 1736 600 19845 1500 343035 ©
154226363 112 129274 248571091 716

36569373750 N 1403325 2170943775000+

1924313689 '8 30489001321 720
288905366499750  252669361772953125
=0.0499998087 . ..

Notice how close this number is to %; this observation can be made for all m

and in fact one has

5 §672\/7rm
~ Q471

1
Ay — — 3
m ma

3
sin (2\/7rm -+ §7T> .

A generalization of this asymptotic holds for the Taylor series at any point
7 in the half plane R(7) > 0 and for any a € C. We give a proof in the following

theorem, using g, instead of v, to simplify slightly the resulting formulae.
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7.2. Analytic continuation of the period function

Theorem 7.1.2. Let R(7) > 0 and for |z| < |7|, let

(m) n+a
gamgl) _ 2n_§:m (—1)™™ By, ((1 — 2n — a>1“1(;(2 +J;)k?z2k7i)!2(2w)2n_l+
+ (=1)™cot %C(—@W
w (T +a+m) ¢(1—a)
=) <r<a><m+ o 1) o
(7.1.8)

and in particular if a € Z<o, (a,m) # (0,0), then ngm)(l) is a rational

polynomial in 7. Moreover,

g,(lm)(T) Ta\ 2475 e 2VATm
= COS<_> 3,a 1_a 3,a X
m' 2 7TZ+§ m2_57m+1+5 (7 1 9)
T 1 o
X <COS(2 7r7'm——2a—1)+(7’+m)7r>+0(—>),
8 m
as m — 00.

7.2 Analytic continuation of the period func-
tion

In this section we give a short proof of Theorem 7.1.1, following closely the

work of Lewis and Zagier.

Proof of Theorem 7.1.1. Firstly, observe that the three term relation (7.1.3)

follows easily from the periodicity in z of E(a, 2).
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Chapter 7. Period functions

S.(z) can be written as

1
Sa - a P I —2m o
(Z) ; g <n) 2mi /(Z—i—max(O,?R(a))) <S)< ﬂ-an) i
_ C(s)C(s — a)[(s)e™ (2mz) % ds (7.2.1)
271 (24max(0,R(a)))
::§L C(3)C(s — a)T(s)e™ (2m2) ™ ds + rar(2),
T J(~L1-2M)

where M is any integer greater than or equal to —3 min(0, R(a)) and

1. C—a)  ((+al(l+a)e
ram(2) = 24( @)+ 27z T (27 2)tta
. n Bay, 2n—1
_ 1<§n<MZ(_1) (2n)!§(1 —2n —a)(27z)

is the sum of the residues encountered moving the integral (and has to be

interpreted in the limit sense if some of the terms have a pole). Now, consider

1 1 1 1 ris -1\
ESG (—;) = a5 C(s)¢(s —a)'(s)e 2 (27r—) ds

(2+max(0,R(a))) Z
1

- L C(s)(s = ) (s)e™ % (2m)~* 2" " ds,
2me (2+max(0,R(a)))

since in this context 0 < argz < 7 and 0 < arg%1 < 7, so the identity

arg = = 7 — arg z holds. Applying the functional equation to both ((s) and

((s — a) we get, after the change of variable s — 1 — s + a,

wi(s—a)
1 1 1 ez cost?
S, (——) - C(s —a)((s)T(s)————2(272) *ds
zlta z 27 J(—14min(0,R(a)) ( SR sin T-0) )
1 ™5 cos 18
= 5 C(S - a)C(S)F(S) m(s—a) 2 (27'(2)_8 ds?
2 (—1-m) sin

(7.2.2)

since the integrand doesn’t have any pole on the left of —1+min(0, R(a)). The
theorem then follows summing (7.2.1) and (7.2.2) and using the identity

wi(s—a)

ris e 2 cosZ cos =2
. 2 _ 2
ez +1 =1 .
. mw(s—a) . m(s—a)
sin —5— sin —5—
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7.3. The Taylor coefficients

We remark that for a = 2k + 1, £ > 1, Theorem 7.1.1 reduces to

2miz

Ey(2) - E<_—1) -

7.3 The Taylor coefficients

In this section we give a proof of Theorem 7.1.2. We start with the following

lemma.

Lemma 7.3.1. For fixred complex numbers A and o we have, as n — 0o

o d 2 C 1
J, = / uteeAVigmu S or A e AVRgmnynta=3 (1 2 L of = ,
0 u NLD n

4o —1 A3
_ Ty

C —.
8 N 96

Proof. After the change of variable u = na? we have

Jn —opnta /OO x2a716—A\/ﬁx—n(x2—2logm>dx
0
_ 2nn+a6—A\/ﬁ /Oo(l, + 1)204—167A\/ﬁacfn((:p+1)272log(x+1))dx
-1
ne?
_ 2nn+ae—A\/ﬁe—n (1 + O(e—%>> «

1) 3
2
< / (ZL‘ + 1)2a—16—A\/ﬁx—2na:2 (1 + nx

3

" O(nx4))dx,

-5
for any small 6 > 0. We can then approximate the binomial and extend the
integral to R at a negligible cost, getting

2nx3

J, = 2n"+ae_‘4\/ﬁe_"/ <1 + (20 — 1)z + +O0(2” + mc4)> X
x e Avne=ine? 1,

Evaluating the integrals, the lemma follows. O]
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Chapter 7. Period functions

Proof of Theorem 7.1.2. The three term relation (7.1.3) implies that

galz 4+ 1) = ﬁ cot ¢(~a) - mm —a)+
1 1 z
* m((l — )+ () = (z + 1)1+aga(z + 1>'

Now, writing c,(a) = $0=2-98x  from the definition (7.1.5) of ga(2), it

2n!

follows that

92) =2 Y (~1)'eala)(2m2)? " + O (|23,

1<n<M

for any M > 1. Thus

ga(zil) o
9al2) = (z 4 1)i+a B

n— 1 1
=2 Z 27'(2)2 1(1—W) +O<|Z’2M+2>
<n<M
2M

- 1 < Z (=1 enle) FI(‘?;n—I——I—aaj)LkIT) (QW)M_1>Zm - O<|Z|2M+%>‘

m= 2n—14+k=m,
n,k>1

Therefore,

2M
Galz+1) =D bpa™ + O(|2]M72),

m=0

I'2n+a+k)
(2n + a)k!(2n)!

by = —2 Z (_1)n+k32n<~<1 — 9 — a)F (27T)2n_1+

ma I'1+4+a+m)
5 YT AT am
+(_1)m(F(1+a+m) B 1)@(1 —a)

T(a)(m + 1)! T

+ (=1)" cot

Y

and, since g,(z) is holomorphic at 1, b,, must coincide with the m-th coefficient
of the Taylor series of g,(z) at 1.
Now, let’s prove the asymptotic (7.1.9). Fix any M > —1 min(0, R(a)) and

assume $(7) > 0. By the functional equation for ¢ and basic properties of
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7.3. The Taylor coefficients

cos 2 “m)(T) -
_(_1)m Swss ... (s m — ) 5Ter—s dg
o /(§2M) He) sin =) (s+1)--(s+ 1)(2m) =" 1 %d
(=H™ C(s)¢(s — a) s
L /(—;—2M) WP(S +m)(2m) T ds

2 S
xI'(1—=s)I'(1—=s+a)l(s+m) Sin%s(—ﬂ) ds.
T

We can see immediately that gC(Lm)(T) <, m~Blr|7™m! for any fixed B > 0,

just by moving the path of integration to the line R(s) = —B and using trivial
estimates for I'. To get a formula which is asymptotic as m — oo we expand
¢(1 = $)¢(1 — s+ a) into a Dirichlet series and integrate term-by-term; the
main term arises from the first term of the sum. We have

g7y = 9 TS Y i 7-a(0) Tm,a(f), (7.3.1)

w2(2m)e

Tona(z): L /(_1_2M) I'1—s)I'(1—s+a)l(s+m)sin 7T75(2717:)5 ds.

" 2mi
By Euler’s formula, we can decompose Y, ,(z) into

T (@) =T (%)

Toa(z) = 5 : (7.3.2)

where

T* (1) ;:% (_l_QM)F(l—S)F(l—s—i—a)F(s—i—m)(j:Qmm)sds. (7.33)

We re-express these integrals as convolution integrals. Recall that for | arg z| <
m we have
1 s a
— L(s)I'(s + a)u™ds = 2u2 K,(2v/u),

21 J (342m)
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Chapter 7. Period functions

where K, denotes the K-Bessel function of order a. Also, if m > 2M + 1,
1 _ _
— C(s+m)u*ds =u"e ™.
2T (= -2m)

Thus, for m > 2M + 1, we have

T, o(z) = i%(ZW)H;eizm/ UK, <2ei%\/27raru> e “du.
0

Now, for |argz| < 37

[T _, 402 — 1 1
Ka(Z) = 2—26 (1 + 3 + Oa (W)) s

20710 (a)2z7, if R(a) >0, a # 0,

—logg —v, ita=0,

as z — 0 (see Sections 7.23 and 3.7-3.71 in [Wats]). Therefore,

TE () = + 2i(2ma)+5 T
40 — 1 1
x |1+ gla—m + Oa (—) du.
2ewzet T \/TU u|z|

1 a 7T, a iﬂi(a_%) 3 a 44 2(1+i \/7 1 a
~ 4 21T e it e ittt 21DV IEm  mm ) Mt 3G

0o
a_1 _ ;

/ UMt T ae 2(1iz)\/7rxu><

0

Thus, by Lemma 7.3.1,

Yinal®)
2i

(7.3.4)
uniformly in |z| < 1, where

(1)vme(lta) (17 i)(ma)2 . (40> — 1)(1 F 1)
2 6 2m3yT

Thus, (7.1.9) follows by (7.3.1) and (7.3.4). (Notice that, for £ > 2 and R(7) >

& = -

0, we have Ti,a(é) < Tiﬁ(a) (R(2)) and so we don’t have to worry about

T

the lack of uniformity in (7.3.4) for = large.) O
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Chapter 8

An extension of Voronoi’s

summation formula

The work presented in this chapter is joint with J.B. Conrey and was first
published in [BC2].

8.1 Introduction

At the beginning of the 20th century, in an attempt to study sums of the
divisor function d(n), G.F. Voronoi proved a summation formula, which, in its
simplest form, states that, if f(u) is a smooth function of compact support,

then

> d(n)f(n) = d(n)f(n) +/0°o f(t)(logt + 2v) dt + @ (8.1.1)

where

f(z) = 4/000 £(1) (Ko (zm/%) - gYO (zm/%)) dt.

This formula later became a fundamental tool in analytic number theory and
the study of its extension to other settings has become a very active area of

research.
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Chapter 8. An extension of Voronoi’s summation formula

In this chapter we show that the ideas used in the proofs of Theorem 7.1.1
and 7.1.2 can be easily generalized providing an extension of Voronoi’s sum-
mation formula. For example, let F'(s) be a meromorphic function on 1 —w <
R(s) < w for some 1 < w < 2 with no poles on the boundary and assume
|F(o+it)| <, GG for some n > 0. Let

1

Wi(z) =— F(s)I'(s)(—2miz)"*ds,
21” () (8.1.2)
W_(z) := 5 /(w) F(1 —s)'(s)(—2miz)"*ds,

for 5 —n < argz < % +n. (Notice that these functions are essentially convo-
lutions of the exponential function and the Mellin transform of F(s).) Then

we have

S )W (n2) — % S dmw (1) = R(:) + h(2), (8.1.3)

where R(z) is the sum of the residues of F'(s)['(s)((s)*(—2miz)™* between 1 —w
and w, and
1 1—
k(z) := —/ F(S)Mz_S ds
21 Ja—w) sin s

is holomorphic on |arg(z)| < 5 + 7. Moreover, if we assume that F(s) is

holomorphic in R(s) < 1 — w, then it follows that the Taylor series of k(z)
converges very fast,

L(m) (T)
n!

< n B

for any B > 0 and 7 such that |arg7| < n (and where the implied constant
may depend on B and 7). Also, W_(z) decays faster than any power of z
at infinity and so the second sum in the left hand side of (8.1.3) is rapidly
convergent and is very small if we let z go to zero in | arg z| < 1. In Section 8.2
we will give an explicit example.

In Section 8.3 we will show that the Voronoi summation formula can be

deduced from (8.1.3) (or also directly from (7.1.7)) as a very easy corollary.
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8.2. An extension of Voronoi’s formula

In particular, Voronoi’s formula can be interpreted as a version of the for-
mula (7.1.7) confined to the positive real axis. If we get rid of this limitation
and we use directly the period formula (7.1.7), we are able to obtain interest-
ing results also for weight functions of the shape f(u) = e~°%, for which the
Voronoi summation formula fails to give a useful formula.

The use of a weight function of the shape e~%* is fundamental to study the

smoothly weighted second moment of the Riemann zeta function,

[ k)

We will investigate this problem in Chapter 11.

2
e~% dt.

8.2 An extension of Voronoi’s formula

Formula (8.1.3) can be proved in exactly the same way as in the proof of Theo-
rems 7.1.1 and 7.1.2 (with a = 0). In this section we give an application of this
formula and we discuss a similar formula for convolutions of the exponential
function.

Applying formula (8.1.3) to F(s) = r(s)

2T (s)

we get, for T < arg(z) < 3,

o0 1 oo

> " d(n)el™m) = . > d(n)T(4mnz) + R(z) + k(=) (8.2.1)
n=1 n=1

where, for 7 < arg(z) < %7?,

T(z):= ! /( L(s) (—iz)"*ds

— (2"
HZ:O nil(1+2)

Vi Joy T(1=3)
and
1 2log(—4miz) — 3y
R(z) == -
(2) i s/miz

Notice that we have T'(z) < |2|7P for all fixed B > 0; moreover, k(z) is

| F(E)P(l — §)C(s)C(1 — )2~ ds.

NI

holomorphic in |arg(z)| < 37 and, if |arg(7)] < Z, one has that the m-th
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Chapter 8. An extension of Voronoi’s summation formula

coefficient of the Taylor series of k(z) is very small. More precisely, one has

(m)
cr(m) = me) < |r|7mm

for all fixed B > 0. In particular, if we set z = i with 0 < § < 1, taking the

real part of (8.2.1) we get

2 1 —2 10g(4715) — 37 \/g (1 "
(2mné)* _ — y= N
ngld(n)e + NG + R gocm 5 +1 5 o

with

for all fixed B > 0.
We now state a similar formula for convolutions of the exponential function
and a function that is compactly supported on R..

Let g(x) be a compactly supported function on R. and let

W)= [T 1(3)elen) T

0
W_(z) = / f(z)e(zx)da.
0
If we denote the Mellin transform of f(x) with F'(s), then it follows that F(s)

is entire and that W, (z) and W_(z) can be written as in (8.1.2). In particular,

Fo = [ 10
FO = [ 1@,
F(1) = /OOO f(@)log 2 da,

formula (8.1.3) can be written as

id(n)ﬂ@(nz) - %id(n)w (—g) -
_ /OO f(@( L1 7= log(27rz/9€)) Ao+ h(2) + (823

4 4z 2Tz
WRCTIS v G =

30

since




8.3. A short proof of Voronoi’s formula

for &(z) > 0.

8.3 A short proof of Voronoi’s formula

In this section we show how to use the results of this chapter to give a short

proof of Voronoi’s formula.

Proof of Voronoi’s formula. Let f : Rso — R be a smooth function that de-

cays faster than any power of x and let

Fle) =2 / " Fly) cos(2mry) dy

be the cosine transform of f(z). Then, f(z) is smooth and, by partial integra-
tion, ™) (z) < —t for all m > 0, where g™ (z) denotes the m-th derivative

of g(z). For 0 < R(s) < 2, we can define the Mellin transform of f,

F@yzlmﬂ@ﬁ*dm

By partial integration we see that F'(s) extends to a meromorphic function on
R(s) < 2 with simple poles at most at the non-positive integers. Also, F(s)

decays rapidly on vertical strips. Moreover, since for 0 < R(s) < 1

s

2 /000 y*~ ! cos(2may) dy = 2(2mx) *T'(s) cos =
then, for 0 < R(s) < 1, by Parseval’s formula we have
P == [ rwtem) T+ Deos Ty
= %/Ooo fly)dy — 2/000 f(y)(log(2my) + ) dy + O(|s|)

F_
=+ Fo+0(s)),

say. For &(z) > 0 we can define

Wi(z):= % /(g) F(s)I'(s)(—2miz) °ds,

(8.3.1)
1
W_(z) :=— F(1—8)(s)(—2miz) *ds,
/(
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Chapter 8. An extension of Voronoi’s summation formula

or, by convolution,

W)= [T (1) olzr) 2,

. (8.3.2)
W_(z) = /0 f(z) — ResSZOF(s)> e(zz) dz,

with the second representation of W_(z) defined only in J(z) > 0.
Since F'(s) is rapidly decaying at infinity, (8.1.3) holds for J(z) > 0 and

so we can apply it to z = 1 and take the real part. By the definition of f , We

have
RV () =2 [ 10 [ eos( 22 ) costn) T ay
= | 1w eKsar ) - mitarym) dy
and

RW_(—n)) = lim R(W_(—nz))

z—1,
J(2)>0
< Resg—o I
= lim R f(z)e(—nzx)dr — lim %es—o,(s)
z—1, 0 z—1, —2minz
F(2)>0 S(2)>0
i)
=—f(n
2 7

since Ress—oF'(s) is real. Moreover,

1 C(s)(L—s)
k(z) F(s)>—————z"°ds
Jos

2T sin s

is purely imaginary on the real line, so we just need to compute
§R( Res F(S)F(S)C(S)Q(—Qm)_s> =

5 (F(l)(v — log(—2mi)) + F'(1)

— 271

| ~Foa(log(=2mi) + v — 2log27) + FO)
1

_ @ — %/OOO f(y)(logy + 2v) dy,

since F'(1) = @ and F’(1) is real. This completes the proof of the theorem.
[l
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Chapter 9

Cotangent sums

The work presented in this chapter is joint with J.B. Conrey and was first
published in [BC1] and [BC2].

9.1 Introduction

For a rational number %, (h,k) =1, k > 0, define

k—1
h m mmh
Co <E) = — E ECOJE (T)

m=1

The value of ¢ (%) is an algebraic number, i.e. ¢y : Q — Q, and, more precisely,

ico(%) is purely imaginary and is contained in the cyclotomic field of 2k-th

roots of unity. Moreover, cq is odd and is periodic of period 1.

SUO‘. 1004
600+
400, . : . ’ . ) . s0q

004

2200 e
~400H ".. : . . . " . . o]

- 6004

-804 ! - 100+

Figure 9.1: Graph of CO(%) for1 < Figure 9.2: Graph of co(%) for1 <
h < k = 541. h <k <100, (h,k) = 1.
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Chapter 9. Cotangent sums

The cotangent sum co(%) arises in analytic number theory in the value at

s=0,
h 1 3 h

of the Estermann function, defined for (s) > 1 by
h =, d(n)e(nh/k)
D{s,—):= ——t 1 -
(%) =2
The Estermann function extends analytically to C \ {1} and satisfies a func-
tional equation; these properties are useful in studying the asymptotics of the
mean square of the Riemann zeta function multiplied by a Dirichlet polyno-
mial (see [BCH-B]), which are needed, for example, for theorems which give a
lower bound for the portion of zeros of ((s) on the critical line. See also [Con]
and [Iwa80]. The sum
k—1 -
h mh ™™ h
V(1) = S () = (B,
()= 2T () = ()

known as the Vasyunin sum, arises in the study of the Riemann zeta function
by virtue of the formula:

(1) =z L) )
V| — | i=—— — ) — R
k 21V hk J-osl \2 k) -+t

Clog2r —~ /1 1 k—h h 7 h k
T <h+k)+2hk 1ng_2hk(v(k>+v<h>)'

This formula is relevant to the Nyman-Beurling-Baez-Duarte approach to
the Riemann hypothesis which asserts that the Riemann hypothesis is true if

and only if limy_, dy = 0, where

N YA .
d?vzgl]\f%/_oo‘l—CAN (§+zt>

and the inf is over all the Dirichlet polynomials Ay (s) = >

2 dt
T
Z+t2

N, % of length

N; see [Bag] for a nice account of the Nyman-Beurling approach to the Rie-

mann hypothesis with Bdez-Duarte’s significant contribution and see [BBLS05]
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9.1. Introduction

1004

Figure 9.3: Graph of V(%) for 1 < Figure 9.4: Graph of Vhkv %) for
h,k <100 and (h,k) = 1. 1 < h <5k, k=307, (h,k)=1.

and [LR] for information about the Vasyunin sums, as well as interesting nu-
merical experiments about dy and the minimizing polynomials Ay. Thus d% is
a quadratic expression in the unknown quantities a,, in terms of the Vasyunin
sums.

In this chapter we present a new reciprocity formula for Co(%).

Theorem 9.1.1. Let (h,k) =1, h,k > 1. Then,

where Yo(z) is given by (7.1.6). In particular Co(%) + %CQ(%) — L s analytic

mh
on C'.

T T T T
1 2 3 4
0.2

Figure 9.5: Graph of Co(%)—i-% Co(%)—# for h <5k, k <50 and (h, k) = 1.

The cotangent sum cq (%) appears to be nowhere continuous with respect to
the real topology (as can be verified intuitively looking at Figures 9.1 and 9.2),

but Theorem 9.1.1 shows that cg (%) + % Co (%) extends to an analytic function,
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Chapter 9. Cotangent sums

once we subtract the correction term # (see figure 9.5). This behaviour of ¢

is analogous to that of the Dedekind sum,

k) 4k 2~ k ko)

which satisfies the well known reciprocity formula

h k 1 1 /h k
S(E>+S<E)_W_E(E+E_3)‘ (6-1.4)

Both these functions, as well as some others given below, are (nearly)
examples of what Zagier calls a “quantum modular form”. These are functions
q(z) of the rational numbers whose period function g(z) — ¢}, () gains some
continuity properties for all v = (‘g Z) € SL(2,Z), where as usual g (z) :=
a(£215) (see [Zag)).

Corollary 9.1.2. The numbers Co(%) can be computed to within a prescribed

accuracy in a time that is polynomial in logk.

This corollary descends immediately from the reciprocity formula (9.1.3)
and, thanks to Euclid’s algorithm, the same result then holds also for V(%)

Theorem 9.1.1 can be generalized to the sums

c(%) = k“:gllcot(%mh)(<—a, %) (9.1.5)

where ((s,z) is the Hurwitz zeta function, defined as ((s,z) := L(s,0, z) with

L as in (4.3.3). (Notice that when a = —1 the poles of ((—a, %) in (9.1.5)
cancel).
Notice that, for all a, ca(%) is odd and periodic in z = % with period 1

and, for non-negative integers a, ica(%) takes values in the cyclotomic field of
2k-th roots of unity.

At the non-negative integers, a = n > 0, these cotangent sums can be
expressed in terms of the Bernoulli polynomials,

h N (T Bos (F)
()= S () )
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9.1. Introduction

most interestingly in the case when n is even, since ¢, = 0 for positive odd n.

If a = —n is a negative integer one can write c, as
h (=1)" - mmh m
() = O S (T g (1, ,
¢ (k) kn(n—mmzlco K T

where ¥(m, z) := jZmTTI log I'(2) is the polygamma function.

By the reflection formula for the polygamma function,

m

U(m,1—2)+ (=)™ (m,z2) = (—l)mﬂdz—m cot(mz),

for a positive odd integer n we can write c_,, as

k—1
h s amh\ d" !
(E) N t(T) dz1 Ot

=1

_m
=%

and, in particular,

- 8)-()

Like the case a = 0, these cotangent sums appear in the value at s = 0,

D(O,a, %) = L)+ %c(%) (9.1.6)

of the function D(s,a, %), defined for R(s) > 1 + max(0, R(a)) by

D(s,a, %) - iM

n=1
Moreover, the cotangent sums ¢, appear also in a shifted version of Vasyunin’s

formula (9.1.2) (see Theorem 9.1.4 below).
Theorem 9.1.3. Let h,k > 1, (h,k) = 1. Then

(5= (5) o)+t (). o1

where 1V, (2) is given by (7.1.4) and is analytic on C'.
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Chapter 9. Cotangent sums

In particular, ca(%) gives an example of an “imperfect” quantum modular
form of weight 14+a. We remark that these (imperfect) quantum modular forms
are analogous to the “quantum Maass forms” studied by Bruggeman in [Bru],
the former being associated to Eisenstein series and the latter to Maass forms.
The main difference between these two classes of quantum forms comes from
the fact that the L-functions associated to Maass forms are entire, while for
Eisenstein series the associated L-functions are not, since they are products
of two shifted Riemann zeta functions. This translates into quantum Maass
forms being quantum modular forms in the strict sense, whereas the reciprocity
formulas for the cotangent sums contain a non-smooth correction term.

The function g_, appearing in the representation (7.1.4) of ¥_,, is identi-
cally zero for all negative integers n (although the reciprocity formula is trivial
for negative odd integers), thus in these cases the reciprocity formulae involve
only rational functions in h and k and one recovers some known reciprocity
formulae for cotangent sums. In particular, for a = —1 the reciprocity for-
mula (9.1.7) reduces to the reciprocity formula for the Dedekind sum (9.1.4).
This has been generalized by Rademacher to a three term formula for the
Dedekind sum and for c_,, by Beck [Beck]; in Chapter 10 we will extend this
formulae to all the cotangent sums c,.

New formulae can be obtained by differentiating (9.1.7). For example,

writing

k—1
c (8) = R,

where 7;(z) is the first generalized Stieltjes constant defined by

(o) = ==+ 3 s -0,

then taking the derivative at —1 of (9.1.7) multiplied by k£~ we get the formula

. (h L (K @+ 1k 1\ (h
C—l(z)“f—l(f)*W”k’g’f on2) " N\&)



9.1. Introduction

where

(=) i= ——C(2) + S (logz ) + 4 (2

is holomorphic in C'.
In the last section of the chapter, we give a new proof of a shifted version

of Vasyunin’s formula.

Theorem 9.1.4. Let (h,k) =1, h,k > 1. Let |R(a)| < 1. Then

1+a/°°C 1+a+,t ¢ 1+a y R\ " dt
o ) o o\2 2 2 2 k) (3+%+at)(s+2—it)

()0 (00
- (%) +;(2W)“F(—a) sm%“<ca(%) +c(%))

We remark that Vasyunin’s formula can be itself interpreted as a reciprocity

(Y.L (h
Ca k '_k1+aCa 7

In fact, rearranging the terms in (9.1.8) one obtains

YORORIORYG

where, for |R(a)| < 1, h(x) is a continuous function of = > 0. Notice that ¢, is

N|=

(9.1.8)

formula for

also periodic of period 1; in particular, ¢, could be thought as a quantum mod-
ular form of weight —1 — a. However, it follows from the work of Baez-Duarte,
Balazard, Landreau and Saias [BBLS05] that h,(x) is not differentiable at any
rational number (for a = 0, although their work should be easily extendible to
all @ with |R(a)| < 1) and, in particular, the reciprocity formula can’t be used
to compute quickly ¢, (or c,).

Finally, we remark that one could obtain a new proof of the reciprocity
formula for the Dedekind sum by letting a tend to —1 in (9.1.8) (notice that

for the Dedekind sum one has s(%) = s(%))
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Chapter 9. Cotangent sums

9.2 A reciprocity formula for a cotangent sum

We start by recalling the basic properties of D(s, a, %)

Lemma 9.2.1. For (h,k)=1, k>0 and a € C,

h 14+a—2s
D(S,CL,E)—/{Z+ C(s—a)((s)

s an entire function of s. Moreover, D(s, a, %) satisfies the functional equation

h 9 L 2—2s+a
D<S7G’E>__E(_> IF'l—s+a)l(1—s)x

2w
X <cos(g(23 — a))D(l — s, —a, —%)—i— (9.2.1)

Ta h
—COSTD(l—S,—CL,E)>.

p(00t) - 1a(t) ol 023

Proof. The analytic continuation and the functional equation for D(s,a, %)

Moreover

can be proved easily using the analogous properties (4.3.4) for the Hurwitz
zeta function and the observation that

(e ) = 3 ool ) )

m,n=1

Moreover, applying this equality at s = 0, we see that

oom) =+ S o )e(o B ) -5

m,n=1

_ i (M) _d=a)
~ 2%\ % 9
where we used

S (3)) - - ()

a2

that can be easily obtained from the equality

d [/ te*
Bl(‘r) = &(et . 1)

t=0
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9.2. A reciprocity formula for a cotangent sum

We can now prove Theorem 9.1.3, Theorem 9.1.1 will then follow after

taking the limit a — 0.

Proof of Theorem 9.1.5. Firstly, observe that we can assume 0 # |a| < 1, since
the result extends to all a by analytic continuation. Now, taking z = %(1 +1d),

with 0 > 0, we have

Su(2) =D oa(n)e (n%) e~2mm g0

n>1
1 h h\°
= — ['(s)D — | 27=d ds.
271 Joo (s) (s,a,k>< L ) s
Therefore, moving the line of integration to o = —%, by the residue theorem
we have
Su(2) = s (1—a)+ ——=—C1+a)(14+a)+D(0,a h + 0(5%>.
27hé (2mhd)1+e "k
Similarly,
1 -1 1 k\ _opk_o_
21+aS“ (7) ~ Llta Zaa(n) e<_nﬁ)€ T
n>1
_ M C(1—a)+ ;C(l +a)T'(1+a)
~ 276h (2mdh)+e

ke o\ k .
—2a2ﬂh((1—a)+ (m) D(O,a,—ﬁ) +O<(§2>

In particular, as ¢ goes to 0T, we have

1 —1 h k) k
Sa(Z) — msa (7) —D <O, a, E) — <E) D(O, a, —E> +

¢i-a).

ta 21h

Applying Theorem 7.1.1, it follows that

h E\ e k ke
D S I D — 2 ) 1—qa)=
(O,a, k:) (h) (O,a, h)+za27rhg( a)

-G (D)

which is equivalent to (9.1.7). O
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Chapter 9. Cotangent sums

9.3 Analytic proof of Vasyunin’s formula
Proof of Theorem 9.1.4. We need to evaluate
1+a < (1 a 1 a |
2 (hk) s /_OOC (5 N Zt)<(5 2T Zt) .

) (%yt(%%ﬂ;z%%—iw -
l+a C(s+a)C(l—ys) ds
ey

L@y btk (s a)(l—s)

We rewrite this as
l+a C(s+a)((l—ys) ds
2mi /(é REo)) hstagl=s  (s+a)(l—s)
b ((s+a)(l—s) ds
J

o 1_R) hstafl—s 1—s

1 ((s+a)(l—s) ds
i |

271 1_Bw) hstafl=s s+a
2 2
h k
=g\ T ]a 7 |
(k)* (h)
where
7 hy 1 ((s+a)((l—s) ds
“\k/) = 2mi (1-2@) hstall-s 1—s

The integral is not absolutely convergent, so some care is needed. One could
introduce a convergence factor ¢*** and let § — 07 at the end of the argument,
or one could work with the understanding that the integrals are to be inter-
preted as limp_, fCCjTT We opt for the latter. Recall that ((s) = x(s){(1—s),

where
X(1 —s) = ((2mis) ™ + (—2mis)~*)T(s).

This leads to

L/ Mu_s ds = -1 ((27Tis)_s + (—27Tis)_s) MU_S ds
(2)

2mi 1—s5 21 J o) s—1
-1
- /( | ((amis) ™" (2mis) (o) ds
_sin27mu
oqu
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9.3. Analytic proof of Vasyunin’s formula

Using Cauchy’s theorem, the functional equation for {(s), and the Dirichlet
series for ((s + a)((s), we have

h xX(1 = s)C(s +a)((s)
]a<_) = — Res;= hetakl=s(1 — s)

X(1 —8)((s+a)((s)
— Res—1_4 hstaki=s(1 — s) *

0o . h
1 Z 0_a(n)sin2mny

+

mhlta — n
((1+a)  ((a) 1 . h\ o_a(n)
~ opita + o + it ;sm 27mE mnt

By the functional equation (9.2.1) for D we see that

D(S, —a, %) — D(S’ —a, _%) B 2 k 2—2s—a
21 Tk <§) I'l—s—a)l'(1—s)x

(e )

so that, defining

AN h\ o_a(n)
Dsin(s,—a,E) .—Zsm(ZﬂnE> vt

n=1

we have

92 k 2—2s—a
Dy (s, ,—) :E<%) I'l—s—a)l'(1—s)x

_ (9.3.1)
Ta h
X (COS( (2s+a > —I—COS—)DSm 1—s,a,—].
2 k
In particular, Dy, (s, —a, %) is regular at s = 1. Noting that
ImI(1 —s—a)l'(1—s) (cos(z(Qs + a)> + cos 7r_a> = —7['(—a)sin a
s—1 2 2 2
and

h 1 [h
Dgn (0707 E) = §Ca (E)’

we obtain, by letting s — 1 in (9.3.1), the identity

h a lt+a . Ta h
Dy, (1,—@, k) 2 <k> ['(—a) sin —- Cq (E)’
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Chapter 9. Cotangent sums

whence

>\ 0_q(n)sin2mn 1\ . ma (h
Z — T Tre ==\ (2m) F(—a)sm?ca 7

n=1

Thus,

()2 (4) ()

and the theorem follows.
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Chapter 10

A generalization of

Rademacher’s reciprocity law

The work presented in this chapter was first published in [Betl].

10.1 Introduction

In Chapter 9, we introduced the cotangent sums

Cq <%) = k¢ § cot (WhTm>C(—CL, %),

m=1

for a rational number %, with (h,k) = 1, £ > 1, and a complex number a

(where ¢ has to be interpreted as co(%) = lim,_.o ca(%))

The most interesting cases arise when a = —1 and a = 0. In the former

case, c_p is, up to a constant, the Dedekind sum,

k—1
h 1 Thm ™n 1 h
(z) =2 t(T) C“(?) = 5 O (z)

m=1

The main property of the Dedekind sum is that it satisfies a reciprocity formula

h k 1 1 /h k
S(z)“(z)—m:ﬁ(z*z‘?’) (10-1.1)
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Chapter 10. A generalization of Rademacher’s reciprocity law

for (h,k) =1, h, k € N*. This formula, due to Dedekind, has been generalized
by Rademacher, who proved that

ab be ca a2+ +c2 1
- = )= 10.1.2
8(0)+S(a)+s(b) 12abe 4’ ( )

for (a,b) = (b,c) = (a,c) = 1, a,b,c € N*, and where b (respectively ¢, a)
denotes the inverse of b (resp. ¢, a) modulo ¢ (resp. a,b).
For a = 0, one has the cotangent sum
k—1
h m mmh
Z) = _ t ——
CO(k) mz::l{ k}CO ( 2 )
which is relevant to the Nyman-Beurling-Baez-Duarte approach to the Rie-
mann hypothesis. In Chapter 9 we showed that (10.1.1) can be generalized
to this function. In this chapter we provide the analogue of (a generalization
of) (10.1.2) to ¢y and to the whole family of cotangent sums c,.
Before stating the theorem we recall the definition of the Estermann func-
tion D(s,a, %), which is initially defined for R(s) > 1 4 max(0,R(a)) as
h = 0.(n) e(nh/k)
D — | = _—
(s g) =2 =

n=1

and can be analytically continued to C\{1,1 + a}. Moreover, D(s, a, %) grows

at most as a polynomial in vertical strips.

Theorem 10.1.1. Let a € C and let M be any integer greater than or equal
to —+min(0,R(a)). Let h,k,p,q € N, with (h,k) = (p,q) = 1, and let

2

d = (pk+ h,q). Then

k+h N/ —ph—k kq)edi—e
(M)~ () e(T) all) resa -0 -
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10.1. Introduction

where p is the inverse of p modulo q and

%M(Z,E) — i/ F(S)'CLX
’ k i J(~3-201) sin(s — a)

(10.1.4)

In particular, for all (p,q) =1, the left hand side of (10.1.3) can be continued

to a function of% which is holomorphic on C' := C \ Rey.

Corollary 10.1.2. Let h,k,p,q € N*, with (h,k) = (p,q) = 1, and let d =
(pk + h,q). Let p be the inverse of p modulo q. Then

. pk+h —i—ﬁc ph+k (P —i—f hp
'\ gk h o\ qh "\ ¢ mh  \k’q)’
where

f(zv g) = _M—i—

Tz

1 F TS TS s
+ - . (S) (6_2D(8707 E)+62D<8707_2>> (QWE)dS
™ (_%) SIN 7S q q q

is a holomorphic function of z on C'.

In the case of a = —1 Theorem 10.1.1 yields the following corollary.

Corollary 10.1.3. Let h,k,p,q € N, with (h,k) = (p,q) = 1, and d =
(pk + h,q). Then

pk+h ph+k P (*+d*+h?) 1
_g(f) =222 2R 10.1.
8( gk >+8< qh “\g 12hkq 4 (10-1.5)

This is an extension of Rademacher’s formula and is equivalent to Lemma
7 of [CFKS] (which is based on (26) of [HH]), as we shall show at the end
of Section 10.3. Finally, it should be noticed that for negative odd integer a,
the identities we obtain involve, like in the case when a = —1, only cotangent

sums and a rational function and are particular cases of the formulae obtained

by Beck in [Beck].
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Chapter 10. A generalization of Rademacher’s reciprocity law

10.2 The twisted period function

The following lemma extends (7.1.7) to the case of

() = Seme()ews o
where R(z) > 0.

Lemma 10.2.1. Let a € C and let M be any fized integer greater than or
equal to —= min(0,R(a)). Then

2
z h 1 1 —h
3(% E) ~ o (T 7)

extends to an analytic function of z on C' := C\ R« via the representation

sz ﬁ_ig_i __E_ E_i_f h
POk ) T e\ Th O ) T e (B ) T oYM\ 5 )

where gmM(z, %) is as in (10.1.4) and

Ta,M (Z, E) = Z’]&M + ewr(l + a) C(l + a)

k 21z (2mz)ite
oM .
AW m h
+ mzﬂ D (—m, a, E) ﬁ(sz/k) +D <O, a, E) .

Proof. Firstly observe that we can assume 0 # |R(a)| < 1, since the lemma
will then follow by analytic continuation in a. Now, we have that S(z, a, %)

can be written as

z h 1 h TS
S(—,a, —) = —/ D(s,a, —)62F(s)(27rz/k)_s ds
k™ k 270 J (24 max(0.%(a))) k

and, by contour integration, this is equal to
z h 1 h wis s
8(%, a, E) =5 /(—;—QM) D(s, a, E)e > I'(s)(2mz/k)~° ds+

a,M k’7k .

(10.2.2)
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Now, consider

1 1 h
s (e i) -

]- 1 E mis _]_ s
= —1+a—/ D (S, a, ——) [(s)ez (27T—> ds
(2k)"7 27 J (24 max(0,%(a))) k zk
1

Ty
2 (24max(0,R(a)))
—1

since in this context 0 < argz < m and 0 < arg— < 7, so the identity

s, a, —%) T(s)e™ 2 (2m) % (zk)* "1 ds,

arg ’71 = m—arg z holds. Applying the functional equation (9.2.1), we get that
this is
21 k

k 2mi (24+max(0,R(a))) <2ﬂ-

X (cos(%(Qs — a)>D<1 — s, —a, %> — COS% D(l — 5, —a, —%)) X

_ Tis

x T(s)e™ ™ (2m)*(zk)* ' ds.

)2_28+QF(1 —s+a)l'(1—s)x

Now, observing that D(s, —a, —%) = D(s + a,a, —%) and using Euler’s reflec-

tion formula, we get that this is equal to
2 1 k

k 2mi (24+max(0,R(a))) (27T
h
X (cos(g(% — a))D(l —Ss+a,a, E>+

A\ e
— CoS ? D(l —s+a,a, _E>> e (2#)_8(,2]{)8_1_“ ds.

sin s

2—2s+a
> ['(1—s+a)x

Now, we make the change of variable s —+ 1 — s + a and then move the line of

integration to —% — 2M without crossing any pole. Thus, we get

wi(s—a)

1 1 h i1 prie=e)
o Nl+a s - = ——— k—eT R 0! I s
(Zk)1+a8( Zk7a7 k> k 2mi (—%—ZM) (S)Sinﬂ'(s _ CL)< 7TZ/ ) X

X (cos(%(Zs — a))D(s, a, %) + cos %a D(s, a, —%)) ds.
(10.2.3)

The lemma then follows by taking the difference between (10.2.2) and (10.2.3),
thanks to the identity

e N icos(%(Zs — a)) ewi(;—a) _ i@f'?(sfa) coS % -
sinm(s — a) sinm(s — a)
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10.3 A generalization of Rademacher’s formula

We can now give an extension of Rademacher’s reciprocity formula to the sum

ca(%). The proof follows the method used to prove Theorem 9.1.3.

Proof of Theorem 10.1.1. Firstly observe that we can assume 0 # |R(a)| < 1,
since the result will then follow by analytic continuation in a.

Let z = ﬁ(1 + i) for a small € > 0 and let o = pk + h, § = ¢gk. We have

(5 ) =R (15) (3¢

1 —S
= — F(S)D(s a, ) (27r §> ds.
271 J (24 max(R(a)),0) B B
Moving the line of integration to ®(s) = —% and picking up the residue en-

countered, by Lemma 9.2.1 we get that this is equal to

s(Za) = @arca-a(anhe) s fa(3) - Ko

N (10.3.1)
+T(1+a)(B/d) (1 +a) (27TB§) +0(¢2).
In the same way, writing
1 o _E T r 5 PP 3
=), €= =i O
and o = —ph — k, ' = gh (note that (p,q) = (h,k) = (o,q) = 1 implies

(o, q) = 1), we have

(o) = S 5

= (8'/d)*"1¢(1 — a) (2%,5 )1 + %ca(%) - %Q(—a)

FT(1+ a)(8/d) (1 + >(2w L ) Lot
and thus
1 13 _ ! a—1 —a T - 7 ic g/ _1 —a
S(- =)= @ar o - (2rge ) 149+ S5 ) - 56w
—i—F(l—l—a)(ﬂ'/d)1“C(1+a)(27r§£) (1+i§)1+a+0(§%).
(10.3.2)
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Therefore, from (10.3.1) and (10.3.2) it follows that

z p 1 1 D ) Q 1 14 o
S(Zal) - ms(——a-T) = La(2) - o=t
(q’a’q) zite ( gz’ Q> 2" (5) 22" <5’ !

1 kq)*dt— 11 1
) riact - o) B L) o)

and thus

_ z p 1 1 D i [« EN T o
1 Za,c)— ——a, - ) =zcal =)= () zcl=
si%is(q’a’Q) 2”“8( ¢z " Q) 2Ca<ﬁ> (h) 2%\ 7 )"

1 . (/{Zq)adl_a k 1+a1
— 5((—@) +ial(1 — Q)W + (E) 5{(—@).

By Lemma 10.2.1, this is also equal to 74 (%, §) + %gmM (%, ’5’) and the
theorem then follows after using the functional equation for the Riemann zeta-

function. O

Corollary 10.1.2 follows immediately by applying Theorem 10.1.1 to the
case a = 0. We remark that replacing k& with ¢k in Corollary 10.1.2, we
obtain, for all M € Zx,,

. pgk + h —1—%0 ph + kq . py 1 _
0 q*k h qh 0 q Th

2m
P h h p
_1\ym 1. L I i
(—1) (2m).Dsm<1+2m,q) (27rk’) +un(k’q)’

(10.3.3)

where pi57(, ) is holomorphic in z for z € C' and C**}(R) in y, and where

D(s,0,z) — D(s,0,—x)

Dsin(sax) = % ;

for R(s) > 1+ max(0, R(a)).

Applying Theorem 10.1.1 to a = —1, one obtains immediately the general-
ization 10.1.5 of Rademacher’s reciprocity formula, since for a = —1 one has
that g_, s is identically zero.

We conclude the chapter by showing how to obtain Lemma 7 of [CFKS]
from (10.1.5). This lemma states that, if a, ¢, ¢,m € NT, with (a,c¢) = (¢,m) =
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Chapter 10. A generalization of Rademacher’s reciprocity law

1, and b, d are such that ad — bc = 1, then

a 4 x A+m?+yr 1
— —)=-sl-)]=—F—7——"—- 10.3.4
S<C)+S<m) S(y) 12e¢my 4’ (10.3.4)

where x = al + bm and y = ¢l + dm.
To prove this result we apply Corollary 10.1.3 to p =z, ¢ =y, k = ¢/u

and h = m/u, where u = (¢, m). We have that

u(pk + h) =xc+m = acl + m(bc+ 1) = acl + ad = ay = aq (10.3.5)

and
U(ph+k)u=Lpm+c)=Ilpm+Llc=lpm+q—dn={p—d)m+q=
= ((pp — 1)d — pbg)m + q,

where we used ¢ = dp — bq which can be obtained from the definition of x and

y and the condition ad — bc = 1. Therefore

((ph+ k)u/qg =1 (mod m). (10.3.6)

Thus (10.3.4) follows from (10.3.5) and (10.3.6) by observing that

(8-
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Chapter 11

An exact formula for the second

moment of ((s)

The work presented in this chapter is joint with J.B. Conrey and was first
published in [BC2].

11.1 Introduction

In Part A, Chapter 3, we described the importance of understanding the

asymptotics behaviour of the moments of ((s),

I(T) = /DT <<% + it)

and we introduced the moments conjecture

2k
dt

I(T) ~ CyTlog” T, (11.1.1)

as T — oo, for some constants C. Instead of dealing directly with the 2k-th

moment one can search for the asymptotics of the Laplace transform

o = [l )
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Chapter 11. An exact formula for the second moment of ((s)

for § that goes to 0 (with R(d) > 0). In fact, in Section 7 of his book on the

Riemann Zeta function [Tit], Titchmarsh proves that (11.1.1) is equivalent to

1 2 1

and therefore, for what concerns asymptotics, it is equivalent to study I (7T)
or L(6). Thanks to the smoothing factor e~ the asymptotic behavior of
Ly () is better understood than that of I(7). In fact, for the former, Kober

proved that one has the asymptotic formula

v — log 279 al N4l
Li(0) = ———5— 4> _ca6" + 06V,

s
2sin 3 s
with the implicit constant depending on N and the ¢, being constants.
Atkinson [Atk] investigated the case when ¢ is complex and, as noted by

Jutila [Jut98], his argument implies the exact formula

Li(9) = —ie® <log 2r —y + z(% — 5)) +2me? i d(n) e(—ne ) + A(d),
7 (11.1.2)

where A\(0) is analytic in the strip |[R(d)| < w. (Notice, however, that the main
term is not exhibited by this formula).

Finally, in his book on spectral theory Motohashi studied the more general

o [+

where ¢(t) satisfies some decay conditions, obtaining, for the cases k = 1,2,

integral

2k

g(t)dt,

an exact formula in terms of conditionally convergent series (see Theorems 4.1
and 4.2 of [Mot]). See also Ivi¢’s paper [Ivi] for other results on the topic.
Here we give another exact formula for L;(d), which is both asymptotic

and absolutely convergent.

Theorem 11.1.1. For 0 < R(J) < 7, we have

L1(6) :7—10g27r5 g -1
2sin 2 sing "\ 1

) + h(6) + k(9),

-
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11.1. Introduction

where Sy(2) is defined in (7.1.1), k() is analytic in |R(5)| < 7 and h(d) is

C*> in R and holomorphic in

C":=C\{z+iyeC|xe2rZ, y=>0}

Moreover, h(0) =0 and, if 3(5) <0,
0) = ZZ hne_i(mr%)‘S
n>0
with

7 1€ 72%
h, = 2471 51n(2\/7m+ )—I—O(

n

f2x/7rn
)
TL4 )

as n — Q.

The most remarkable aspect of this theorem lies in the fact that the arith-

(=) - (=)

decays exponentially fast for § — 0%, while the Fourier series h(0) is very

metic sum

rapidly convergent.

The situation is somewhat analogous to the situation of the partition func-
tion p(n). Hardy and Ramanujan found an asymptotic series for p(n) and
subsequently Rademacher gave a series which was both asymptotic and con-
vergent. In both the partition case and our case, the exact formula allows
for the computation of the sought quantity to any desired degree of precision,
whereas an asymptotic series has limits to its precision. Of course, an extra
feature of p(n), that is not present in our situation, is that since p(n) is an
integer it is known exactly once it is known to a precision of 0.5. However,
our formula does have the extra surprising feature that the time required to
calculate our desired mean square is basically independent of §, apart from
the intrinsic difficulty of the extra work required just to write down a high

precision number 4.
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11.2 Proof of Theorem 11.1.1

In this section we prove the exact formula for the second moment of the Rie-
mann zeta function.
Proof of Theorem 11.1.1. Firstly, observe that

0

%—i—ioo
Li(6) = —ie” 2 / C(5)¢(1 — s)e™* ds.

2

The functional equation for ((s),

C(1—s) = x(1 —s)¢(s),

where
V(1= 5) = (2m)"T(s) (e + %),

allows us to split L;(0) as

i

i |
Ly(6) = —ie” 2 / x(1 —5)((s)%e™* ds

= —ie” % (L*(6) + L(9)),

where

1
2

L*(6) = /QHOO(ZW)_SF(S)ei?C(s)Qei‘ss ds. (11.2.1)

By Stirling’s formula L*(0) is analytic for R(d) > —n. Moreover, by contour

integration,
L(5) = /(2)<2w>-8r<s>e—”2“<<s>26“8 ds — G(0)
— J(6) - G(o),
say, where

G(9) ::[2' (27r)_SF(s)e_ﬂTiSC(s)26i‘ss ds + 1122)

+ 2mi Ress—y <(27T)_SF(S)€_%SC(S)26MS>
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11.2. Proof of Theorem 11.1.1

is analytic for R(§) < 7. Now, expanding ((s)? into its Dirichlet series, for

R(J) > 0 we have

0 24i00

J6) =3 d(n) /2 D) (2rine ) ds .

= 2miSy (—e ™) = 2miSy (1 — e ™).
By Theorem 7.1.1, we can write this as

log 27 — ~y — 2mi —1 i
J(5):ﬁ—ﬂg0(1—€ 5)+1_€—i580(1_6—i5> +Z€6W(5),

where

is holomorphic in |R(J)| < 7. Summing up, we have

— log 276 ' —1 i .
L1(9) = (.)géw + _m580< _.5> —|—i7re’75g0(1—e’“5)
2sin 5 sin 5 1—e (11.2.4)
+w(6) —ie” 7 (LH(8) — G(6)).
The theorem then follows after writing
— —id
h(§) :=ime "2go(1 — e %)
and applying Theorem 7.1.1 and 7.1.2. O
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Chapter 12

An exact formula for the
twisted second moment of the

Riemann zeta function

12.1 Introduction

As discussed in Part A, Chapter 2, the study of moments plays a major role in
the theory of L-functions. In particular, for many applications it is important
to have a good understanding of the mean-value of an L-function multiplied
by a Dirichlet polynomial. In this chapter we consider the case of the second

moment of the Riemann zeta function times a Dirichlet polynomial A(s) :=

= ['fe(be0)a(3a)

If |a,,| < m® for all € > 0, it is known that I4(7") is equal to

ZmSY a]mmfs’

2
dt. (12.1.1)

@h&_k T(ha k)2
? (h,k‘)(log o T2 1) +o(T), (12.1.2)

IL(T)=T >

h,k<Y

provided that Y < T2 for some small § > 0, when the range of uniformity

in Y can be extended to Y < T%*‘S, for any 6 > 0, if one assumes Hooley’s
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12.1. Introduction

Conjecture R* (see [BCH-B]). It is conjectured that (12.1.2) holds in the wider
range Y < T'79 whereas it is known that this conjecture doesn’t hold true in
full generality for Dirichlet polynomial of length greater than 7. For certain
choices of coefficients a,, one can extend unconditionally the range of validity
of (12.1.2). For example, Balasubramanian, Conrey and Heath-Brown [BCH-
B] could extend the uniformity up to Y1 when taking coefficients a,, of the
form p(m)F(m) for smooth functions F' that obey some decay conditions.

Results of this type have direct applications to the computation of lower
bounds for the percentage of zeros of  that lie on the critical line. For exam-
ple, in [Con] the proof that this percentage is greater than 40% is based on the
extension of the uniformity up to Y < T77% for particular coefficients in the
case when ( is slightly off the % line. Another important case is that of coeffi-
cients of the form a,, = m* for 0 < a < %. In fact, the extension of (12.1.1) to
arange Y < T3+o (or even an upper bound of roughly the right order) for this
choice of coefficients could be easily used to deduce a sub-convexity bound for
¢, moreover reaching an uniformity up to Y < 7'~¢ would imply the Lindelof
hypothesis.

In the same way as for the smooth second moment of ¢ (see Section 11.1),
essentially the same considerations made for I4(7") hold when considering the

smoothed integral

Ja(6) == /j‘g(% +it)A(% + it)

In this chapter we will follow the same methods used in Chapter 11 to
provide an exact formula for

J(é, %) = /OOO‘((% + Z't) (%)l e Ot dt;

summing over h and k will then give an exact formula for J4(9). To do this

2
e~ dt. (12.1.3)

h

we express J (5, E) in terms of the arithmetic sum



Chapter 12. An exact formula for the twisted second moment of the Riemann
zeta function

for some z with J(z) > 0, and then apply Lemma 10.2.1. Before we state the

theorem, we define

with goo and S(z, 0, %) as in (10.1.4) and (10.2.1). In particular, g(z, %) is an

holomorphic function of z in C' := C\ Rx,.

Theorem 12.1.1. Let (h,k) =1 and 0 < R(J) < 7. Let

1

plz, k) =7 =

log(27mkz) —
= | log(2mkz) — v

1
4z 2miz

for z € C'. Then

— %co(%) +%g(h(1 —eﬂ,—%)) —l—f(é—z’log%),

(12.1.4)

where co(%) is the cotangent sum defined in (6.0.3), h is the inverse of h

modulo k and f(0) is analytic in |[R(5)| < 7 and bounded in |R(0)| < m —¢ for
all e > 0.

We remark that the arithmetic sum S (—m, %) is rapidly conver-

gent and exponentially small as 6 — 01 (for fixed h and k).

anaj

Multiplying (12.1.4) by Ut and summing over h and k one obtains an

exact formula for J4(d). From this it is easy to obtain an asymptotic formula
1

in the case where the length of the Dirichlet polynomial is less than (%) 27F,

as we shall see in the next section.

110



12.2. The twisted second moment

Corollary 12.1.2. Let %(0) > 0. Moreover, let aj, < h* and 1 <Y < |(5|_%+‘5
for all e > 0. Then

1 aha_k (h, k)2 2 1
_ 1N G g gy (1og U0 y2e 4 L
J4(9) 5%% nE ’k)<0g orhks ) 7O T 5F

as § goes to 0.

We conclude the chapter by giving a generalization of Theorem 7.1.2, show-
ing, in particular, that the coefficients of the Taylor series of g (z, %) when z = h

are “very small”.

Theorem 12.1.3. For |y| < 1 let
h = .
m=0

be the Taylor series ofg(z, —%) at z = h. Then,

uniformly in h,k,m > 1. In particular, the Taylor series (12.1.5) is convergent

on |z| = 1.

We remark this theorem allows us to write the function g(h(l — ei‘;), —%)

appearing in Theorem 12.1.1 as a Fourier series,

(1= ). =3 ) = 0o b,

n>0
if (9) < 0. Notice also that (12.1.6) implies that this function is C* for all
6 eR.

12.2 The twisted second moment

In this section we prove Theorem 12.1.1 and Corollary 12.1.2.
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Proof of Theorem 12.1.1. Following the proof of Theorem 11.1.1, it is easy to

see that, for 0 < R(z) < 7, one has

o [e(be)

—2me 7 Z d(n) e(—ne) + f(z),

n>1

2
et dt

(12.2.1)

where

f(z) = —ie " (L*(2) — G(2)),

and LT (z) and G(z) are as in (11.2.1) and (11.2.2). From the definition of G
and L7 it is clear that f(z) is bounded and analytic in |R(2)| < 7 — ¢ for all
e > 0.

Thus, applying (12.2.1) to z = § + ilog % and writing 2 = h(1 — ™), we

have

[ k)

2 it o)
h/ 1z h
()« =me 83 dore(ong ) o) 00
iz X h
= 2 2 - .
e 28(/{:’ k)—l—f(z)
Applying Lemma 10.2.1 (taking a = M = 0), we have that this is

(1 1 h AN h
2me <55(—E,E> + 70,0 <$7—E) + 59(957—%)) + f(2)

and the theorem then follows, since by (9.2.2) one has
h 1 i h
D<O70’_E>_Z_§CO(%)

Proof of Corollary 12.1.2. Firstly, we write

and we assume ¢ is a bounded real number with positive real part.
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12.2. The twisted second moment

Multiplying (12.1.4) by %2 and summing over h and k, we get
Gy

— 00 2 %\ it
MOED P ' <1 z) (k—> et d
) E:VH50<-2+t b t (12.2.2)

hk<Y

—A+B+C+S+T+T,

where
A Z . a_log(—27rz'h*k*(1 —e ) =~
N 2h*k sin 3
is anay 2min
=2 d(n h* k™ .
me? hkz<y h*k 1 —e 1(5 Z TL / ) exp( k*h*(l _ 6—25))’
i ar , h
C = rie? Z ahkakg(h*(l —e "), —E)a
hk<Y
i aha_k; h*
S = mie2 Z C0<——*>
hk<Y k k
and
0
Te 2 apa
T=— > :
hk<Y
apag
U:= Z f(5 —ilog >
hk<y V hk k
Clearly,

since |f(z)| < 1 for R(z) small enough. Moreover, one can easily check that

Co(%) < klogk and thus we have that

S < Y2+€.

(Notice that if a, € R then the error term coming from S becomes negligible
if one considers the real part in (12.2.2). We remark also that one could show
that 3(S) is always O(Y'*¢) by using the reciprocity formula (9.1.3) for ¢

and a trivial bound for ).
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Now, applying the functional equation (9.2.1) for D in the definition (10.1.4)
of go,, for |argz| < m — ¢ (and after moving the line of integration to R(s) =

—¢) we get that

h ! < |D(1 —
oo (=) <)t [ STl s 1)l
(—¢)

k | sin 75|
since
3 h*
D|=+it,£— 1.
(e
Thus,
C< Y (hk)*]F < Y],
hk<Y
Moreover,

< Z (hk)2€|5|5<<y2+48|(5|6.
hk<Y

1
B< ) i

hk<Y

Z d(n)e” RS
n>1
Finally, for Y < 6%, one has

__log(2mh*k*d) —
A=— Y/6|)°
D e+ O /1))

and the Corollary then follows. O]

12.3 The Taylor coefficients

In this section we give a proof of Theorem 12.1.3, following the same method

used to prove Theorem 7.1.2.

Proof of Theorem 12.1.3. For m > 1 we have
() - T [ TlCH ),
(=2)

k

T sin s ['(s)

s h s h
X (6_2D($,0, E) + e?D(s,O, _E)) ds (12.3.1)

[ (.

_1
2
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12.3. The Taylor coefficients

where, for (h, k) =1,

h E\° _mis h mis h
C<S7E) = (%) I'(s) (e D(S,O,E> +e D(S,O,—E)>.
Notice that C' (s, %) satisfies the functional equation
h h
—) = 1—s,— 12.3.2

since, applying the functional equation (9.2.1) for D (and the reflection formula

for the Gamma function), one has

(1) =#(x) oo (-0

+ (e¥ — 6_?)D(1 — 5,0, %))

L kN wis h _mis h
_—z(—) F(l—s)(e D<1—3,O,E)—e D(l—s,(),—%>>
h
= 1—s,-—].
C’( S’k)

Therefore, taking z = h, (12.3.1) becomes
h -1 h
g™ (h, _) — (=1 /( | =" (s +m)I'(1 — S)C’(l — s, E) ds.
_1

k w24

Expanding the Estermann functions D in the definition of C into Dirichlet

g <h’ %) -G 2 o /(%) D(s +m)D(1 - 3)2(2h—7;f)8><
(5)-ro()s

G () (D)

>1

series, we have

where T% (z) = T, ((z) is defined in (7.3.3). As in the proof of Theorem 7.1.2

the contribution coming from ¢ > 2 is negligible, whereas for / = 1 we

use (7.3.4) which, if m > 1, gives

17
1 2ima oEmi(e— %) 200 /rm/hk  mtd —m <1+O< @))7
m

TE (—) = 42—
hk (hk)3
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uniformly in h, k > 1. Therefore, by Stirling’s formula,

uniformly in h, k > 1 and the Theorem follows. O]

116



Part C

On the

Nyman-Beurling-Baez-Duarte
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Chapter 13

An optimal choice of Dirichlet
polynomials for the
Nyman-Beurling-Baez-Duarte

criterion

The work presented in this chapter is joint with J.B Conrey and D.W. Farmer
and was first published in [BCF].

13.1 Introduction

In Part B, Chapter 9 we have introduced the Béaez-Duarte [Bae] reformulation
of the the Nyman-Beurling criterion for the Riemann hypothesis. We recall
here that the Béez-Duarte criterion asserts that the Riemann hypothesis is
true if and only if

lim d3 =
N—o0 N ’

where

1 [ dt
d?, = inf — 1—CAN(1/2 + it)]P——
N TN%/_OJ A2+l
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Nyman-Beurling-Baez-Duarte criterion

N an
n=1 ns

and the infimum is over all Dirichlet polynomials Ay(s) = > of length
at most N.

A question that arises naturally from this criterion is to determine what
the rate of convergence of d, to zero is, assuming the Riemann hypothesis.
Balazard and de Roton showed that, if the Riemann hypothesis is true, then
(loglog N)3+<

ViogN

for all ¢ > 0. On the other hand Béez-Duarte, Balazard, Landreau and Sa-

da <

ias [BBLS00, BBLS05] showed (unconditionally) that d% can not decay faster

than a constant times —+. More precisely, they showed that

llmlnde log N > Z

2’
R(p)=1/2 |p |

where the sum is restricted to distinct zeros of the Riemann zeta function on

the critical line. The constant was later improved by Burnol [Bur] who showed

2
11m1ndelogN> Z (2) ,
womie 1P

where m(p) denotes the multiplicity of p. This lower bound is believed to be

optimal and one expects that

1 m(p)?

2

B~ e N > pn (13.1.1)
R(p)-1/2

Notice that under the Riemann hypothesis, one has

m(p)
Z PE =2+ —logdr
R(p)=1/2

and in particular, if all the non-trivial zeros of ((s) are simple, then (13.1.1)

can be rewritten as

2+~ —logdnr
log N '

In this chapter we shall prove (13.1.1) under the Riemann Hypothesis and

assuming a mild condition on the growth of the mean value of )‘2 over the

¢ (
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13.1. Introduction

non-trivial zeros |p| < T of {(s). This will be achieved by using the Dirichlet

polynomial
= logn \ p(n)
V = 1— —— ) —=.
w(s) ; < log N) ns
Theorem 13.1.1. If the Riemann hypothesis is true and if
1 3
Y mrap < (13.1.2)
/ 2 A
for some fixed 6 > 0, then
1 [~ , dt 24~y —log4
1= CVn(1/2 +it) Py ~ T = BT

o oo + t2 log N

4

The condition (13.1.2) implicitly assumes that the zeros of the Riemann
zeta function are all simple. Moreover, this upper bound is “mild” in the sense
that a conjecture, due to Gonek and recovered by a different heuristic method
of Hughes, Keating, and O’Connell [HKO], predicts that

1 6

= 1)

We remark that Theorem 13.1.1 is in contrast to what one might have
expected after viewing the graphs of Landreau and Richards [LR] which at
first sight suggest that Vy is not optimal.

This behaviour of the Riemann zeta function resembles that of polynomials.
In fact, Grenander and Rosenblatt [GR] (see also Theorem 2.1 in [Bur]) showed
that for a polynomial P(z) one has that the zeros of P are all located outside

or on the unit circle if and only if limy_,o 0y = 0, where

2
52 = linf/ 1= P(2) Qn(2)[2 6,
0

2T Qn

where z = ¢ and the infimum is over polynomials Qx of degree at most N.

Moreover, if this happens, then
. 2 _ 2
lim No% = |z|:1 m(p)?,
p =
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where the sum is restricted to the distinct zeros p of P(z) lying on the unit
circle and m(p) is again the multiplicity of p.

This analogy seems to apply also to the choice of optimal polynomials.

Theorem 13.1.2. Let P(z) be a polynomial whose zeros are all simple and lie

outside or on the unit circle. Let

Wy(z) := i(l - %)anz”, (13.1.3)

where

is the Taylor expansion in x = 0 of the inverse of P(z) (i.e. it is the formal

power series inverse of P(z)). Then

1 2w

[ - PEWN G~ S mlp),

2
0 lpl=1

where z = €.

We remark that the proofs of Theorem 13.1.1 and 13.1.2 are very similar,
the main difference being that the Riemann zeta function has infinitely many
zeros. This generates some issues concerning the convergence of certain sums

of which force us to assume condition (13.1.2).

_1
¢'(p)’

13.2 Polynomials

Lemma 13.2.1. Let P(s) be a polynomial with P(0) # 0. We have

Wi(s) = Pis) (1 + %%(s)) ¥,

where W (s) is defined in (13.1.3),

SN

Yi(s):= Z };{:eps P(2)(z — s)22N

and the sum is over distinct zeros p of P(z).
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Proof. Since P(0) # 0, we can take an € > 0 such that all the zeros of P(z)
lie outside of the circle |z| = . Now, observe that we can assume 0 < |s| < ¢,
since the result will then extend to all C by analytic continuation. Denoting
by C, the circle of radius y > 0 (oriented in the positive direction), by the

residue theorem we have that

1 1 dz
Ap = 7 —_—0,
211 Jo. P(z) 27t
therefore
N
1 1 n\ /s\ndz
o= [ SR
w(s) 2mi /CE P(z) g N/\z) =z
Now,
ny\ , 12— N+ 1
(1)
— N N (1—2)? 1—2
and thus

1 1 1 szl — gNt! 1
Wi(s) = — o dz.
w(s) 2mi /CE P(z) ( N (z —s)2zN * z— s) :

Now, by the residue theorem

(o m sis( 42).

whereas, moving the line of integration to C, and letting y tends to infinity,

one has that
N+

1 / 1 L
21N Jo. P(z) (2 — 5)22N N

and the Lemma follows. O]

Proof of Theorem 13.1.2. Let § > 1 be such that P(s) does not have any zero

on 1< |s|] <4§. We have

o [ 1= Pl (e) a0 =
-+ - p<s)wN(s))<1 —?<§>WN (%)) ©
= QLM c5(1 — P(s)Wy(s)) (1 —~ ﬁ(é)WN G)) %.
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Nyman-Beurling-Baez-Duarte criterion

Therefore, by Lemma 13.2.1, this is

s (P (5 ) 7)) ¢

Now, for |s| = ¢ one has

therefore
27rz'1N2 /Cg<];(s)§<i> + P(s)Yn (s )F<§>?N(é)> % = 0(%).

Moreover for s € Cs one has that Yy (1) = O(67"), thus

< [(Gorr () -oem

 2miN?

Finally, by the residue theorem,

27TZN

The theorem then follows by observing that

Res P(S)YN(S)%/ (1) % — _N+0(1).

s=p

13.3 The Riemann zeta-function
We start with the following lemma, which is the analogue of Lemma 13.2.1

We remark that this lemma is unconditional
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Lemma 13.3.1. If0 < R(s) < 1, then

N SRR T L o4 L
i = o (1- T c©) i 2 )+ RN,

where the sum is over distinct non-trivial zeros p of ((s) with

NZ*S
Ruxlpys) = Res oy o

and where
2n+1 .2n

P "(2m)ntty
)= nzl lg 2n—|—1)(2n—|—8)

1s an entire function of z.

Proof. We have

Viv(s) 1 1 / Nv  dw
s) = — | ———.
N log N 271 J(9) ((s + w) w?
Now we move the path of integration to R(w) = —R(s) — 2M — 1 for a large

positive integer M. The residue at w = p — s is Ry(p, s)/log N. The residue

at s+ w = —2ni1s

N—2n—s
¢'(—2n)(2n + s)?log N

and the integral on the new path is < N=2M~1_ Letting M — oo and using

(—1)"7(2n)1¢(2n + 1)

(27T)2n+1

¢'(=2n) =
we obtain the result. O]

Lemma 13.3.2. Let ¢ > 0. Assume the Riemann hypothesis and that all the
zeros of ((s) are simple. Then, if condition (13.1.2) holds, for R(s) = § t¢

one has

3_0.,
D Rulp,s) < NTo[s|i727, (13.3.1)
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Proof. Firstly observe that, by the Cauchy-Schwartz inequality, (13.1.2) im-

plies

since

T
Z 1= —log— +O(logT).

|p|<T

Therefore, by partial summation, we have that the series
>
/ «
~ [ (0)llel

is convergent for any o > % — g. Now, for a simple zero p, we have

B9 = Zrr—
Therefore
Vo< ) Zm R m
< Z|:|p )P =P Hp—8|2 |_SZ|>:M |C’(1>|Ip|2 (13.3.2)
< Z T

—s|< |P\

Now, by the Cauchy-Schwartz inequality;,

; 1 % —1 3§—%+e
2 !C’(p)\|p—s|2<<< 2 C'(p )\) (IZ |p_5,4) < sl ,

\p—s|<% lol<2|s| pl<2]s|

N

since, by partial summation,

1
Z W < log(|s| +2).

lp<2ls|

This completes the proof of the lemma. n

126



13.3. The Riemann zeta-function

Proof of Theorem 13.1.1. We have

dt
_/ 11— CVn(1/2 + it)? e
1 ds
=5 (;)(1 — (Vi (s))(1 = V(1 = 5)) s —s)
1 ds
=5 (%E)(l — (Vn(8))(1 = V(1 —s)) S0 —s)

By Lemma 13.3.1, this is

10g12 N% /(1_8 (gg_;@) - Z Ry(p,s) — F (%)) x

1 s)C(1—s
( (1—y9) ZRN p,1—3s)— Fl_s(ﬁ)>%ds.

Now, we have

/ > Ru(p1, 8)Ru(p2, 1 )wds

Pl P2 S<1 _S)

s ( 1 >
< — +0 ,
10g2N /(; Z '(p Hp— s|? |s|ita5e log® N

—s|< \PI

log N 2mi

where we used (13.3.1), (13.3.2) and the bound ¢ (1 + € & it) < [¢[** (which is
a consequence of the Lindelof hypothesis). Reversing the order of summation

and integration, we have that this is bounded by

Sy o)
log2N ¢'(p)] ()12} |p— s[2]s]it35 log* N
1 1 1
< < ,
log* N Z ¢ (p)llplitam  log" N

: )
1f€<1—0.

Now, by Lemma 13.3.2 and the trivial estimate Fy(z) = O(N 5), all the
other terms in (13.3.3) are trivially O<1 5 N) apart from

L1 ¢ ((s)
T log? N 27 /@_6) Z(l — 5) ZP:RN(P, S)S(l - ds. (13.3.4)
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The integrand has a double pole at every zero p of residue

1¢"(p) | X 1-2p
¢ ¢(s) log N — 315 + X () + T
Res,= l1-s g Rn(p, s =

log N ( 1 1 >
— + O + _ ,
p|? Ip>=e1¢ ()] |pl?

where we used the bound ¢”(3 +it) < [¢|°, which follows from the Lindelof

hypothesis and Cauchy’s estimate for the derivatives of a holomorphic function.
It follows that moving the line of integration in (13.3.4) to R(s) = 5 + ¢ we
get that the integral is equal to

and Theorem 13.1.1 then follows. O
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