THE SECOND WEIGHTED MOMENT OF (
S. BETTIN AND J.B. CONREY

ABSTRACT. We give an explicit formula for the second weighted moment of ((s) on the
critical line tailored for fast computations with any desired accuracy.

1. INTRODUCTION

For Sz > 0 let
Ei(z) =1-4) d(n)e(nz)
n=1

and let
Ei(z) — (1/2)Er(=1/2) = ¥(2).

Then 9 is analytic in C’, the complex plane minus the negative real-axis and is given in that

region by
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(-1/2)
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Moreover, ) satisfies a 3-term relation

Gz 1) = v(z) - — w( : )

z+1 z+1

and for |z| < 1 satisfies

i —log(1+2)—1 I &
o 1 — m_lmm
P(1+ 2) T +1+ngla (—1)™z

2

where, for m > 1,

with by = 0 and
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for n > 2. The a,, are extremely small:

e o)

so that the series ) a,,2™ converges everywhere on its circle of convergence |z| = 1.
All of these results can be found in [1].

Am

2. THE SECOND MOMENT OF (
Theorem 1. Let -
1(5) —/ 1C(1/2 4 it)[>e™" dt.
Then, for 0 < R(0) < m and J0 <0 woe have
I(6) = Cp(0) + C1(0) + Co(6) + C5(9)

where
1 1— —1id 1 s —15/2
00(5):—(Og( .e 6)+ )+2 +e"s/2( 0+ m/2+ iy —ilog2m);
2sin g 1—e
O a e—zm(s,
2:31ngmz1 i

where a,, = m_—il + 2b,, + 22?:02 (mf) bjro with by =0 and b, = % forn >2;

. oo
T

G2(0) = " &in 5/2 Z(—l)nd(n)e_””“’t%;

and
e ™ sinh td + 7 cosh td

C5(8) = /OOO 1C(1/2 + it)|*— dt.

cosh 7t

If ¢ is real this simplifies to
1+ log(2sin g)

0 0
I(0) = — — + (7 —9) cos 5 + (log 2w — 7y) sin —
2sin 5 2
1 OO e ™ sinh td
m o — (1/2 +it) 2— dt.
QSlng 1(1 cosm / (1/2+ 1) cosh 7t
We can use the fact that
Zam:fy—i—l—log%r
m=1
and that 51 5 5
% = —U,,—1(cos =) sin m

2sin § 2 97
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where U, is the mth Chebyshev polynomial, to rewrite this further.
Corollary 1. Suppose that 0 < 6 < 27w. Then

v — log 2w — log(2sin g)

;

—ZamUm_l(cosé)Sinm—(S—/ |C(1/2 + it)
— 2 2 0

+ (71'—5)(308% + (logZW—fy)sing

2 e ™ sinh to

cosh 7t

1(5) =

2sin

dt.

In this version the first term above is the readily recognized usual main term. Note that
the integral in the right-hand side of this formula can be rewritten in terms of the original
integral I:

2 e ™ sinh t6

—/Omlc<1/2+it) o dt =) (-1 (I(2mn + 6) — 1(2mn — 0).

Another way to put it is if we let

W(,1) = e 4 ¢ ™sinhdt _ cosh(m —d)t

cosh 7t cosh 7t
then
o0 —log 27 — log(2sin & ) )
/ COf2+inPue a = L8P 108EIME) (T 0D (log2m — 7 sin S
0 2sin g 2 2 2
> 6. . md
+mZ:1amUm_1(cos§)sm7.

Since a,, < e~V™ we have the following estimate for a precise evaluation of I(§) as § — 0.

Corollary 2. Given § >0 and N > 1 we can compute [(5) to an accuracy of 10~V in time
t(6, N) < N2

This is fairly remarkable in that it doesn’t depend on ¢! By contrast if one considers the
associated integral

1

/06 IC(1/2 + it)|? dt

then the time to calculate will depend on § in a significant way, say 6% for some 6 > 0.
Finally, using the fact that when 9§ is real, the imaginary part of C3(J) involves the weight
w(m — 0,t) we deduce a formula for the divisor sum in Cy(d) in terms of the coefficients a,,:
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Corollary 3. For0<d<m
1 « 1

™ - n _,—nm Cco g .
n ;d(n)(—l) €T = — m:1(a2m + a1 sin((2m — £)9)

) 1+ log(2cos?
N B g(2cos3)

4 sin % 2 cos g
This can be rewritten as
> 1 8 cos ) )
Z(an + 9pm—1) sin((2m — 5)6) = 2 _sin 3 (1 + log(2 cos 5))
m=1

—27 cos g nz::l d(n)(=1)"e Tt .

If 6 = Wloo’ then the first term of the divisor sum on the right-hand side of the formula is
—1.12--- x 1072™% whereas the first two terms on the right-hand side are —0.000159155. . . .
That means that the sum on the left-hand side is —0.000159155--- — 1.12--- x 1072 up
to an error of around —1.99--- x 107°#8, which is the second term of the divisor sum. Since
the terms asq,, are around e~2V2mm it would take more than 6 million terms of the series in

m (each with thousands of digits of accuracy) to numerically check this.

3. PROOF OF THEOREM 1

Assume first of all that § is real with 0 < d < w. We have

1 [l/2+ic0 ‘ -i6/2 [1/2+iso |
I1(6) = —/ C(5)C(1 = 8)e6=1/2) gg — € / (1 = 5)C(s)2 ds,
1

i 1/2 i p
Now
X(l - 5) = (271')7811(5)(67”'5/2 + e*m's/2>
so that
1(6) = L(5) + L ()
where
]1 (5) == - / (Qﬂ.)—SF(S)G—MS/QC(S)ZGMSS dS
t 1/2
and
o—i0/2  [1/2+ic0 | |
12(6) = ; / (27’(’)7SF(5>6“15/2<(8)2€163 ds.
t 1/2
Now

L,(6) = 1o(0) — I3(9)
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where
o—i6/2  [1/2+ic0 | |
]0(5) = - / (27’(’)_SF(S)@_MS/QC(S)QGMSS ds
4 1/2—ico
and
e—i0/2 1/2 | |
[3(6) = : / (27T)_SF(S)Q_WZS/ZC"(S)QGMSS ds.
v 1/2—ico

Thus, 1(6) = Iy(0) + 12(d) — I3(d). Note that I5(5) and I3(9) are analytic for [§] < 7/2. We

rewrite I, and I3 as integrals over ¢ as

L o—i8/2  [1/24ico X ez ;
0 = — | L e s
S m'/4€75t
= 1/2 + it)Pe /2 —© dt
/0 (172 +it)e 2cos 5(1/2 +it)
and
67i6/2 1/2 e*ﬂis/Q ise
13((5) = ; /1/2 - C(S)C(l—S)m(E(S ds
—i5/2  p1/2+ico —ri(1—s)/2
= = / C(s)¢(1 —s) c e¥1=9) (s
i Jige 2cosm(l —s)/2
6771"[/46&

= [Tzt e dt
/0 C(1/2+it)e 2cos Z(1/2 — it)

Next we write e% = cosh §t 4 sinh 6¢ and e~% = cosh 6¢ — sinh §t. Also, for real t,

67ri/4 efm'/4 efﬂ‘t/Q

2cos 5(1/2 +it) * 2cos 2(1/2 —it)  coshmt

and
eTi/4 e~ Ti/4 ‘ errt/Q
2cos T(1/2+it) 2cosT(1/2—it) "coshrt’
Thus,
> —e ™ sinh t6 + i cosh t§

1(6) — I5(6) = 1/2+it) P——— 22 dt

(0= R(0) = [ fc/2+ i) ks
Returning to I, we have

I(6) = —2me /2 RPIS(ZW)’SF(S)e’”S/QC(s)QewS+J(5)

= (=5 +7/2+ iy —ilog2n) + J(0)

where
e—i6/2 2+i00 A A
J(0) = — / (2m) 75T (s)e~™/2( (5)%e* ds;
2

]

—100
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note that this is a place where we need the (temporary) assumption that ¢ is real to ensure
convergence of the integral on the new path. Expanding ((s)? = Y 02 d(n)n* into its
Dirichlet series and interchanging the summation and integration, we obtain

24100

J(6) = _"WZd 27m/ ['(s)(2mine )~ ds

—100

— 9nei0/2 Z d(n)e*%i”eﬂs
n=1

= S By(—e ).

Now
E —id (1 0 1 E _ 1 i
and this is
1 > —-n
. 1 — —10
—— (1 4;d(n)e<1_e_w>> +1( )
Thus,

T ,—i6/2
_ T _is)2 26 T _is)2 s
J(6) = 7€ 1= (1—4E d(n (1—6’5)> € (1l —e™™)
7 o—ib/2 - 00

2 w n —nncot & T —id/2 —1id
- _ —1)"d T 1 — i),
1—¢d  sind/2 ;( )"d(n)e 2 26 Y( e ")

Altogether we now have
Te —id/2

/ G2+ it db = 2t (54 mf2 4 iy — ilog2m)
0 —

_§€7i6/2w(1 . efié)

o0

T

—7TT CO [
T sing/2 D> _(Drd(mpemes
n=1

e ™ sinh t§ + i cosh td

+/0°° C1/2+ i)2= dt.

cosh 7t

Recall that
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so that

sy _2os(1 =) + 1)

2 > .
1— — . : . —imd
¥ Tl —e®) @ mil—e®) mzla ‘

and

T _is)2 —ié (log(1—e ™) +1) 1 O —imé
——e l1—e = — + Ame .
2 v ) 2sin 2 2sin 2 mZ::l
The assertion of the theorem now follows for real §. But both sides are analytic in the region
0 <R < mand I6 < 0. Therefore, by analytic continuation the identity of the theorem

holds in this larger region of the complex plane.
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